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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 159 ]. This is test number [ 15 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi %99.37 (158') | % 0.63 (1)
Mathematica | % 97.48 (155 ) % 2.52 (4)
Maple %80.5 (128 ) | %19.5(31)
Maxima %13.21 (21) | % 86.79 (138)
Fricas % 29.56 (47) | % 70.44 (112)
Sympy %239 (38) | %761 (121)
Giac % 24.53 (39) | % 75.47 (120)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.86 2.52 0. 0.63
Mathematica 82.39 5.66 9.43 2.52
Maple 31.45 37.74 11.32 19.5
Maxima 12.58 0.63 0. 86.79
Fricas 23.27 6.29 0. 70.44
Sympy 9.43 1.89 12.58 76.1
Giac 20.13 4.4 0. 75.47




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.



10

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.24 223.98 1.05 191.5 1.
Mathematica 1.76 437.15 1.34 153. 0.9
Maple 0.03 1062.64 2.85 196. 1.81
Maxima 2.1 116.67 1.48 105. 1.67
Fricas 1.5 921.19 5.7 203. 3.69
Sympy 21.26 468.95 4.25 218.5 2.71
Giac 2.09 219.62 1.99 142. 1.81

1.4 list of integrals that has no closed form an-
tiderivative

(143]

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {1306]

Mathematica {72}[7778, 79,180, 81}82}85}86}87,[88,[89} 93,94} 95}[96}[99, 10T} 102} 107, 111,

139} [136, [140}, 154,155} 156,157}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

LNV AEWNR
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2)/3, 4[5} 617, 8l O} 10}[L1} L2} 13, 1415} 16} 17} 18| 19| [20} {21} 22} 23} 04} 25| 26, [27]
[28,[29,30}[31},32} 33} [34} 5} 36, [37,[38} [39} [40} 4T}, (42} 43[4 4 [45}, |46}, |47, [48, [49} 50} 51, 52, (63} [54)
(554564574 58,594 604 61162} 63} 64465466467, 68, 694 704 71472473, [74} 75476477, 78, 79, 180} 81}
[2}83, 84} 85} 186}, [87, [88}[89} 90} 91}, 92, 93} [94} [95,96}, 98, 99} 100} 10} 102} [103} [104} 105} 106}, 107,
[T08} [109} 110} 112} 113|114} 15} 116} [117} [I18} [[19} 120} 121} 122} 123} 124} [125| [126] 127, 128[ 129,
[L30} 131} 132} [133} 134} 135} [136} 137} (138} [139} [L40} 141} [142} 143} [144} [145] [146} [147} [148} [149[ 150}
51} [152)[153] 154} [158}[159]}

B grade: {[D7)[155) 150} 157)

C grade: { }

F grade: {[I11}

2.1.2 Mathematica

A grade: {[1, 23]} 51 6178 O} 1Ol L} T2, 13| [14}[15
(28} 29} B0} 51,32 (35 36} (37 38} (39 0, 1 [, 45 46 7 48, 19} 50,
(57} 6253} 5265, 55, 67 [77 78, 79 80} BT, B2, 83, 84 8556 87,83, B9, 00} 91, 92, 93, 94,05 9,
[98}[100}[101} [102} [103} [104}[105} [T06} [109} [112} 113 114} T15} 116} 117} [118| 119} [120} [121] 122} [123)
124} [125[126] 127 [128| 129} [130} 131} [133] [134} 135 [136} [137] [138] [142} [143] [145} [146] 147} [148] 149,
150,151} 159} 153} [154} 157, 158} [159]}

B grade: {[53)57,99) 07} 108, [L10} [11} 155,153
C gradte: {[5)59)3) 58) 59,68} 69) 70,71, 72 73, 7 75, ) 132
P grade: {[[30) [40} [T, 139)

2.1.3 Maple

A grade: {[I,,5,6,7 8,010, [T} T3)[T5,16) 7, 18, 19, 20,21 L
mmuumumﬂmmmmmmmnmm 0

B grade: ( 3131550371251, 50, 575,657, 68 .7
@@@L@@H@llm 10T} 103,
(106,107, 108,110,111} [119L[130},131}[134},[135] }

C grade: {[22}23[24}[2%} 26} [p4} [64} [149} 150} [151} [152} [153} 154} [155} 156} 157} [158} [159] }

F grade: {[112,[T13|[114) [115} T16} 117 118} 120} 121} [122} 123} 124, 125} 126} [127, [128} 129, [132,
[133][136}[137} 138} [139} 140} 141} 142} [144][145] [146] 147, [148]}
15
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2.1.4 Maxima

A grade: {[T}[2}[3) [4 5} 6} 7 BT} B2} [L43) 149} [150} 151} [152} [153} [154} 156, [157} [[58} [159]

B grade: {-}
C grade: { }

F grade: {[,0)[10I1) (213, 4[5 76,7 16} 19,20, 21} 22|23, 2 27 2,27 25 29,0, 53
154,55} 56, 57, 55} B0} [0, 1 42} (3[4 20, 46} 7, 26} 40} 50,61} 52, 53, 6, 55, 50, 57, 58, 50, 60,
61,162} 63} 67365 66, 67368, 69, 70, 71, 72 73} 72, 75} 76, 7 78, 79, B0, 51, B2 83,53, 5} 85,57,
18,189, 90, 91} 92, 93,04, 95,096, 97, 98, 99, 100, 101} (102} (103} 104} 105 106, 107, 08} (109}  TO, T}
([T 13 (LT (115} 116,117 [T [ 19} 120} 21} 122 (123} 124 (125 126} (127 (128} 129} 130} 31| 132
(133 134 135) 136, [37 (138} 139, [0} 141} 142, (.4} 145} 146, L£A 148}

21.5 FriCAS

A grade: (1)) )7 8,9, 10111215, 718, 19,2 23,25, 7 28,29} B BT B2 163
149, 150,[151}[152, 153, 154,155} 156,157, 158,159 }

B grace: {[T3)[17) 20} 21) 26} .0 50} (31 13 135

C grade: { }

F grade: { [4}5][33]34) 35 [3G)[37 (38} 39} [0} (41} 42} |43} 4} 45| G} |47 [48
@@@l@tlllll@ll@ll@tllll@ \[77,75, 70, 80,
52,83} 84,55, 56, 87,58, 9, 00, 91,02, 03} 94,05, 96, 97,98, 09} 100} 101} 103, [03, [0} 105 106
mmm|noum|,|112|,|113|,|114memmmmmmu—tmmm 128,
[1291[132}[133|[136}[137) [138, 139 [140} 141} [142) 144} [145] [146] 147, [148] }

B
=R

2.1.6 Sympy

A grades (120370 3 5 6, 7 ) 0919

B grade: {}

C grade: {|149|,|150[,|151|,|152L|153|,|154L|155|,|156L|157|,|158L|159|
}

F grade: {5721} 1) 52,5 7 5,50, 7 55,300, 1) 2 3 15, 7 15, [ 50
51152} 53} 54,55} [56} (57 (58} 593 [604 61} 62} (63} (64} (65} 66} (67, (68} 693 (70} [71},[72}[73}[74} [75} [76} [77,
[78}[79}[80}181},[82}[83} [84} |85} [86}, 87, 188}, {89}, [90} (01}, 92} 03} [94} 95} 96}97, [98},[99} 100} [L01} 102} 103}
[104]} 105}, 106}, 107,108,109 110,11} I12} 113|114} 15}, 116|117, [118,120] 121|122, 123][124] 125
[126}[127} 128,129} [130} 131} 132, 133} 134} 135} [136}[137, 138, [139} 140} 141} 142} 143} 144} 145] 146
117,118}

2.1.7 Giac

A grade: { 11567850} 1) 2 3} (3 5, 0 7 8 1) 20 2 22 23,2 25 2, B 2
143|149} [150} 154,155} 156,157 }

B grade: (27,25} 29,80} 10} 178, 159

C grade: { }

F grade: {[3)[41[6} 33} [B4}[35|[36] 37 38) 39} [£0} (T} 42} [43] [14 [£9} 46} {7} 48} 49} [50} [°1} 52} 53 54
(55,66, (67,58, 159} (60} 61} [62}[63, (64} (65}, (66, 67, 68, 694 70 71}, [72, [73} [74} [75}, (76,77, 78, [79), B0} BT,
[82}[B3} /84185868788, [89}[90} (91,9293}, [94}95}96}97, 98,99} 100} 101} 102} [103} [104} 05} T0G}
[107,[108} [109} [L10} 111} 112} [T13} 114} 115} [IT6} 117} 118} [120} 121} 122} [123] [124] 125} [126] 127] 128,
129} (130} [131} 132, [133] 134} [135}[136} 137 [138} [139} [140} [141} [142} 144} [145][146] 147, [148] [151] 152
53}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 112 109 146 379 148 203
normalized size | 1 1. 1. 0.97 1.3 3.38 1.32 181
time (sec) N/A 0.158 0.049 0.002 1.144 1.08 0.074 1.41
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 123 246 219 359 141 281
normalized size | 1 1. 0.98 1.95 1.74 2.85 112 223
time (sec) N/A 0.211 0.089 0.004 1.15 1.212 0972 1.304
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 85 196 140 242 507 0
normalized size | 1 1. 1.01 2.33 1.67 2.88 6.04 0.
time (sec) N/A 0.086 0.071 0.008 1.375  1.484 10.499 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 102 179 181 0 0 0
normalized size | 1 1. 0.94 1.66 1.68 0 0 0.
time (sec) N/A 0.11 0.086 0.007  1.647 0 0 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 164 164 419 0 0 0
normalized size | 1 1. 1.01 1.01 2.57 0. 0. 0.
time (sec) N/A 0.212 0.247 0.007  1.282 0. 0. 0.
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 20 26 66 20 30
normalized size | 1 1. 1. 0.87 1.13 2.87 0.87 1.3
time (sec) N/A 0.011 0.006 0.006 2159 1.685 0115 2.225
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 33 34 46 170 32 42
normalized size | 1 1. 0.77 0.79 1.07 3.95 0.74 098
time (sec) N/A 0.037 0.02 0.007  1.232 1675 0142 2168
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 227 227 205 301 0 1419 274 456
normalized size | 1 1. 0.9 1.33 0. 6.25 121 2.01
time (sec) N/A 0.257 0.264 0.008 0. 1.83 26.773 2.38
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 146 146 145 176 0 914 167 271
normalized size | 1 1. 0.99 1.21 0. 6.26 114  1.86
time (sec) N/A 0.098 0.176 0.008 0. 1.838 18.801 1.734
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 81 89 0 517 92 142
normalized size | 1 1. 1.05 1.16 0. 6.71 1.19 1.84
time (sec) N/A 0.024 0.15 0.006 0. 1.349 18.418 1.477
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 55 46 0 279 54 77
normalized size | 1 1. 1.02 0.85 0. 517 1. 1.43
time (sec) N/A 0.017 0.046 0.008 0. 1.324 3.872 1.531
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 101 196 0 1013 97 151
normalized size | 1 1. 1. 1.94 0. 10.03  0.96 1.5
time (sec) N/A 0.114 0.115 0.011 0. 1.693 17.092 1.436
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 127 127 124 192 0 2114 1204 192
normalized size | 1 1. 0.98 1.51 0. 16.65 9.48  1.51
time (sec) N/A 0.109 0.468 0.013 0. 1.91 52541 1.673
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 208 208 260 424 0 4552 0 405
normalized size | 1 1. 1.25 2.04 0. 21.88 0. 1.95
time (sec) N/A 0.274 0.636 0.016 0. 4.495 0. 1.745
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 204 301 0 1419 274 456
normalized size | 1 1. 0.9 1.33 0. 6.28 1.21  2.02
time (sec) N/A 0.252 0.273 0.008 0. 1.427 26157 2.56
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 145 145 146 176 0 914 167 271
normalized size | 1 1. 1.01 1.21 0. 6.3 115  1.87
time (sec) N/A 0.094 0.163 0.007 0. 1.364 18.678 1.754
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 87 89 0 517 92 142
normalized size | 1 1. 1.13 1.16 0. 6.71 1.19 1.84
time (sec) N/A 0.024 0.123 0.007 0. 1.226 18.186 2.756
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 55 46 0 279 54 77
normalized size | 1 1. 1.02 0.85 0. 517 1. 1.43
time (sec) N/A 0.016 0.046 0.006 0. 1.293 3.901 2.643
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 100 103 0 1013 100 151
normalized size | 1 1. 0.99 1.02 0. 10.03  0.99 1.5
time (sec) N/A 0.119 0.218 0.013 0. 1.647 15.252 2.624
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 122 137 0 2118 1149 192
normalized size | 1 1. 0.95 1.07 0. 16.55  8.98 1.5
time (sec) N/A 0.116 0.191 0.016 0. 1.959 54.016 2.685
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 259 221 0 4551 0 406
normalized size | 1 1. 1.26 1.08 0. 22.2 0. 1.98
time (sec) N/A 0.279 0.55 0.014 0. 4.975 0. 1.829
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 111 111 89 132 0 165 484 85
normalized size | 1 1. 0.8 1.19 0. 1.49 436  0.77
time (sec) N/A 0.045 0.085 0.03 0. 1.263 25737 1.779
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 81 111 0 146 393 72
normalized size | 1 1. 0.93 1.28 0. 1.68 452 083
time (sec) N/A 0.034 0.031 0.013 0. 1.379 18.821 2.59
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 73 90 0 124 269 54
normalized size | 1 1. 1.16 1.43 0. 1.97 427  0.86
time (sec) N/A 0.023 0.027 0.011 0. 1.319 14.384 2491
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 61 70 0 100 133 38
normalized size | 1 1. 1.65 1.89 0. 2.7 3.59 1.03
time (sec) N/A 0.013 0.024 0.015 0. 1.303  7.767  2.546
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 53 69 0 111 71 59
normalized size | 1 1. 1.83 2.38 0. 3.83 245 203
time (sec) N/A 0.016 0.024 0.016 0. 1.314 10.317 2.979
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Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 29 25 0 69 107 119
normalized size | 1 1. 0.64 0.56 0. 1.53 238  2.64
time (sec) N/A 0.01 0.012 0.003 0. 1.452 8864 1.572
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 37 33 0 85 189 176
normalized size | 1 1. 0.51 0.45 0. 1.16 259 241
time (sec) N/A 0.019 0.015 0.004 0. 1.499 12.744 1.869
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 45 41 0 111 274 236
normalized size | 1 1. 0.46 0.42 0. 1.14 282 243
time (sec) N/A 0.027 0.017 0.003 0. 1.444 18.872 2.893
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 53 49 0 131 359 293
normalized size | 1 1. 0.44 0.4 0. 1.08 297 242
time (sec) N/A 0.038 0.019 0.005 0. 1.401 29.943 2.93
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-2) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 48 44 28 104 0 58
normalized size | 1 1. 1.23 1.13 0.72 2.67 0. 1.49
time (sec) N/A 0.007 0.015 0.015 3.19 1.324 0. 1.865
Problem 32, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 48 44 28 104 0 58
normalized size | 1 1. 1.23 1.13 0.72 2.67 0. 1.49
time (sec) N/A 0.011 0.006 0.004 1766  1.328 0. 2.334
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 145 145 309 624 0 0 0 0
normalized size | 1 1. 213 4.3 0. 0. 0. 0.
time (sec) N/A 0.108 1.447 0.047 0. 0. 0. 0.
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 221 221 312 940 0 0 0 0
normalized size | 1 1. 1.41 4.25 0. 0. 0. 0.
time (sec) N/A 0.199 2175 0.039 0. 0. 0. 0.
Problem 35| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 281 281 135 160 0 0 0 0
normalized size | 1 1. 0.48 0.57 0. 0. 0. 0.
time (sec) N/A 0.389 0.416 0.047 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 243 243 130 155 0 0 0 0
normalized size | 1 1. 0.53 0.64 0. 0. 0. 0.
time (sec) N/A 0.3 0.268 0.011 0. 0. 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 193 193 125 150 0 0 0 0
normalized size | 1 1. 0.65 0.78 0 0 0. 0.
time (sec) N/A 0.077 0.232 0.012 0 0 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 162 162 120 145 0 0 0 0
normalized size | 1 1. 0.74 0.9 0 0 0. 0.
time (sec) N/A 0.063 0.17 0.008 0 0 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 182 141 183 0 0 0 0
normalized size | 1 1. 0.77 1.01 0 0 0. 0.
time (sec) N/A 0.213 0.766 0.02 0 0 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 132 320 0 0 0 0
normalized size | 1 1. 0.7 1.69 0. 0. 0. 0.
time (sec) N/A 0.211 0.752 0.025 0. 0. 0. 0.
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Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 227 227 136 461 0 0 0 0
normalized size | 1 1. 0.6 2.03 0. 0. 0. 0.
time (sec) N/A 0.309 0.696 0.025 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 263 263 141 602 0 0 0 0
normalized size | 1 1. 0.54 2.29 0. 0. 0. 0.
time (sec) N/A 0.397 0.754 0.026 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 570 570 1250 3678 0 0 0 0
normalized size | 1 1. 2.19 6.45 0. 0. 0. 0.
time (sec) N/A 1.286 13.841 0.059 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 243 243 130 155 0 0 0 0
normalized size | 1 1. 0.53 0.64 0. 0. 0. 0.
time (sec) N/A 0.297 0.368 0.02 0. 0. 0. 0.
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 125 150 0 0 0 0
normalized size | 1 1. 0.61 0.73 0. 0. 0. 0.
time (sec) N/A 0.213 0.3 0.012 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 162 162 120 145 0 0 0 0
normalized size | 1 1. 0.74 0.9 0. 0. 0. 0.
time (sec) N/A 0.062 0.193 0.01 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 131 131 115 140 0 0 0 0
normalized size | 1 1. 0.88 1.07 0. 0. 0. 0.
time (sec) N/A 0.051 0.187 0.007 0. 0. 0. 0.
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 151 151 97 76 0 0 0 0
normalized size | 1 1. 0.64 0.5 0. 0. 0. 0.
time (sec) N/A 0.121 0.404 0.013 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 132 320 0 0 0 0
normalized size | 1 1. 0.7 1.69 0. 0. 0. 0.
time (sec) N/A 0.214 0.623 0.016 0. 0. 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 137 461 0 0 0 0
normalized size | 1 1. 0.61 2.05 0. 0. 0. 0.
time (sec) N/A 0.301 0.562 0.016 0. 0. 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 125 150 0 0 0 0
normalized size | 1 1. 0.61 0.73 0. 0. 0. 0.
time (sec) N/A 0.212 0.35 0.023 0. 0. 0. 0.
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 120 145 0 0 0 0
normalized size | 1 1. 0.72 0.87 0. 0. 0. 0.
time (sec) N/A 0.145 0.281 0.014 0. 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 131 131 115 140 0 0 0 0
normalized size | 1 1. 0.88 1.07 0. 0. 0. 0.
time (sec) N/A 0.051 0.183 0.012 0. 0. 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 111 55 0 0 0 0
normalized size | 1 1. 2.36 1.17 0. 0. 0. 0.
time (sec) N/A 0.015 0.34 0.011 0. 0. 0. 0.
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Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 70 56 0 0 0 0
normalized size | 1 1. 0.68 0.54 0. 0. 0. 0.
time (sec) N/A 0.096 0.401 0.015 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 132 320 0 0 0 0
normalized size | 1 1. 0.7 1.69 0. 0. 0. 0.
time (sec) N/A 0.21 0.653 0.016 0. 0. 0. 0.
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 144 461 0 0 0 0
normalized size | 1 1. 0.64 2.05 0. 0. 0. 0.
time (sec) N/A 0.31 0.421 0.018 0. 0. 0. 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 293 293 202 382 0 0 0 0
normalized size | 1 1. 0.69 1.3 0 0 0. 0.
time (sec) N/A 0.504 1.713 0.043 0 0 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 449 449 1195 968 0 0 0 0
normalized size | 1 1. 2.66 2.16 0. 0. 0. 0.
time (sec) N/A 0.672 8.35 0.024 0. 0. 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 125 150 0 0 0 0
normalized size | 1 1. 0.62 0.74 0 0 0. 0.
time (sec) N/A 0.216 0.497 0.024 0 0 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 165 165 120 145 0 0 0 0
normalized size | 1 1. 0.73 0.88 0. 0. 0. 0.
time (sec) N/A 0.153 0.347 0.017 0. 0. 0. 0.
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Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 129 129 115 140 0 0 0 0
normalized size | 1 1. 0.89 1.09 0. 0. 0. 0.
time (sec) N/A 0.063 0.239 0.017 0. 0. 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 187 57 0 0 0 0
normalized size | 1 1. 1.91 0.58 0. 0. 0. 0.
time (sec) N/A 0.037 0.452 0.015 0. 0. 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 79 36 0 0 0 0
normalized size | 1 1. 1.65 0.75 0. 0. 0. 0.
time (sec) N/A 0.014 0.109 0.013 0. 0. 0 0
Problem 65| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 99 37 0 0 0 0
normalized size | 1 1. 1.94 0.73 0 0 0 0
time (sec) N/A 0.07 0.468 0.016 0 0 0 0
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 132 320 0 0 0 0
normalized size | 1 1. 0.7 1.69 0 0 0 0
time (sec) N/A 0.22 0.634 0.019 0 0 0 0
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 147 461 0 0 0 0
normalized size | 1 1. 0.65 2.05 0. 0. 0. 0.
time (sec) N/A 0.31 0.439 0.02 0. 0. 0. 0.
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 137 137 180 552 0 0 0 0
normalized size | 1 1. 1.31 4.03 0. 0. 0. 0.
time (sec) N/A 0.061 0.586 0.022 0. 0. 0. 0.
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Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 319 559 0 0 0 0
normalized size | 1 1. 1.12 1.97 0. 0. 0. 0.
time (sec) N/A 0.169 1.911 0.033 0. 0. 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 165 165 225 223 0 0 0 0
normalized size | 1 1. 1.36 1.35 0. 0. 0. 0.
time (sec) N/A 0.374 1.365 0.026 0. 0. 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 393 393 321 2842 0 0 0 0
normalized size | 1 1. 0.82 7.23 0 0 0. 0.
time (sec) N/A 0.624 4.384 0.08 0 0 0. 0.
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 875 875 12191 17330 0 0 0 0
normalized size | 1 1. 13.93 19.81 0. 0. 0. 0.
time (sec) N/A 1.339 17.494 0.257 0. 0. 0. 0.
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 203 184 0 0 0 0
normalized size | 1 1. 2.74 2.49 0. 0. 0. 0.
time (sec) N/A 0.16 0.868 0.097 0. 0. 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 203 181 0 0 0 0
normalized size | 1 1. 2.74 2.45 0. 0. 0. 0.
time (sec) N/A 0.176 0.103 0.025 0. 0. 0. 0.
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 218 212 0 0 0 0
normalized size | 1 1. 2.53 247 0. 0. 0. 0.
time (sec) N/A 0.16 0.813 0.096 0. 0. 0. 0.
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Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 218 205 0 0 0 0
normalized size | 1 1. 2.53 2.38 0. 0. 0. 0.
time (sec) N/A 0.175 0.107 0.024 0. 0. 0. 0.
Problem 77, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 471 471 350 895 0 0 0 0
normalized size | 1 1. 0.74 1.9 0. 0. 0. 0.
time (sec) N/A 0.665 4.381 0.074 0. 0. 0. 0.
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 429 429 345 890 0 0 0 0
normalized size | 1 1. 0.8 2.07 0. 0. 0. 0.
time (sec) N/A 0.542 4.156 0.018 0. 0. 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 391 391 340 885 0 0 0 0
normalized size | 1 1. 0.87 2.26 0. 0. 0. 0.
time (sec) N/A 0.429 4.066 0.02 0. 0. 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 351 351 347 880 0 0 0 0
normalized size | 1 1. 0.99 2.51 0. 0. 0. 0.
time (sec) N/A 0.324 2.933 0.03 0. 0. 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 349 349 330 875 0 0 0 0
normalized size | 1 1. 0.95 2.51 0. 0. 0. 0.
time (sec) N/A 0.319 2.793 0.041 0. 0. 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 391 391 366 1149 0 0 0 0
normalized size | 1 1. 0.94 2.94 0. 0. 0. 0.
time (sec) N/A 0.429 2.974 0.04 0. 0. 0. 0.
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 330 330 251 973 0 0 0 0
normalized size | 1 1. 0.76 2.95 0. 0. 0. 0.
time (sec) N/A 0.395 2.258 0.042 0. 0. 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 370 370 259 1160 0 0 0 0
normalized size | 1 1. 0.7 3.14 0. 0. 0. 0.
time (sec) N/A 0.515 2.595 0.044 0. 0. 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 429 429 345 890 0 0 0 0
normalized size | 1 1. 0.8 2.07 0. 0. 0. 0.
time (sec) N/A 0.526 3.661 0.031 0. 0. 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 391 391 340 885 0 0 0 0
normalized size | 1 1. 0.87 2.26 0. 0. 0. 0.
time (sec) N/A 0.412 3.596 0.02 0. 0. 0. 0.
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 351 351 347 880 0 0 0 0
normalized size | 1 1. 0.99 2.51 0. 0. 0. 0.
time (sec) N/A 0.316 3.875 0.019 0. 0. 0. 0.
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 365 365 318 875 0 0 0 0
normalized size | 1 1. 0.87 2.4 0. 0. 0. 0.
time (sec) N/A 0.216 1.23 0.021 0. 0. 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 279 279 326 870 0 0 0 0
normalized size | 1 1. 1.17 3.12 0. 0. 0. 0.
time (sec) N/A 0.195 2.297 0.026 0. 0. 0. 0.
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Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 290 290 246 786 0 0 0 0
normalized size | 1 1. 0.85 2.71 0. 0. 0. 0.
time (sec) N/A 0.32 1.819 0.028 0. 0. 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 330 330 251 973 0 0 0 0
normalized size | 1 1. 0.76 2.95 0 0 0. 0.
time (sec) N/A 0.398 1.789 0.031 0 0 0. 0.
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 370 370 258 1160 0 0 0 0
normalized size | 1 1. 0.7 3.14 0 0 0. 0.
time (sec) N/A 0.521 2.196 0.031 0 0 0. 0.
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 391 391 340 885 0 0 0 0
normalized size | 1 1. 0.87 2.26 0 0 0. 0.
time (sec) N/A 0.421 2.445 0.036 0 0 0. 0.
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 351 351 349 880 0 0 0 0
normalized size | 1 1. 0.99 2.51 0 0 0. 0.
time (sec) N/A 0.322 3.148 0.024 0 0 0. 0.
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 365 365 347 875 0 0 0 0
normalized size | 1 1. 0.95 2.4 0 0 0. 0.
time (sec) N/A 0.202 1.369 0.023 0 0 0. 0.
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 101 101 170 172 0 0 0 0
normalized size | 1 1. 1.68 1.7 0. 0. 0. 0.
time (sec) N/A 0.037 0.546 0.025 0. 0. 0. 0.
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Problem 97, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 195 237 330 0 0 0 0
normalized size | 1 3.25 3.95 5.5 0. 0 0 0.
time (sec) N/A 0.131 1.729 0.025 0. 0 0 0.
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 290 290 248 786 0 0 0 0
normalized size | 1 1. 0.86 2.71 0. 0 0 0.
time (sec) N/A 0.296 1.805 0.029 0. 0 0 0.
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 721 721 6667 18077 0 0 0 0
normalized size | 1 1. 9.25 25.07 0. 0 0 0.
time (sec) N/A 0.675 15.126 0.151 0. 0 0 0.
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 161 208 206 4590 0 0 0 0
normalized size | 1 1.29 1.28 28.51 0. 0 0 0.
time (sec) N/A 0.093 4.707 0.118 0. 0 0 0.
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 351 351 347 880 0 0 0 0
normalized size | 1 1. 0.99 2.51 0. 0 0 0.
time (sec) N/A 0.319 2.431 0.037 0. 0 0 0.
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 469 469 347 875 0 0 0 0
normalized size | 1 1. 0.74 1.87 0. 0 0 0.
time (sec) N/A 0.28 1.223 0.023 0. 0 0 0.
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 95 170 0 0 0 0
normalized size | 1 1. 0.95 1.7 0. 0. 0. 0.
time (sec) N/A 0.038 0.158 0.021 0. 0. 0. 0.
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Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 90 134 0 0 0 0
normalized size | 1 1. 1.27 1.89 0 0 0. 0.
time (sec) N/A 0.043 0.139 0.022 0 0 0. 0.
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 195 270 237 599 0 0 0 0
normalized size | 1 1.38 1.22 3.07 0 0 0. 0.
time (sec) N/A 0.183 1.575 0.03 0 0 0. 0.
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 288 288 246 786 0 0 0 0
normalized size | 1 1. 0.85 2.73 0 0 0. 0.
time (sec) N/A 0.303 1.719 0.031 0 0 0. 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 968 968 6638 16526 0 0 0 0
normalized size | 1 1. 6.86 17.07 0 0 0. 0.
time (sec) N/A 0.882 14.274 0.087 0 0 0. 0.
Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 228 228 584 2465 0 0 0 0
normalized size | 1 1. 2.56 10.81 0 0 0. 0.
time (sec) N/A 0.15 5.571 0.053 0 0 0. 0.
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 161 198 227 270 0 0 0 0
normalized size | 1 1.23 1.41 1.68 0. 0. 0. 0.
time (sec) N/A 0.082 1.289 0.059 0. 0. 0. 0.
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 429 429 3247 4660 0 0 0 0
normalized size | 1 1. 7.57 10.86 0. 0. 0. 0.
time (sec) N/A 0.256 14.337 0.095 0. 0. 0. 0.
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Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F B B F F F(-1) F
verified N/A N/A NO TBD TBD TBD TBD TBD
size 786 0 7061 21094 0 0 0 0
normalized size | 1 0. 8.98 26.84 0. 0. 0. 0.
time (sec) N/A 0.01 17.458 0.224 0. 0. 0. 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 319 319 285 0 0 0 0 0
normalized size | 1 1. 0.89 0. 0. 0. 0. 0.
time (sec) N/A 0.279 1.322 0.089 0. 0. 0. 0.
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 216 216 174 0 0 0 0 0
normalized size | 1 1. 0.81 0. 0. 0. 0 0
time (sec) N/A 0.154 0.496 0.077 0. 0. 0 0
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 153 0 0 0 0 0
normalized size | 1 1. 0.97 0. 0. 0. 0 0
time (sec) N/A 0.107 0.074 0.069 0. 0. 0 0
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 116 0 0 0 0 0
normalized size | 1 1. 0.94 0. 0. 0. 0 0
time (sec) N/A 0.039 0.026 0.068 0. 0. 0 0
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 116 0 0 0 0 0
normalized size | 1 1. 0.94 0. 0. 0. 0 0
time (sec) N/A 0.033 0.03 0.063 0. 0. 0 0
Problem 117 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 170 0 0 0 0 0
normalized size | 1 1. 0.97 0. 0. 0. 0. 0.
time (sec) N/A 0.119 0.184 0.052 0. 0. 0. 0.
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Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 222 222 177 0 0 0 0 0
normalized size | 1 1. 0.8 0. 0. 0. 0. 0.
time (sec) N/A 0.151 0.267 0.082 0. 0. 0. 0.
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 149 726 0 1847 8218 2248
normalized size | 1 1. 0.89 4.35 0. 11.06 49.21 13.46
time (sec) N/A 0.131 0.233 0.007 0. 1.607 7.096 2.658
Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 134 134 120 0 0 0 0 0
normalized size | 1 1. 0.9 0. 0. 0. 0. 0.
time (sec) N/A 0.086 0.19 0.053 0. 0. 0. 0.
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 115 0 0 0 0 0
normalized size | 1 1. 0.82 0. 0. 0. 0. 0.
time (sec) N/A 0.059 0.094 0.066 0. 0. 0. 0.
Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 224 224 193 0 0 0 0 0
normalized size | 1 1. 0.86 0. 0. 0. 0. 0.
time (sec) N/A 0.195 0.395 0.101 0. 0. 0. 0.
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 104 0 0 0 0 0
normalized size | 1 1. 0.74 0. 0. 0. 0. 0.
time (sec) N/A 0.123 0.217 0.066 0. 0. 0. 0.
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 266 266 195 0 0 0 0 0
normalized size | 1 1. 0.73 0. 0. 0. 0. 0.
time (sec) N/A 0.165 0.236 0.065 0. 0. 0. 0.
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Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 245 245 195 0 0 0 0 0
normalized size | 1 1. 0.8 0. 0. 0. 0. 0.
time (sec) N/A 0.155 0.261 0.061 0. 0. 0. 0.
Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 235 235 189 0 0 0 0 0
normalized size | 1 1. 0.8 0. 0. 0. 0. 0.
time (sec) N/A 0.138 0.206 0.061 0. 0. 0. 0.
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 261 261 221 0 0 0 0 0
normalized size | 1 1. 0.85 0. 0. 0. 0. 0.
time (sec) N/A 0.186 0.186 0.056 0. 0. 0. 0.
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 205 198 0 0 0 0 0
normalized size | 1 1.01 0.98 0. 0. 0. 0. 0.
time (sec) N/A 0.107 0.249 0.054 0. 0. 0. 0.
Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 246 246 237 0 0 0 0 0
normalized size | 1 1. 0.96 0. 0. . 0. 0.
time (sec) N/A 0.16 0.331 0.052 0. 0. 0. 0.
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 362 362 220 894 0 3309 0 0
normalized size | 1 1. 0.61 247 0. 9.14 0. 0.
time (sec) N/A 0.362 0.55 0.008 0. 1.46 0. 0.
Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 507 507 279 2343 0 6969 0 0
normalized size | 1 1. 0.55 4.62 0. 13.75 0. 0.
time (sec) N/A 0.586 0.769 0.01 0. 1.971 0. 0.
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Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 815 803 3579 0 0 0 0 0
normalized size | 1 0.99 4.39 0. 0. 0. 0. 0.
time (sec) N/A 1.435 48.597 0.063 0. 0. 0. 0.
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 572 566 422 0 0 0 0 0
normalized size | 1 0.99 0.74 0. 0. 0. 0. 0.
time (sec) N/A 0.662 1.816 0.059 0. 0. 0. 0.
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 363 360 227 906 0 3272 0 0
normalized size | 1 0.99 0.63 2.5 0. 9.01 0. 0.
time (sec) N/A 0.397 0.573 0.008 0. 1.604 0. 0.
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 186 182 509 0 1805 0 0
normalized size | 1 0.99 0.97 2.71 0. 9.6 0. 0.
time (sec) N/A 0.098 0.119 0.008 0. 1.505 0. 0.
Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A NO NO TBD TBD TBD TBD TBD
size 177 190 199 0 0 0 0 0
normalized size | 1 1.07 1.12 0. 0. 0. 0. 0.
time (sec) N/A 0.119 0.399 0.071 0. 0. 0. 0.
Problem 137 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 233 220 174 0 0 0 0 0
normalized size | 1 0.94 0.75 0. 0. 0. 0. 0.
time (sec) N/A 0.127 0.137 0.068 0. 0. 0. 0.
Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 250 250 184 0 0 0 0 0
normalized size | 1 1. 0.74 0. 0. 0. 0. 0.
time (sec) N/A 0.217 0.208 0.059 0. 0. 0. 0.
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Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F(1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 530 530 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 1.179 4.524 0.25 0. 0. 0. 0.
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F(1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 393 393 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.493 1.486 0.173 0. 0. 0. 0.
Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 256 256 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.21 0.905 0.148 0. 0. 0. 0.
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 121 0 0 0 0 0
normalized size | 1 1. 0.98 0. 0 0 0. 0.
time (sec) N/A 0.083 0.134 0.002 0 0 0. 0.
Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0 0 0. 0.
time (sec) N/A 0.008 0.254 0.157 0 0 0. 0.
Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 268 268 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0 0 0. 0.
time (sec) N/A 0.212 0.637 0.151 0 0 0. 0.
Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 283 283 208 0 0 0 0 0
normalized size | 1 1. 0.73 0. 0. 0. 0. 0.
time (sec) N/A 0.208 0.32 0.145 0. 0. 0. 0.
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Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 277 277 215 0 0 0 0 0
normalized size | 1 1. 0.78 0. 0. 0. 0. 0.
time (sec) N/A 0.147 0.443 0.143 0. 0. 0. 0.
Problem 147 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 263 261 223 0 0 0 0 0
normalized size | 1 0.99 0.85 0. 0. 0. 0. 0.
time (sec) N/A 0.227 0.315 0.151 0. 0. 0. 0.
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 558 558 508 0 0 0 0 0
normalized size | 1 1. 0.91 0. 0. 0. 0. 0.
time (sec) N/A 0.981 1.872 0.152 0. 0. 0. 0.
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 57 139 134 189 313 123
normalized size | 1 1. 0.72 1.76 1.7 2.39 396  1.56
time (sec) N/A 0.142 0.062 0.038  3.068  1.047 46.125 2.052
Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 45 117 105 167 282 97
normalized size | 1 1. 0.71 1.86 1.67 2.65 448  1.54
time (sec) N/A 0.061 0.031 0.015 4261 1.043 21.009 2.571
Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 96 89 196 245 0
normalized size | 1 1. 1. 2. 1.85 4.08 51 0.
time (sec) N/A 0.184 0.05 0.024 3423 1142 27867 0.
Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 97 89 201 221 0
normalized size | 1 1. 1. 2.02 1.85 4.19 4.6 0.
time (sec) N/A 0.183 0.055 0.02 3.045 1149 27.566 0.
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Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 56 108 132 154 218 0
normalized size | 1 1. 0.79 1.52 1.86 217 3.07 0.
time (sec) N/A 0.188 0.047 0.019 2734 1.049 34.59 0.
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 87 151 149 137 147 176 308 130
normalized size | 1 1.74 1.71 1.57 1.69 2.02 3.54 149
time (sec) N/A 0.146 0.331 0.023 1.352  1.052 44.788 2.124
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B C B A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 52 135 126 120 142 150 277 104
normalized size | 1 2.6 2.42 2.31 2.73 2.88 5.33 2.
time (sec) N/A 0.071 0.21 0.016 1.36 1102 20.739 2.571
Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 55 135 128 95 86 184 240 96
normalized size | 1 2.45 2.33 1.73 1.56 3.35 436  1.75
time (sec) N/A 0.184 0.399 0.019 3912 1.086 26.248 1.986
Problem 157 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B A C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 55 135 89 96 86 203 216 112
normalized size | 1 2.45 1.62 1.75 1.56 3.69 393  2.04
time (sec) N/A 0.182 0.167 0.017  2.016 1.143 27.925 2.665
Problem 158 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 129 82 103 88 173 212 196
normalized size | 1 1.55 0.99 1.24 1.06 2.08 255  2.36
time (sec) N/A 0.189 0.121 0.018 2.21 1.057 34178 1.469
Problem 159 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 171 94 123 119 216 219 266
normalized size | 1 1.47 0.81 1.06 1.03 1.86 1.89  2.29
time (sec) N/A 0.221 0.116 0.019 1.794 1.032 56.645 1.69
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size

the integral was to solve. In this test, problem number [72] had the largest ratio of [ 0.3429
]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of n().rma:lize.d integrand ——
# grade steps unique antldern‘/atlve leaf size ntegrand leal size
used rules leaf size
1 A 2 1 1. 21 0.048
2 A 2 1 1. 23 0.043
3 A 2 1 1. 25 0.04
4 A 2 1 1. 27 0.037
5 A 2 1 1. 29 0.034
6 A 2 1 1. 17 0.059
7 A 3 2 1. 22 0.091
3 A 6 5 1. 25 0.2
9 A 5 5 1. 25 0.2
10 A 4 4 1. 23 0.174
11 A 4 4 1. 18 0.222
12 A 6 4 1. 25 0.16
13 A 6 4 1. 25 0.16
14 A 7 5 1. 25 0.2
15 A 6 5 1. 25 0.2
16 A 5 5 1. 25 0.2
17 A 4 4 1. 23 0.174
18 A 4 4 1. 18 0.222
19 A 6 5 1. 25 0.2
20 A 6 5 1. 25 0.2
21 A 7 6 1. 25 0.24
22 A 8 6 1. 26 0.231
23 A 7 6 1. 26 0.231
24 A 6 6 1. 24 0.25
25 A 4 4 1. 23 0.174
26 A 5 5 1. 26 0.192
27 A 3 3 1. 26 0.115
28 A 4 4 1. 26 0.154
29 A 5 4 1. 26 0.154
30 A 6 4 1. 26 0.154
31 A 4 4 1. 24 0.167
32 A 5 5 1. 36 0.139
33 A 3 3 1. 45 0.067
34 A 5 5 1. 39 0.128
Continued on next page




Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

35 A 10 8 1. 35 0.229
36 A 9 8 1. 35 0.229
37 A 8 6 1. 33 0.182
38 A 7 7 1. 28 0.25
39 A 10 10 1. 35 0.286
40 A 10 10 1. 35 0.286
41 A 11 11 1. 35 0.314
42 A 12 11 1. 35 0.314
43 A 12 10 1. 35 0.286
44 A 9 8 1. 35 0.229
45 A 8 8 1. 35 0.229
46 A 7 6 1. 33 0.182
47 A 6 6 1. 28 0.214
48 A 9 9 1. 35 0.257
49 A 10 10 1. 35 0.286
50 A 11 11 1. 35 0.314
51 A 8 8 1. 35 0.229
52 A 7 7 1. 35 0.2
53 A 6 6 1. 33 0.182
54 A 2 2 1. 28 0.071
55 A 6 6 1. 35 0.171
56 A 10 10 1. 35 0.286
57 A 11 11 1. 35 0.314
58 A 8 6 1. 35 0.171
59 A 11 8 1. 35 0.229
60 A 8 8 1. 35 0.229
61 A 7 7 1. 35 0.2
62 A 7 7 1. 35 0.2
63 A 5 5 1. 33 0.152
64 A 2 2 1. 28 0.071
65 A 3 3 1. 35 0.086
66 A 10 10 1. 35 0.286
67 A 11 11 1. 35 0.314
68 A 3 3 1. 36 0.083
69 A 6 5 1. 33 0.152
70 A 4 3 1. 35 0.086
71 A 10 8 1. 35 0.229
72 A 18 12 1. 35 0.343
73 A 3 3 1. 36 0.083
74 A 4 4 1. 31 0.129
75 A 3 3 1. 40 0.075
76 A 4 4 1. 31 0.129
77 A 12 10 1. 37 0.27
78 A 11 10 1. 37 0.27

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size
79 A 10 10 1. 37 0.27
80 A 9 9 1. 37 0.243
81 A 9 9 1. 37 0.243
82 A 10 10 1. 37 0.27
383 A 9 9 1. 37 0.243
84 A 10 9 1. 37 0.243
85 A 11 10 1. 37 0.27
86 A 10 10 1. 37 0.27
37 A 9 9 1. 37 0.243
88 A 9 8 1. 37 0.216
89 A 7 7 1. 37 0.189
90 A 8 8 1. 37 0.216
91 A 9 9 1. 37 0.243
92 A 10 9 1. 37 0.243
93 A 10 10 1. 37 0.27
94 A 9 9 1. 37 0.243
95 A 9 8 1. 37 0.216
96 A 2 2 1. 37 0.054
97 B 5 5 3.25 37 0.135
98 A 8 8 1. 37 0.216
99 A 7 7 1. 37 0.189
100 A 2 2 1.29 37 0.054
101 A 9 9 1. 37 0.243
102 A 12 10 1. 37 0.27
103 A 2 2 1. 37 0.054
104 A 2 2 1. 37 0.054
105 A 8 7 1.38 37 0.189
106 A 8 8 1. 37 0.216
107 A 10 8 1. 37 0.216
108 A 2 2 1. 37 0.054
109 A 2 2 1.23 37 0.054
110 A 5 5 1. 37 0.135
111 F 0 0 N/A 0 N/A
112 A 8 3 1. 25 0.12
113 A 6 3 1. 25 0.12
114 A 4 2 1. 25 0.08
115 A 3 2 1. 23 0.087
116 A 3 2 1. 22 0.091
117 A 5 3 1. 25 0.12
118 A 6 3 1. 25 0.12
119 A 2 1 1. 23 0.043
120 A 2 2 1. 25 0.08
121 A 3 2 1. 27 0.074
122 A 5 2 1. 29 0.069

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

123 A 6 3 1. 25 0.12
124 A 3 3 1. 25 0.12
125 A 3 3 1. 29 0.103
126 A 3 3 1. 27 0.111
127 A 3 3 1. 29 0.103
128 A 3 3 1.01 29 0.103
129 A 3 3 1. 29 0.103
130 A 3 3 1. 29 0.103
131 A 4 3 1. 29 0.103
132 A 10 9 0.99 31 0.29
133 A 9 8 0.99 31 0.258
134 A 3 3 0.99 29 0.103
135 A 3 3 0.99 24 0.125
136 A 5 5 1.07 27 0.185
137 A 7 5 0.94 29 0.172
138 A 7 4 1. 29 0.138
139 A 31 5 1. 29 0.172
140 A 15 5 1. 29 0.172
141 A 7 4 1. 27 0.148
142 A 3 3 1. 22 0.136
143 A 0 0 0. 0 0.
144 A 7 4 1. 33 0.121
145 A 7 4 1. 34 0.118
146 A 5 5 1. 34 0.147
147 A 3 3 0.99 34 0.088
148 A 4 3 1. 34 0.088
149 A 4 4 1. 31 0.129
150 A 4 4 1. 30 0.133
151 A 7 7 1. 33 0.212
152 A 7 7 1. 33 0.212
153 A 6 6 1. 33 0.182
154 A 5 5 1.7 30 0.167
155 B 5 5 2.6 29 0.172
156 B 8 8 2.45 32 0.25
157 B 8 8 2.45 32 0.25
158 A 6 6 1.55 32 0.188
159 A 7 7 1.47 32 0.219
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Chapter 3

Listing of integrals

3.1 f(a + bx)(c + dx)(e + fx)(g + hx)dx

Optimal. Leaf size=112
14 13 1,
2 (adfh +b(cfh +deh +dfg)) + 3~ (a(cfh+deh +dfg) + b(ceh + cfg + deg)) + 7% (a(ceh + cfg + deg) + bceg)

[Out] axckexg*xx + ((bxckxexg + ax(dxexg + c*xfxg + cxexh))*x72)/2 + ((bx(d*exg + cx*
fxg + cxexh) + ax(d*fxg + dxexh + c*fxh))*x73)/3 + ((axd*xf*h + bx(dxfxg + d
*xexh + cxfxh))*x74)/4 + (b*dxf*xh*x~5)/5

Rubi [A] time = 0.157949, antiderivative size = 112, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 21, e .

0.048, Rules used = {142}

integrand size

1 1 1
Zx4(adfh +b(cfh +deh +dfg)) + §x3(u(cfh +deh +dfg) + b(ceh + cfg + deg)) + Exz(a(ceh +cfg +deg) + beeg)

Antiderivative was successfully verified.

[In] Int[(a + b*x)*(c + d*x)*(e + f*x)*(g + h*x),x]

[Out] axckexg*xx + ((bxckxexg + ax(dxexg + c*xf*g + cxexh))*x72)/2 + ((bx(d*exg + cx*
fxg + ckexh) + ax(d*xf*xg + d¥exh + cxfxh))*x73)/3 + ((axd*f*xh + bx(dxfxg + d
xexh + cxfxh))*x74)/4 + (b*d*xfxh*x~5)/5

Rule 142

Int[(Ca_.) + (b_)*(x_))"(m_.)*((c_.) + (d_D*(x_))"(n_.)*((e_) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) m*x(c +
d*x) “nx(e + f*x)*(g + h*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &
(IGtQ[m, 0] || IntegersQ[m, nl)

Rubi steps

f(a + bx)(c + dx)(e + fx)(g + hx)dx = f(aceg + (beceg + a(deg + cfg + ceh))x + (b(deg + cf g + ceh) + a(df g + deh

1 1
= acegx + E(bceg + a(deg + cfg + ceh))x® + g(b(deg +cfg+ceh)+a(dfg+d
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Mathematica [A] time = 0.0493336, size = 112, normalized size = 1.

1 1 1
A—}x‘*(adfh +befh + bdeh + bdfg) + §x3(acfh + adeh + adfg + bceh + bcfg + bdeg) + Exz(aceh +acfg + adeg + bceg) -

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)*x(c + d*x)*(e + f*xx)*(g + h*x),x]

[Out] axckexgkx + ((b*ckexg + axdkexg + axcxf*g + axckexh)*x"2)/2 + ((bxdxexg + b
xcxfxg + axdxfxg + bkckexh + axdrexh + axcxf*h)*xx73)/3 + ((b*xd*f*g + bxd*ex
h + bxckxfxh + axd*fxh)*x74)/4 + (b*d*xfxh*x~5)/5

Maple [A] time = 0.002, size = 109, normalized size = 1.

bd fhx® (((ad +bo) f + bde) h+ bdfg) x* ((acf + (ad + be) e) h+ ((ad +be) f + bde) g) x3 (aceh + (acf + (ad +
+ + +
5 4 3 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(d*x+c)*(f*x+e)* (h*x+g) ,x)

[Out] 1/5%bxd*f*xh*xx~5+1/4*(((a*xd+b*c)*f+bkxd*e)*h+bxd*f*xg)*x~4+1/3* ((a*xcxf+(axd+b*
c)*e) xh+ ((a*xd+bx*c) *f+bxd*e) *g) *x~3+1/2x* (a*xckexh+ (a*xcxf+(a*xd+bxc) xe) *g) *x~2+

akckexgkx

Maxima [A] time = 1.14432, size = 146, normalized size = 1.3

% bdfhx® + acegx + 31 (bdfg + (bde + (bc + ad) f )1)x* + % ((bde + (bc + ad)f)g + (acf + (bc + ad)e)h)x> + % (aceh +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)*(f*xx+e)* (h*x+g) ,x, algorithm="maxima")
g g g

[Out] 1/5%bxd*f*xh*x~5 + akxcxexgkx + 1/4*(b*xdxfxg + (bxd*e + (b*xc + a*xd)*f)x*h)*x~4
+ 1/3*x((b*dxe + (bxc + axd)*f)*g + (axc*f + (b*c + axd)*e)*h)*x~3 + 1/2%x(a

xcxexh + (axcxf + (bxc + axd)*e)*g)*x"2

Fricas [A] time = 1.08041, size = 379, normalized size = 3.38

1 1 1 1 1 1 1 1 1 1
2.5 ! 24 ! ! 2.3 2,3 2,3 2.3 2.3 =43
=X hfdb + 2~ gfdb + 2" hedb + i hfcb + 2~ hfda + 3" gedb + 3" gfch + 3~ hecb + 3" gfda + 3* heda + ¥ l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(d*x+c)*(f*x+e)* (h*x+g),x, algorithm="fricas")

[Out] 1/5%x”5xh*xfxd*b + 1/4xx"4*xgxf*dxb + 1/4*x"4xhkexd*b + 1/4xx"4xhxf*cxb + 1/4
xx"4xhxf*xdxa + 1/3*%x"3*gkexd*b + 1/3xx"3xgxf*rcxb + 1/3*%x"3*h*exc*b + 1/3%x”
3xgxfxd*xa + 1/3xx"3*hkexdxa + 1/3*%x"3xh*f*cka + 1/2*%x"2kgxexcxb + 1/2xx"2x*g
xexdka + 1/2xx"2kgkfkckxa + 1/2%x"2xhkexcka + x¥gkekxcka
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Sympy [A] time = 0.074263, size = 148, normalized size = 1.32

bdfhx® +x4(adfh N befh N bdeh N bdfg) 3 (acfh N adeh N adfg N beeh N befg N bdeg) 2 (ﬂe}

acegx + —5 1 1 "1 4 3 3 3 R 3 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (d*x+c)* (f*x+e)* (h*x+g) ,x)

[Out] axckexg*x + bkxdxfxh*xxx*5/5 + x*x4*(a*dxfxh/4 + bxcxf*h/4 + bxd*kexh/4 + b*xdx
fxg/4) + x*x3*(a*xcxfxh/3 + axdxexh/3 + axd*f*xg/3 + b*ckexh/3 + bkxcxf*xg/3 +
bxd*exg/3) + x**2x(a*xckxexh/2 + akxcxf*g/2 + axd*xexg/2 + b*ckxexg/2)

Giac [A] time = 1.41033, size = 203, normalized size = 1.81

1 1 1 1 1 1 1 1 1 1
z 5, 2 44 = 4, = 4, = 4, = 3, - 3.2 3, - 3,4 = 3
5bdfhx +4bdfgx +4bcfhx +4adfhx +4bdhx e+3bcfgx +3adfgx +3acfhx +3bdgx e+3bchxe

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)*(f*xx+e)* (h*x+g),x, algorithm="giac")

[Out] 1/5%bxd*f*xh*x~5 + 1/4xb*xdxfxg*x~4 + 1/4*bxc*xfxh*xx"4 + 1/4xa*xdxfxh*x"4 + 1/4
xb*xdxh*x"4xe + 1/3*%bxc*xf*xgxx~3 + 1/3xa*xd*xf*gkx~3 + 1/3*kaxc*fxh*x~3 + 1/3*bx
dxgxx~3%e + 1/3xb*xc*h*x"3xe + 1/3*%axdxh*x”3%e + 1/2%akxcxfxgxx~2 + 1/2xbxc*g
*xx"2%e + 1/2%axd*g*x"2%e + 1/2%axckh*x"2%e + axckgkxke
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(a+bx)(c+dx)(e+fx)
3.2 [T

Optimal. Leaf size=126

x?(adfh — b(-cfh — deh + dfg)) N x(b(dg — ch)(fg — eh) — ah(—cfh — deh + dfg)) ~ (bg — ah)(dg — ch)(fg — eh) log(g 4
2h? h3 n*

[Out] ((b*(d*g - cxh)*(f*g - exh) - axh*x(dxfxg - dxexh - c*fxh))*x)/h~3 + ((axd*f
*h - bx(d*f*g - d*exh - cxf*h))*x"2)/(2+¥h"2) + (b*d*xf*x~3)/(3*h) - ((b*g -
axh)*(dxg - cxh)*(f*g - exh)*Loglg + h*x])/h"4

Rubi [A] time = 0.211189, antiderivative size = 126, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 1, integrand size = 23, e -

0.043, Rules used = {142}

x?(adfh — b(~cfh — deh + dfg)) N x(b(dg — ch)(fg — eh) — ah(—cfh — deh + dfg)) ~ (bg — ah)(dg — ch)(fg — eh) log(g
2h? h3 h*

integrand size

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(c + d*x)*(e + f*x))/(g + h*x),x]

[Out] ((bx(d*g - c*h)*(f*g - exh) - axh*x(dxf*g - dxexh - c*fxh))*x)/h"~3 + ((a*xd*f
*h - bx(d*f*g - dxexh - c*fxh))*x~2)/(2%h~2) + (bxd*f*x~3)/(3*h) - ((bxg -
axh)*(dxg - cxh)*(f*g - exh)*Loglg + h*x])/h~4

Rule 142

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) m*x(c +
d*x)"n*(e + f*x)*(g + h*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
(IGtQ[m, 0] || IntegersQ[m, nl)

Rubi steps

(a+bx)(c +dx)(e+ fx) gy — f(b(dg—ch)(fg—eh) —ah(dfg — deh —cfh) N (adfh—b(dfg —deh —cfh))x N bdf:

g +hx h3 h? h
_ (b(dg — ch)(fg —eh) —ah(dfg — deh — cfh))x (adfh — b(dfg — deh — cfh))x*>  bdf>
- E ¥ 202 " an

Mathematica [A] time = 0.0894686, size = 123, normalized size = 0.98

hix (3ah(2cfh + d(2eh - 2fg + fhx)) + b (3ch(2eh — 2fg + fhx) + 3deh(hx — 28) + df (687 - 3ghx + 212x?))) - 6(bg — ¢
6l

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)x(c + d*x)*(e + f*x))/(g + h*x),x]

[Out] (h*x*(3*axh*(2xc*xf*xh + dx(-2*f*g + 2xexh + fxh*x)) + b*(3*d*kexhx(-2%g + h*x
) + 3kcxhx(-2*f*xg + 2xexh + fxhxx) + d*xf*(6%xg~2 - 3*xgxh*x + 2*xh~2%x72))) -
6% (bxg - axh)*(d*g - c*h)*(f*g - exh)*Loglg + hxx])/(6%h~4)
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Maple [B] time = 0.004, size = 246, normalized size = 2.

bdfx®  x%adf x*bcf dx*be dx?bfg acfx adex adfgx beex bcfgx  bdegx .\ bdfg®x . In (hx 4

3 T 2n T on T Ton T o T th 2 T Th e 12 13 I

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (d*x+c)* (f*x+e)/ (h*x+g) ,x)

[Out] 1/3%b*xd*fxx~3/h+1/2/h*x"2*%a*xd*xf+1/2/h*x"2xb*xc*f+1/2/h*x"2*%b*d*xe-1/2/h"2xx~2
xbxd*f*xg+l/hxakckf*x+l/h*a*xdkexx-1/h"2*a*xd*f*g*x+1/h*bkcxe*xx—1/h™2xb*c*f*xgk
x-1/h™2%b*xd*exg*x+1/h~3xb*d*f*g~2xx+1/h*1n (h*x+g) *a*cke-1/h~2*1n (h*x+g) *a*c
xf*xg-1/h"2x1n (h*x+g) *a*d*e*xg+1/h~3*%1n (h*x+g) *a*xd*f*g~2-1/h~2*x1n (h*x+g) *b*c*
exg+1/h~3*1n (h*x+g) *bkxcxf*g~2+1/h~3*1n (h*x+g) *b*d*e*xg~2-1/h~4*1n (h*x+g) *b*d
*fxg™3

Maxima [A] time = 1.15018, size = 219, normalized size = 1.74

2bdfh2x® - 3 (bdfgh - (bde + (bc + ad)f )h?)x2 + 6 (bdfg? - (bde + (bc + ad) f)gh + (acf + (bc + ad)e)n?)x (b,
613 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)*(f*xx+e)/(h*x+g),x, algorithm="maxima")

[Out] 1/6%(2%b*d*f*xh~2+x~3 - 3x(bxd*xfxg*xh - (b*d*e + (b*c + a*xd)*f)*h~2)*x"2 + 6%
(bxd*xf*xg~™2 - (bxd*e + (b*xc + axd)*f)*g*h + (axcxf + (b*c + axd)*e)*h™2)*x)/

h™3 - (bxd*f*xg~3 - a*xckxexh™3 - (b*dxe + (b*c + axd)*f)xg~2xh + (axcxf + (bx

c + axd)*e)*gxh~2)*log(h*x + g)/h~4

Fricas [A] time =1.21161, size = 359, normalized size = 2.85

2bdfh3x® - 3 (bdfgh? - (bde + (be + ad) f)h*)x® + 6 (bdfg2h — (bde + (bc + ad) f)gh? + (acf + (bc + ad)e)h®)x - 6 (
61

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(d*x+c)*(fxx+e)/(h*x+g) ,x, algorithm="fricas")

[Out] 1/6%(2*%bxd*f*xh~3*x~3 - 3*(b*xd*fxg*h™2 - (b*dxe + (b*c + axd)*f)*h~3)*x"2 +
6% (bxd*f*g~2+%h - (bxd*e + (b*c + axd)*f)*gxh™2 + (a*xcxf + (bxc + axd)*e)*h”

3)*x — 6% (bxd*f*g~3 - axckexh™3 - (bxd*e + (b*c + axd)*f)*g~2*xh + (a*xcxf +

(b*xc + axd)*e)*gxh~2)*log(h*x + g))/h~4

Sympy [A] time = 0.972131, size = 141, normalized size = 1.12

bdfx>  x*(adfh+bcfh + bdeh - bdfg)  x(acfh? + adeh? — adfgh + beeh? — befgh — bdegh + bdfg?)  (ah - b
+ + +
3h 212 K3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)*(d*x+c)*(f*x+e)/(h*x+g),x)

[Out] bxd*f*xx*x3/(3%h) + x*x2*(a*xd*xfxh + b*cxfxh + b*dxexh - bxdxfxg)/(2xh**2) +
X*(a*c*f*h**Q + axdxexh*x2 - a*d*f*g*h + bkxckexh*x2 - b*c*f*g*h - b*d*e*g*h
+ bxd*xf*g**2) /h**3 + (axh - b*g)*(cxh - d*g)*(exh - f*xg)*log(g + h*x)/h*x4

Giac [A] time = 1.30425, size = 281, normalized size = 2.23

2bdfh?x® — 3bdfghx? + 3bcfh?x? + 3 ad fh?x? + 3 bdh®x?e + 6 bd fg®x — 6 bcf ghx — 6 ad fghx + 6 acfh?x — 6 bdghxe +
6 h3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*xx+a)*(d*x+c)*(f*x+e)/(h*x+g),x, algorithm="giac")

[Out] 1/6%(2%b*d*f*xh~2+x"3 - 3xbxd*f*gkh*x~2 + 3kbkcxf*xh~2*%x"2 + 3*axd*xfxh~2*x~2
+ 3*%bkd*h~2%x"2%e + 6*xb*kd*f*g~2%x - 6*bkxckfxgxh*x - 6xaxd*f*gxhxx + 6xaxcxf
xh~2*%x — 6xb*d*xgxh*x*e + 6xbk*cxh~2%x*xe + 6%axdxh~2*xx*e)/h”™3 - (b*xdxf*g~3 -
bxcxfxg™2xh - axd*fxg~2xh + axcxfxgxh™2 - b*xdxg~2xh*e + bkcxgxh™2*e + axd*xg
xh~2%e - axc*h”~3xe)*log(abs(h*x + g))/h~4
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(a+Dbx)(c+dx)
(e+fx)(g+hx)

Optimal. Leaf size=84

3.3

(be — af)(de —cf)log(e + fx) _ (bg — ah)(dg — ch)log(g + hx) _ bdx
fA(fg ~ eh) WA(fg el fh

[Out] (bxd*x)/(f*h) + ((b*e - axf)*x(dxe - cxf)xLogle + fx*x])/(£72*(f*g - exh)) -
((bxg - axh)*(d*g - c*h)*Loglg + h*x])/(h™2x(f*g - exh))

Rubi [A] time = 0.0860184, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 25, L

0.04, Rules used = {142}

(be - af)(de —cf)log(e+ fx) _ (bg —al)(dg —cl)log(g + hx)  bdx
f(fg ~ eh) W2 (fg — eh) fh

integrand size

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(c + d*x))/((e + f*xx)*(g + h*x)),x]

[Out] (b*xd*x)/(f*h) + ((b*e - axf)*(dxe - cxf)xLogle + fxx])/(£72*(f*g - exh)) -
((bxg - axh)*(d*g - c*h)*Loglg + h*x])/(h™2*x(f*g - exh))

Rule 142

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) m*x(c +
d*x) "n*(e + f*x)*(g + h*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
(IGtQ[m, 0] || IntegersQ[m, nl)

Rubi steps

(a+bx)(c+dx) , bd (-be+af)(—de+cf) (-bg+ ah)(—dg + ch)
e (f_h T F(Fs—ehe+ fx) | h(-fg+ (g +hv) ) "
_ bdx N (be — af)(de —cf)log(e + fx) _ (bg — ah)(dg — ch) log(g + hx)

 fh fA(fg —eh) 12(fg - eh)

Mathematica [A] time = 0.0706683, size = 85, normalized size = 1.01

f(bdhx(fg — eh) — f(bg — ah)(dg — ch) log(g + hx)) + h?(be — af)(de—cf)log(e + fx)
f2h?(fg —eh)

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)x(c + d*x))/((e + f*x)*(g + h*x)),x]

[Out] ((b*e - axf)*(dxe - cxf)xh~2xLogle + f*x] + f*x(bxdxh*x(f*g - exh)*x - fx(bxg
- axh)*(d*g - c*h)*Loglg + h*x]))/(£72*h~2*(f*g - ex*h))
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Maple [B] time = 0.008, size = 196, normalized size = 2.3

bdx_ln(fx+e)ac ln(fx+e)ade ln(fx+e)bce_1n(fx+e)bde2 1n(hx+g)ac_ln(hx+g)adg_1n(hx
T g f(eh - f£g) ’ flen-fg)  f2(eh-fg) T h(eh - £g) I (eh

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(d*x+c)/(f*x+e)/ (h*x+g) ,x)

[Out] bxd*x/f/h-1/(exh-f*xg)*1n(f*x+e)*a*xc+l/f/(exh-f*g)*1ln(f*x+e)*axd*xe+l/f/(exh-
fxg) *1n (f*x+e) xb*xckxe-1/£72/ (exh-f*g) *1n (f*x+e) *b*d*e”2+1/ (exh-f*g) *1n (h*x+g
)*axc-1/h/(exh-f*xg)x1n (h*x+g) *a*d*g-1/h/ (exh-f*xg) *1n (h*x+g) *b*xc*xg+1/h~2/ (ex
h-f*g)*1n (h*x+g) *b*d*g~2

Maxima [A] time = 1.37506, size = 140, normalized size = 1.67

bdx (bd€2 +acf? - (be + ud)ef) log (fx + e) (bdg2 + ach?® — (bc + ad)gh) log (hx + g)
I Fig—efh Feii i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="maxima")

[Out] bxd*x/(fxh) + (b*d*e”2 + a*xcxf~2 - (bxc + axd)*exf)*xlog(fxx + e)/(£73*g - e
xf72xh) - (b*d*g~2 + a*xcxh™2 - (bxc + axd)*g*h)*log(h*x + g)/(fxg*h™2 - exh
~3)

Fricas [A] time = 1.48352, size = 242, normalized size = 2.88

(bde? + acf? - (bc + ad)ef )h? log (fx + ¢) + (bdf2gh — bdefh?)x — (bdf2g? + acf2h? — (bc + ad) f2gh) log (hx + g)
f3gh? — ef23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)/(f*xx+e)/(h*x+g),x, algorithm="fricas")

[Out] ((b*d*e~2 + a*xcxf~2 - (bxc + axd)*exf)*h™2*xlog(f*x + e) + (bxd*f~2%gxh - bx
dxexf*h~2)*x - (bxd*f~2%g~2 + axcxf~2xh~2 - (bxc + axd)*f~2xg*h)*log(h*x +
g))/(£f"3*g*xh~2 - exf~2xh~3)

Sympy [B] time = 10.4987, size = 507, normalized size = 6.04

eth(ah—bg)(ch—dg) ZEfzg(ah—bg) (Ch—dg) f3g2 (ah—bg) (ch—dg)
dfg T defg  heify)
2acf2h2—ade fh?—ad f2gh—bce fh2—bc f2gh+bde2h? +bd f2g2

acefh?+acf?gh—2adefgh—2bcef gh+bde?gh-+bdefg?—

(ah - bg) (ch - dg) log|x +
b,
fh 12 (eh - £3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)/(f*x+e)/(h*x+g),x)
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[Out] bxd*x/(fxh) + (axh - bxg)*(cxh - dxg)*log(x + (axckexfxh**2 + axcxf**2kgkh
- 2xaxd*exf*xgxh - 2xbxcxexfxgxh + bxdke*x*2*gkh + bxdkxexfxgxx2 - ex*x2xfxhx* (a
xh - bxg)*(c*h - dxg)/(exh - fxg) + 2xexf**2kgx(axh - b*g)*(c*h - d*xg)/(exh
- fxg) - f£x*x3xg*k*x2k(axh - bxg)*x(cxh - dxg)/(h*x(exh - f*xg)))/(2%akcxf**2*xh*
*2 — akxdkexfxh**2 — axd*f**2*xgkh - bkxckxexfxh**2 — bxckxf*x2xg*xh + bxd*e**2xh
*x%2 + bxd*f*x*2xgx*x2) )/ (h**2x(exh - fxg)) - (a*xf - bkxe)*(cxf - dxe)xlog(x +
(axcxexf*xh**x2 + axckxf*xx2xgxh - 2kaxdxexfxgxh - 2¥bkckexf*xgkxh + bxdxex*x2xgxh
+ bxdkexf*xgx*2 + ex*2xh**x3%(a*xf - bke)*(cxf - dxe)/(fx(exh - fxg)) - 2xexg
xh*x2% (a*f — bkxe)*(cxf - dxe)/(exh - fx*xg) + fxgk*x2xhx(axf - bxe)*(cxf - dxe
)/ (exh — fx*xg))/(2kaxcxf**2xh*x2 - axdkexfxh**2 - axdxf*x2*xgxh — bxckxexfxh*x
2 - bkcxf*x2%gkh + bxdkex*2xh*x2 + bxd*xfx*2xg*x2))/(f*x*2x(exh - f*g))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c)/(f*x+e)/(h*x+g) ,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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a+bx
3.4 f (c+dx)(e+fx)(g+hx)

Optimal. Leaf size=108

B (bc — ad)log(c + dx)  (be —af)log(e + fx) _ (bg — ah)log(g + hx)
(de - cf)(dg — ch) (de - cf)(fg — eh) (dg - ch)(fg — eh)

[Out] -(((b*c - axd)*Loglc + d*x])/((d*e - cxf)*x(d*g - c*h))) + ((bxe - axf)x*Logl
e + f*xx])/((dxe - cxf)*(f*g - exh)) - ((b*g - axh)*Loglg + h*x])/((d*g - c*
h)*(fxg - e*h))

Rubi [A] time = 0.110342, antiderivative size = 108, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 27, number of rules_

0.037, Rules used = {148}

B (bc — ad) log(c + dx) N (be —af)log(e + fx) ~ (bg — ah) log(g + hx)
(de - cf)(dg — ch) (de = cf)(fg — eh) (dg — ch)(fg — eh)

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*x)/((c + d*x)*(e + f*x)*(g + h*x)),x]

[Out] -(((b*c - a*xd)*Loglc + dxx])/((d*e - c*xf)*x(dxg - c*h))) + ((bxe - a*xf)x*Logl
e + fxx])/((dxe - c*xf)*(f*g - exh)) - ((bxg - a*h)*Loglg + h*x])/((d*g - c*
h)*(f*g - e*h))

Rule 148

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) ~mx*(
c + d*x) "nx(e + f*x)“px(g + h*x), x], x] /; FreeQ[{a, b, c, d, e, f, g, h,
m}, x] && (IntegersQ[m, n, pl || (IGtQ[n, O] && IGtQ[p, 01))

Rubi steps

a+ bx gy — f( d(—bc + ad) N f(=be + af) N h(-bg + ah)
(c +dx)(e+ fx)(g + hx) (de—cf)(dg —ch)(c+dx) (de—cf)(—fg+eh)(e+ fx) (dg—ch)(fg—eh)(g+
3 _(bc —ad)log(c + dx) N (be —af)log(e + fx) B (bg — ah)log(g + hx)
T [e-chdg-ch) | (de-cH(fg-eh) (g - ch)(fg —eh)

Mathematica [A] time = 0.0862102, size = 102, normalized size = 0.94

(bc — ad) log(c + dx)(fg — eh) — (be — af)(dg — ch) log(e + fx) + (bg — ah)(de — cf) log(g + hx)
(de - cf)(dg — ch)(eh - fg)

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)/((c + d*x)*(e + f*xx)*(g + h*x)),x]

[Out] ((b*c - axd)*(fxg - exh)xLoglc + dxx] - (b*e - axf)*(d*xg - cxh)x*Logl[e + fxx
1 + (d*e - c*xf)*(bxg - axh)xLoglg + hxx])/((d*e - c*xf)*(dxg - cxh)*(-(f*g)
+ exh))
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Maple [A] time = 0.007, size = 179, normalized size = 1.7

In (dx + ¢) ad In (dx + c) be ln(fx+e)af ln(fx+e)be ln(hx+g)ah B In

+ +
(cf—de) (ch—dg) (cf—de) (ch—dg) (cf—de) (eh—fg) (cf—de) (eh—fg) (ch—dg) (eh—fg) (ch—
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)/(d*x+c)/(f*x+e)/(h*x+g) ,x)

[Out] 1/(cxf-d*e)/(cxh-d*g)*1n(d*x+c)*a*xd-1/(c*xf-d*e)/(c*h-d*g)*1n(d*x+c)*b*c-1/(
cxf-d*e)/(exh-f*g)*1n(f*x+e)*a*xf+1/(cxf-dxe)/(exh-f*xg)*1n(f*x+e)*bxe+l/(cxh
-d*g) / (exh-f*g) *1n (h*x+g) *axh-1/ (cxh-d*g) / (exh-f*g) *1n (h*x+g) xbxg

Maxima [A] time = 1.64723, size = 181, normalized size = 1.68

~ (bc — ad) log (dx + c) .\ (be—af) log (fx+e) B (bg—ah) log (hx+g)
(dze - cdf)g — (cde - czf)h (def - cfz)g - (de2 - cef)h dfg® + ceh? — (de + cf)gh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="maxima"

[Out] -(b*c - axd)*log(d*x + c)/((d"2%e - cxdxf)*g - (cxdxe - c~2xf)*h) + (b*xe -
axf)*log(fxx + e)/((d*xexf - cxf~2)xg - (d*e”2 - cxexf)*h) - (b*g - axh)*log
(h*x + g)/(d*f*g~2 + cxexh™2 - (d*e + c*f)*g*h)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)/(d*x+c)/(fxx+e)/(h*xx+g) ,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

bx+a

f (dx + c)(fx + e)(hx +g) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="giac")

[Out] integrate((b*x + a)/((d*x + c)*(f*x + e)*(h*x + g)), x)
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1
3.5 f (a+bx)(c+dx)(e+fx)(g+hx)

Optimal. Leaf size=163

b?log(a + bx) d?log(c + dx) f?log(e + fx) h?log(g + hx)
(bc — ad)(be — af)(bg — ah) - (bc — ad)(de — cf)(dg — ch) * (be —af)(de—cf)(fg —eh) - (bg — ah)(dg — ch)(fg —eh

[Out] (b~2xLogla + bxx])/((b*c - axd)*(bxe - axf)*(b*xg - a*h)) - (d"2xLogl[c + dxx
1)/ ((b*xc - a*xd)*(d*e - cxf)x(dxg - cxh)) + (£ 2xLogle + f*x])/((b*xe - a*f)x

(dxe - c*xf)*(fxg - exh)) - (h™2xLoglg + hx*x])/((bxg - a*h)*(dxg - c*h)*(fxg

- exh))

Rubi [A] time = (0.211911, antiderivative size = 163, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 1, integrand size = 29, e e e

0.034, Rules used = {180}

integrand size

b?log(a + bx) d?log(c + dx) F?log(e + fx) h?log(g + hx)
(bc — ad)(be — af)(bg — ah) ~ (bc — ad)(de — cf)(dg — ch) * (be — af)(de - cf)(fg —eh)  (bg — ah)(dg — ch)(fg — el

Antiderivative was successfully verified.

[In] Int[1/((a + b*x)*(c + d*x)*(e + f*x)*(g + h*x)),x]

[Out] (b~2xLogla + bxx])/((bxc - axd)*(bxe - axf)*(b*g - a*h)) - (d"2+Loglc + dxx
1)/ ((b*c - a*xd)*(d*e - cxf)x(dxg - cxh)) + (£f"2xLogle + f*x])/((b*e - ax*f)x

(d*e - c*f)*(f*g - exh)) - (h™2*Loglg + h*x])/((bxg - axh)*(d*g - c*h)*(f*g

- e*h))

Rule 180

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
)" (p)*x((g_.) + (h_.)*(x_))"(q ), x_Symbol] :> Int[ExpandIntegrand[(a + b*x
)"mx(c + d*x) "n*(e + f*x) px(g + h*x)"q, x], x] /; FreeQ[{a, b, c, d, e, f,
g, h, m, n}, x] && IntegersQ[p, q]

Rubi steps

1 & d®
f (a + bx)(c +dx)(e + fx)(g + hx) ax = f ((bc —ad)(be — af)(bg — ah)(a + bx) - (bc — ad)(—de + cf)(—dg + ch)(c -
_ b?log(a + bx) d? log(c + dx) 2 log(e -
~ (bc - ad)(be — af)(bg — ah) - (bc — ad)(de — cf)(dg — ch) - (be —af)(de —c

Mathematica [A] time = 0.246551, size = 164, normalized size = 1.01

b?log(a + bx) d?log(c + dx) F?log(e + fx) h?log(g + hx)
(bc — ad)(be — af)(bg —ah) ~ (bc — ad)(cf — de)(ch —dg) ~ (be —af)(de - cf)(eh— fg) ~ (bg — ah)(dg — ch)(fg et

Antiderivative was successfully verified.

[In] Integratel[1l/((a + b*x)*x(c + d*x)*(e + f*xx)*(g + h*x)),x]

[Out] (b"2xLogla + bxx])/((b*c - axd)*(bxe - axf)*(b*g - a*h)) - (d"2xLogl[c + d*x
1D/ ((b*xc - axd)*(-(dxe) + ckxf)*x(-(dxg) + c*h)) - (£ 2xLogle + f*xx])/((bxe -



58

axf)x(dxe - cxf)*(-(fxg) + exh)) - (h™2xLoglg + hx*x])/((b*g - axh)*x(dxg -
c¥h) *(f*g - exh))

Maple [A] time = 0.007, size = 164, normalized size = 1.

&2 1n (dx + ¢) ) fAn(fx+e) . 2 1n (hx + g) ) b2 In (bx + a)
(ad = be) (cf —de) (ch—dg)  (af —be) (cf —de) (eh - fg)  (ch—dg)(ah—bg)(eh— fg) (ad - bc) (af —be) (ah -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x+a)/(d*x+c)/(f*x+e)/ (h*x+g) ,x)

[Out] d72/(a*xd-b*c)/(c*xf-d*e)/(c*h-d*g)*1n(d*x+c)-£72/(a*xf-bxe)/(c*xf-d*xe)/(exh-fx*
g)*1n(f*x+e)+h~2/ (cxh-d*g) / (a*h-b*g) / (exh-f*g) *1n (h*x+g) -b~2/ (a*xd-bxc) / (axf
-bxe) / (a*h-b*g) *1n(b*x+a)

Maxima [A] time = 1.28156, size = 419, normalized size = 2.57

b?log (bx + a) d?log (dx + c)

((6% — ab?d)e - (ab2c — a?bd)f)g — ((ab2c — a?bd)e - (a%bc — a®d)f)h  ((bed? - ad®)e - (be2d — acd?)f)g — ((bc2d —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x+a)/(d*x+c)/(fxx+e)/(h*x+g),x, algorithm="maxima")

[Out] b~ 2*log(b*x + a)/(((b~3*c - a*b~2*d)*e - (a*b™2%c - a~2*xbxd)*f)*g - ((axb~2
*xC — a”2*xbxd)*e - (a"2xbxc - a~3*xd)*f)*h) - d"2*xlog(d*x + c)/(((b*c*d™2 - a
xd~3)*e - (b*c™2xd - axcxd"2)*f)*g - ((bxc™2*%d - axc*d™2)*e - (b*c™3 - axc”
2x%d)*f)*h) + £72xlog(f*x + e)/((b*d*e™2xf + axcxf~3 - (b*c + a*xd)*exf~2)*g
- (bxd*e”3 + axcxexf”2 - (bxc + axd)*e”2xf)xh) - h™2xlog(h*x + g)/(b*dxfx*g~
3 - axcxexh™3 - (bxdxe + (bxc + axd)*f)*g~2xh + (axc*f + (b*c + axd)*e)*g*h

~2)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="giac")

[Out] Timed out
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X
3.6 f (1+x)(2+x)(3+x)

Optimal. Leaf size=23
1 3
5 log(x +1) + 2log(x + 2) - > log(x + 3)

[Out] -Logll + x]/2 + 2xLogl[2 + x] - (3*Logl[3 + x])/2

Rubi [A] time = 0.0107876, antiderivative size = 23, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 17, S >

0.059, Rules used = {148}

integrand size

1
5 log(x +1) + 2log(x + 2) — g log(x + 3)

Antiderivative was successfully verified.

[In] Int[x/((1 + x)*(2 + x)*(3 + x)),x]
[Out] -Logll + x]/2 + 2xLog[2 + x] - (3*Logl[3 + x])/2

Rule 148

Int[((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + bxx) “m*(
c + d*x)"n*x(e + f*x)“px(g + h*x), x], x] /; FreeQ[{a, b, c, d, e, £, g, h,
m}, x] && (IntegersQ[m, n, p] || (IGtQ[n, 0] && IGtQ[p, 01))

Rubi steps

X 1 2 3
f(1 +x)(2+x)(3+x)dx:f(_2(1+x) +2+x_2(3+x))dx

1 3
=-3 log(1 + x) + 2log(2 + x) — 5 log(3 + x)

Mathematica [A] time = 0.0062417, size = 23, normalized size = 1.

1 3
~3 log(x +1) + 2log(x + 2) — 5 log(x + 3)

Antiderivative was successfully verified.

[In] Integrate[x/((1 + x)*(2 + x)*(3 + x)),x]

[Out] -Logll + x]/2 + 2xLog[2 + x] - (3*Logl[3 + x])/2

Maple [A] time = 0.006, size = 20, normalized size = 0.9

_1n(1+x) _3ln(3+x)

2

+21In(2 + x)



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(1+x)/(2+x)/(3+x),x)

[Out] -1/2*%1n(1+x)+2*%1n(2+x)-3/2%1n(3+x)
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Maxima [A] time = 2.15871, size = 26, normalized size = 1.13

1
—g log (x +3)+2 log(x+2)—§ log (x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1+x)/(2+x)/(3+x),x, algorithm="maxima"

[Out] -3/2xlog(x + 3) + 2*log(x + 2) - 1/2xlog(x + 1)

Fricas [A] time = 1.68537, size = 66, normalized size = 2.87

1
—g log (x +3)+2 10g(x+2)—§ log (x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1+x)/(2+x)/(3+x),x, algorithm="fricas")

[Out] -3/2xlog(x + 3) + 2*log(x + 2) - 1/2xlog(x + 1)

Sympy [A] time = 0.115222, size = 20, normalized size = 0.87

_log(22c+1) +2log(x +2) - 310g(2x+3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1+x)/(2+x)/(3+x),%)

[Out] -log(x + 1)/2 + 2xlog(x + 2) - 3*log(x + 3)/2

Giac [A] time = 2.2248, size = 30, normalized size = 1.3

3 1
5 log (Jx + 3|) + 2 log (|x + 2|) — > log (|x +11)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1+x)/(2+x)/(3+x),x, algorithm="giac")

[Out] -3/2xlog(abs(x + 3)) + 2xlog(abs(x + 2)) - 1/2*log(abs(x + 1))
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2,,3

3.7 [—=

(—6+x)(3+5x)3

Optimal. Leaf size=43

201 12 201log(6 — x) N 1493 log(5x + 3)
15125(5x + 3)  1375(5x + 3)2 3993 499125

[Out] -12/(1375%(3 + 5*x)~2) + 201/(15125%(3 + 5*x)) + (20*Logl[6 - x])/3993 + (14
93%Log[3 + 5%x])/499125

Rubi [A] time = 0.0366784, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e .

integrand size
0.091, Rules used = {1593, 148}

201 12 201og(6 — x) N 1493 log(5x + 3)
15125(5x + 3)  1375(5x + 3)? 3993 499125

Antiderivative was successfully verified.

[In] Int[(-x"2 + x73)/((-6 + x)*(3 + 5*x)~3),x]

[Out] -12/(1375%(3 + 5*x)~2) + 201/(15125%(3 + 5%x)) + (20%Logl[6 - x])/3993 + (14
93*Log[3 + 5*x])/499125

Rule 1593

Int[(u_)*x((a_)*xx_ )" (p_.) + (b_)*x(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + b*xx"(q - p))7n, x] /; FreeQl{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - pl

Rule 148

Int[((a_.) + (b_)*(x_))"(m )*x((c_.) + (d_)*x(x_))"(n)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Int[ExpandIntegrand[(a + bxx) ~mx*(
c + d*x)"n*x(e + f*x) px(g + hx*x), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h,
m}, x] && (IntegersQm, n, pl || (IGtQ[n, 0] && IGtQ[p, 01))

Rubi steps
-2 + 13 (-1 + x)x?
X = X
(-6 + x)(3 + 5x)3 (-6 + x)(3 + 5x)3
f 20 24 201 1493
= + - + x
3993(—6 +x)  275(3 +5x)3 30253 + 5x)?  99825(3 + 5x)
3 12 N 201 N 201og(6 — x) N 1493 log(3 + 5x)
13753 +5x)2  15125(3 + 5x) 3993 499125

Mathematica [A] time = 0.020165, size = 33, normalized size = 0.77

99(335x+157)

g T 2500 log(x — 6) + 1493 log(5x + 3)

499125

Antiderivative was successfully verified.
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[In] Integratel[(-x"2 + x73)/((-6 + x)*(3 + 5%x)73),x]

[Out] ((99%(157 + 335%x))/(3 + b*x)~2 + 2500*Log[-6 + x] + 1493xLogl[3 + 5%x])/499
125

Maple [A] time = 0.007, size = 34, normalized size = 0.8

20 In (x — 6) 12 N 201 , 149303 +5x)
3993 1375 (3 +5x)° 45375 + 75625 x 499125

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3-x"2)/(x-6)/(3+5%*x)"3,x)

[Out] 20/3993*1n(x-6)-12/1375/(3+5%x) ~2+201/15125/ (3+5%x)+1493/499125%1n (3+5%*x)

Maxima [A] time = 1.23242, size = 46, normalized size = 1.07

3(335x + 157) 1493

20
+ log(5x + 3) + —— log(x — 6)
15125(25x2 +30x +9) 499125 & 3993 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x73-x72)/(-6+x)/(3+5xx)73,x, algorithm="maxima")

[Out] 3/15125%(335%x + 157)/(25%x~2 + 30*x + 9) + 1493/499125%log(5*x + 3) + 20/3
993xlog(x - 6)

Fricas [A] time = 1.6749, size = 170, normalized size = 3.95

1493 (252 + 30 x +9) log (5.x + 3) + 2500 (25x% + 30.x + 9) log (x - 6) + 33165 x + 15543
499125 (252 + 30 x +9)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x73-x72)/(-6+x)/(3+5xx)~3,x, algorithm="fricas")

[Out] 1/499125%(1493%(25%x72 + 30*x + 9)xlog(5*x + 3) + 2500%(25*x72 + 30*x + 9)*
log(x - 6) + 33165%x + 15543)/(25%xx72 + 30*x + 9)

Sympy [A] time = 0.142484, size = 32, normalized size = 0.74

3
1005x + 471 , 0log(x=6) 1493 log (x * 3)
37812522 + 453750x + 136125 3993 499125

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**3-x*%¥2)/(-6+x)/(3+5%x)**3,x)
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[Out] (1005*%x + 471)/(378125*%x**2 + 453750*x + 136125) + 20*log(x - 6)/3993 + 149
3*log(x + 3/5)/499125

Giac [A] time = 2.16757, size = 42, normalized size = 0.98

3(335x+157) 1493

+ log(5x+3|) + 20 log (Jx — 6])
(o) X — 10 X —
15125 (5x + 3)> 499125 s &

3993

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3-x72)/(-6+x)/(3+5%x)~3,x, algorithm="giac")

[Out] 3/15125%(335%x + 157)/(5*x + 3)7°2 + 1493/499125%1log(abs(5*x + 3)) + 20/3993
*log(abs(x - 6))
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3
38 f (a+bx) \/cx+dx(e+fx) dx

Optimal. Leaf size=227

2(c + dx)¥2 (2 (3a2bd?(45de - 16cf) + 200 f — 9abPcd(7de — 4cf) + 4b>c2(3de — 2cf)) + 3bdx (21abd?e - 4(bc - ac
31544

[Out] 2xa”3*xexSqrtl[c + d*xx] + (2% (3*bxd*e - 2*bxc*xf + 2*axd*f)*(a + bxx)~2*x(c + d
*x)~(3/2))/(21%d"2) + (2xfx(a + b*x)"3*%(c + d*x)~(3/2))/(9%d) + (2x(c + d*x

)7 (3/2)*% (2% (20%a"3*d"3*f + 3*xa~2xb*xd"2*(45*d*e - 16*c*xf) - 9xaxb~2xc*d*(7*d

xe — 4dxc*xf) + 4xb73*cT2x(3xdxe - 2%cxf)) + 3*bkd*(21*axbxd"2xe - 4*(b*c - a

xd) * (3*xb*dxe — 2xbkxcxf + 2xa*xd*xf))*x))/(315%xd"4) - 2xa~3*Sqrt[c]*exArcTanh[
Sqrt[c + d*x]/Sqrtlcl]

Rubi [A] time = 0.257237, antiderivative size = 227, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 25, e

0.2, Rules used = {153, 147, 50, 63, 208}

integrand size

2(c + dx)3? (2 (3a2bd2(45de —16cf) +20a3d® f — 9ab?cd(7de — 4cf) + 4b3c*(3de - 2Cf)) + 3bdx (21abdze — 4(bc - ac
31544

Antiderivative was successfully verified.

[In] Int[((a + b*x)~3*Sqrtlc + d*x]*(e + f*x))/x,x]

[Out] 2*a~3*exSqrtlc + d*x] + (2%(3*bxd*xe - 2xbxcxf + 2*xaxdxf)*(a + bxx) 2x(c + d
*x) 7 (3/2))/(21%d72) + (2xf*x(a + bxx)7"3*(c + d*x)7(3/2))/(9%d) + (2*(c + d*x

)T (3/2) % (2% (20%a~3*%d"3*f + 3*a”~2%bxd"2%(45*%d*e - 16xc*f) - Okaxb™2xcxd*(7*d

xe — 4xckxf) + 4*b73*c72x(3xd*e - 2kcxf)) + 3kbxd* (21*axbxd"2xe - 4x(b*xc - a

xd) * (3xb*dxe — 2xbkcxf + 2xaxd*f))*x))/(315%d"4) - 2xa~3*Sqrt[c]*exArcTanh[
Sqrt[c + dxx]/Sqrtlcl]

Rule 153

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*x(c + d*x)~(n
+ Dx(e + £xx)7(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*x(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + h¥x(axd*f*m - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegerQ[m]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_ ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + bxc*fxhx*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bkxd*xf*hx(m + n + 2)*x)*(a + bxx)"(m +

Dx(c + dxx)"(n + 1))/(b"2%d"2*%(m + n + 2)*(m + n + 3)), x] + Dist[(a"2%d"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b 2x(c™2xf*xhx(m + 1)*(m + 2) - cxd*x(f*g + exh)*(m + V*x(m + n + 3
) + d72%exgx(m + n + 2)*x(m + n + 3)))/(b72%xd"2*(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"mx(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n},

x] &% NeQ[m + n + 2, 0] && NeQ[m + n + 3, O]
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Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

(a+bx)2\/c+dx( %Tde + % (3bde—2bcf+2(1df)x)

f (a + bx)*Vc + dx(e + fx) 2f(a+bx)3(c +dx)*? 2 ) . dx
dx = +
X 9d 9d

(a+bx)m(

_ 2(3bde — 2bcf + 2adf)(a + bx)*(c + dx)*? . 2f(a + bx)3(c + dx)>? . 4 ——
2142 9d

_ 2(3bde — 2bcf + 2adf)(a + bx)*(c + dx)*? . 2f(a + bx)3(c + dx)>? . 2(c + dx)¥? (2
2142 9d

e+ dx 4 2(3bde — 2bcf + 2a2dl];)2(a + bx)%(c + dx)3? s 2f(a+ bX);(C +dx)32 s

— 2 -2 2 2 32 o 3 3/2
eV dx 4 (3bde — 2bcf + 2adf)(a + bx)~(c + dx) N f(a+ bx)°(c + dx) N

2142 9d
— 2 -2 2 2 32 o 3 3/2
eVt dx 4 (3bde — 2bcf + azdlj;)z(a + bx)“(c + dx) N f(a+ bx)9d(c + dx) N

Mathematica [A] time = 0.263712, size = 205, normalized size = 0.9

2 (3de (35b(c + dx)3/2 (3a2d2 — 3abed + bzcz) +105a3d3c + dx — 10543+/cd® tanh ™ ( c\}—de) — 21b%(c + dx)>2(2bc - 3a

31¢
Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~3xSqrtlc + d*x]*(e + f*x))/x,x]

[Out] (2*(=(f*x(c + d*x)~(3/2)*(105*%(b*c - a*d)~3 - 189*bx(b*xc - a*d) "2*(c + d*x)
+ 135*b72*%(b*c — axd)*(c + d*x)~2 - 35xb73*x(c + d*x)~3)) + 3*d*e*x(105*a~3x*d
~3*Sqrt[c + dxx] + 35*%bx(b~2*c”2 - 3xaxbkxcxd + 3*a”2xd"2)*(c + d*x)~(3/2) -
21%b" 2% (2*b*c — 3*axd)*(c + d*x)~(5/2) + 156xb~"3*(c + d*x)~(7/2) - 105%a”3*
Sqgrt[c]*d~3*ArcTanh[Sqrt[c + d*x]/Sqrtl[cl])))/(315%d"4)
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Maple [A] time = 0.008, size = 301, normalized size = 1.3

1
2 |1/9 0 (dx + o) +3/7 (dx + o) ab?df — 3/7 (dx + )" b3cf +1/7 (dx + ) ? b3de + 3/5 (dx + ) a2bd>f -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) "3*(fxx+e)*(d*x+c) (1/2)/x,x)

[Out] 2/d74*x(1/9*f*b~3* (d*x+c) ~(9/2)+3/7*(d*xx+c) ~(7/2) *a*xb~2+xd*f-3/7* (d*x+c) ~(7/2
)*b73kckf+1/7* (d*xx+c) " (7/2) *b~3*xd*xe+3/5* (d*x+c) " (5/2) *a~2xbxd~2*xf-6/5* (d*x+
c)~(5/2) *axb"2*ckd*xf+3/5*% (d*x+c) ~(5/2) *a*xb~2+xd " 2%e+3/5* (d*x+c) ~(5/2) *b~3*c”
2%f-2/5% (d*xx+c) " (5/2) *b~3*c*d*xe+1/3* (d*xx+c) ~(3/2) *a~3*d~3*f- (d*x+c) ~(3/2) *a
“2xb*xcxd" 2+ (dxx+c) T (3/2) *a"2%b*d " 3*xe+ (d*x+c) " (3/2) *xaxb"2xc " 2xd*f - (d*x+c)
(3/2)*a*xb~2*xc*d"2*xe-1/3* (d*x+c) ~(3/2) *b~3*c~3*f+1/3* (d*x+c) ~(3/2) *b~3*c~2*d
*e+a”3*d " 4dxex (dxx+c) " (1/2)-a"3*xc”(1/2)*d"4*xexarctanh ((dxx+c) " (1/2)/c~(1/2))

)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3x(f*x+e)*(d*x+c)”~(1/2)/x,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.82981, size = 1419, normalized size = 6.25

315 a3y/ede log (H— ”i;‘m) +2(35634 ft + 5 (9B dbe + (ed® + 27 ab?d) ) + 3 (3 (BPed® + 21 abd)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3*(f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="fricas")

[Out] [1/315%(315%a~3*sqrt(c)*d 4*e*xlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2%c)/x)
+ 2% (35*b73*d"4*xf*xx"4 + 5% (9%b~3*d"4*e + (b~ 3*cxd"3 + 27*axb”2*xd"4)*f)*x"3
+ 3% (3*(b73*c*xd"3 + 21*xa*xb”2+xd"4)*e - (2*b"3*c"2*%d"2 - 9*axb”2*c*d"3 - 63*a
“2%bxd~4) *f)*x"2 + 3*%(8%b~3*%c”3xd - 42xaxb”"2xc”2*d"2 + 105%a”2*bxc*d”3 + 10
5%a~3*%d"4)*xe - (16%b~3*c™4 - 72*xa*xb”2xc~3*d + 126*%a~2*b*xc”2%d"2 - 105%a”~3*c
*d"3)*f - (3*(4*b7"3*c™2xd"2 - 21*a*xb”2*c*d”3 - 105*%a”~2xbxd~4)*e - (8%b~3*c”
3xd - 36%axb”2xc”2xd"2 + 63*a”2xb*xc*kd”3 + 105*%a~3*d”"4)*f)*x)*sqrt(dxx + c))
/d~4, 2/315%(3165%a"3*sqrt(-c)*d 4*e*xarctan(sqrt(d*x + c)*sqrt(-c)/c) + (35%
b"3*d"4xf*xx~4 + 5% (9%b"3*d"4*e + (b~ 3*ckd"3 + 27*axb”2+%d"4) *f)*x"3 + 3* (3% (
b~ 3*c*xd"3 + 21*axb"2*%d"4)*e - (2*b"3*c"2*xd"2 - 9xaxb"2*xc*d"3 - 63*a”2*xb*d~4
)xf)*x72 + 3*%(8*b73*kc”3*kd - 42*%axb"2xc”2%d"2 + 105*%a”2*b*ckd”3 + 105%a~3*d”
4)xe - (16%b73*c™4 - 72xaxb™2%c”3*d + 126*a”2*bxc”2*d"2 - 105%a~3*c*xd~3) *f
- (3% (4*b73*c™2*d"2 - 21*axb”2*c*d"3 - 105*a”2*b*d"4)*e - (8*b~3*c”3*d - 36
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*xaxb"2xc"2*d72 + 63%a”2%b*xc*d”3 + 105%a”3xd"4)*f)*x)*sqrt(dxx + c))/d"4]

Sympy [A] time = 26.773, size = 274, normalized size = 1.21

3 Ve+dx 9 7 2
2a°ce atan N ) 23 f (c+dx)z  2(c+dx)? (3ab2df - 3b3cf + b3de) 2(c +dx)2 (3a2bd2f — 60
+2a%eVe +dx + + +
v 9d* 7d4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bkx+a)*x3*(fxx+e)*(d*x+c)**(1/2)/x,x)

[Out] 2xa**3*cxe*atan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2*ax*3xe*xsqrt(c + d*x) +
2xb*x3xfx(c + d*xx)**x(9/2)/(9xd*x*4) + 2% (c + dx*xx)*x*(7/2)*x(3*ka*xb**x2*xd*f - 3x*
bx*x3kxc*xf + b*x3kdxe)/(7Txd**x4) + 2x(c + d*x)*x*(5/2)*(3kxax*x2xb*xd*x*x2xf — 6G*axb
*k2xckd*f + Jxaxbrkdxd*x2ke + Jkbxk3kck*2xf — 2kb¥x*k3kxckdxe) /(5xd**4) + 2x%(c

+ d*x)**(3/2) % (a**x3kd**x3xf — Ikaxx2xbkckd*x*x2xf + 3kax*x2xbkd**3ke + 3kakbkk
2xckk2xdxf — 3kxaxbkk2kckd*x*k2ke — bx*k3kckx*k3*%f + bx*k3kckx2xdxe)/ (3*kd**4)

Giac [A] time = 2.37989, size = 456, normalized size = 2.01

9 7 5 3
2 Bcarctan ( d"“) e 2 (35 (dx + 02632 F — 135 (dx + ) 2B3cd® f + 189 (dx + ¢)2B32dP2F — 105 (dx + ¢) 2332 f

\/—_c
V= ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) "3*(f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="giac")

[Out] 2*a~3*c*xarctan(sqrt(d*x + c)/sqrt(-c))*e/sqrt(-c) + 2/315*%(35x(d*x + c)~(9/
2)*b~3*xd"32*f - 135%(d*x + c)~(7/2)*b"3*cxd"32*xf + 189*(d*x + c)~(5/2)*b~3x
c”2xd"32+f - 105*%(d*x + c)~(3/2)*b"3*%c”3*%d"32*f + 135k (d*x + c)~(7/2)*a*xb~2
*d733*f - 378*%(d*x + c)~(5/2)*a*xb”2%c*d"33*f + 315x(d*x + c)~(3/2)*a*xb”2*c”
2+%d"33*f + 189*%(d*x + c)~(5/2)*a"2%b*d"34*f - 315x(d*x + c)~(3/2)*a"2*b*c*d

~34xf + 105%(d*x + c)~(3/2)*a~3*%d"35*f + 45%x(d*x + c)~(7/2)*b"3%d"33*%e - 12

6% (d*x + c)~(5/2)*b"3*cxd"33xe + 105%(d*x + c)~(3/2)*b~3*c"2xd"33%e + 189*(

d*x + ¢c)~(5/2)*axb”2xd"34%e - 315*%(d*x + c)~(3/2)*axb"2*xc*d"34*e + 315*%(d*x

+ ¢)7(3/2)*a"2xb*d"35%e + 316*sqrt(d*x + c)*a~3*d~36%*e)/d”"36



69

2
39 f (a+bx) \/cx+dx(e+fx) dx

Optimal. Leaf size=146

2(c + dx)3? (2 (10a2d2f + 7abd(5de — 2cf) + b*(—c)(7de — 4_cf)) + 3bdx(4adf — 4bcf + 7bde))
10543

+ 2a2%eVc + dx — 2a?+

[Out] 2*a~2*exSqrtlc + dxx] + (2xfx(a + b*x) 2x(c + d*x)~(3/2))/(7*d) + (2*(c + 4
*x) 7 (3/2) % (2% (10*a~2xd"2*xf — b~ 2%c* (7T*d*e - 4*xc*xf) + T*xaxbxdx(5xdxe - 2%cx*f

)) + 3*bkxd* (7xbxdxe - 4xbxcxf + 4xaxdxf)*x))/(105%d"3) - 2*a~2+Sqrt[c]*e*Ar
cTanh[Sqrt[c + d*x]/Sqrt[c]]

Rubi [A] time = 0.0981034, antiderivative size = 146, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 5, number of rules used = 5, integrand size = 25, e e e

= 0.2, Rules used = {153, 147, 50, 63, 208}

integrand size

2(c + dx)*? (2 (10a%d2  + 7abd(5de - 2cf) + b%(~c)(7de — 4cf)) + Sbdx(4adf - 4bcf + 7bde))
10543

+ 2a2%eVc + dx — 2a?+

Antiderivative was successfully verified.

[In] Int[((a + b*x)~2*Sqrtlc + d*x]*(e + f*x))/x,x]

[Out] 2*a~2*e*xSqrtlc + dxx] + (2xfx(a + b*x) " 2x(c + d*x)~(3/2))/(7*d) + (2*(c + 4
*x) 7 (3/2) % (2% (10*a~2xd"2*xf — b~ 2%c* (7T*d*e - 4*xc*xf) + T*xaxbxdx(5xdxe - 2%cx*f

)) + 3xb*xd* (7*bkxd*e - 4xbkckxf + 4dxaxd*xf)*x))/(105%d73) - 2xa~2*Sqrt[c]*e*Ar
cTanh[Sqrt[c + d*x]/Sqrt[c]]

Rule 153

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)T (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*x(c + d*x) " (n
+ Dx(e + £*xx)"(p + 1))/(d*fx(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + h¥(axd*f*m - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] &% NeQ[m + n + p +
2, 0] &% IntegerQ[m]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*x_ )" (n_)*((e ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + b*c*f*h*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bxdxf*hx(m + n + 2)*x)*(a + bxx) " (m +

D*x(c + dxx)"(n + 1))/ (d"2%xd™2%(m + n + 2)*(m + n + 3)), x] + Dist[(a™2xd"2
xfxhx(n + D)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*x(m + 1) - dx(fxg + exh)*x(m +

n + 3)) + b72x(c™2xfxhx(m + 1)*(m + 2) - ckxd*(f*xg + exh)*(m + 1)*(m + n + 3
) + d72%exgx(m + n + 2)x(m + n + 3)))/(b72%d"2%(m + n + 2)*(m + n + 3)), In
t[(a + bxx) mx(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a +bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
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(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) & !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, c, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
(u+bx)¢c+dx(Z§E-+§(7bde—4bqf+4udf)x)
f (0 +b0*Vevdx(e+ fv) | 2f(a+ bo(c+dy?? 2 / - dx
X rE 7d 7d
2f(a +bx)2(c+ dx)¥2  2(c+dx)*? (2 (10u2d2f ~ b*c(7de — 4cf) + 7abd(5de — 2cf)
- 7d " 1054
P bx)2(c + dx)¥2  2(c + dx)¥? (2 (10a2d? f — b?c(7de — 4cf) + 7
PN il f(a+ bx)(c + dx) N ( ) ( ( f ( f)

7d 10

2 32 2(c + dx)*? (2 (10a2d? f — V2c(7de — 4cf) + 7
T s @ P+ dxP? 2+ (2 (10a2d2f - b2c( f)

7d 10
2 32 2(c + dx)*? (2 (10a2d? f — V2c(7de — 4cf) + 7
o C+dx+2f(a+bx)7d(c+dx) | Ae+dx) (2 (10a2d2f — b2c( £) 7

Mathematica [A] time = 0.17611, size = 145, normalized size = 0.99

Verdx
Ve

2 (7de (\/c +dx (15u2d2 +10abd(c + dx) + b? (—2c2 + cdx + 3d2x2)) —15a2+/cd? tanh ™ (
10543

)) + f(c+dx)2 (~42b(

Antiderivative was successfully verified.

[In] Integratel[((a + b*x)~2*Sqrtlc + d*x]*(e + f*x))/x,x]

[Out] (2x(fx(c + d*x)~(3/2)*(35*%(b*c - axd)~2 - 42xbx(bxc - a*d)*(c + d*x) + 15%b
“2x(c + d*x)72) + Txd*ex(Sqrtlc + d*xx]*(15%a~2+%d”2 + 10*axbxd*(c + d*x) + b
T2x(-2%c”2 + ckxd*x + 3xd"2%x72)) - 15%a~2+Sqrt[c]*d"2*ArcTanh[Sqrt[c + d*x]
/Sqrt[cl])))/(105%d~3)

Maple [A] time = 0.008, size = 176, normalized size = 1.2

1
25|17 P2 f (dx + ) +2/5 (dx + ) abdf — 2/5 (dx + ¢)”? b2cf +1/5 (dx + ¢)* bPde +1/3 (dx + ) a?d>f —2/3 |
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (f*xx+e)*(d*x+c)~(1/2)/x,%)

[Out] 2/d73%(1/7*b~2xfx (d*x+c) ~(7/2)+2/5x (d*x+c) ™ (5/2) *axbxd*f-2/5% (d*x+c) ™ (5/2)*
b 2%cxf+1/5% (d*xx+c) " (5/2) *b~2%d*e+1/3* (d*x+c) ~ (3/2) *a~2xd~2*f-2/3* (d*x+c) ~(

3/2) *axbxcxdxf+2/3% (d*x+c) ~(3/2) *a*bxd~2*xe+1/3* (dxx+c) ~(3/2) *b~2*c™2*xf-1/3%
(d*x+c) " (3/2) *b~2*xcxd*e+a”2*%d " 3*xex (d*x+c) ~(1/2)-a"2*xc~(1/2) *d"3*exarctanh ((
dxx+c)~(1/2)/c~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2 (fxx+e)*(d*x+c)~(1/2)/x,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.83759, size = 914, normalized size = 6.26

105 a2y/edelog (d’“z— W) +2 (15523 f2 + 3 (7 b2d% + (DPcd? +14.abd?) f)x? 7 (2122 — 10 abed? —15
1054

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2x(fxx+e)*(d*x+c)~(1/2)/x,x, algorithm="fricas")

[Out] [1/105%(105%a~2*sqrt(c)*d~3*exlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2xc)/x)
+ 2% (15%b~2*d"3xf*x”"3 + 3% (7*b"2*d"3*e + (b~2*c*d"2 + 14*axb*xd~3)*f)*x"2 -
T*(2%b72%c™2xd — 10*axb*c*d™2 - 15*a”2*d"3)*e + (8*b~2xc~3 - 28*axb*c”2*xd +
35*%a"2*xckd"2) *f + (7x(b"2xc*d”2 + 10*a*b*d”3)*e — (4*xb"2xc~2%d - 14*axb*cx
d™2 - 35%a”2%d"3)*f)*x)*sqrt(d*x + c))/d"3, 2/105%(105%a~2*sqrt(-c)*d~3*ex*a
rctan(sqrt(d*x + c)*sqrt(-c)/c) + (15xb72xd"3*f*x"3 + 3% (7*b"2*d"3*e + (b~2
*c*xd"2 + 14*axbxd"3)*f)*x"2 - T*(2%b"2*c”2*xd - 10*axbxcxd™2 - 15%a~2%d"3)*e
+ (8*%b72*%c”3 - 28*axbxc”2*d + 35%a”2*c*kd"2)*f + (7x(b"2xc*d"2 + 10*a*b*d”3
)*e — (4%b72xc”2xd - 14xaxbkxcxd”™2 - 3b*a”~2xd"3)*f)*x)*sqrt(d*x + c))/d"3]

Sympy [A] time = 18.8006, size = 167, normalized size = 1.14

2a%ce atan( C+dx) 22 d0r 20+ dx); (2abdf - 2b%cf + b?de) 2(c+ dx)g (a2d?f - 2
—C 2 - -
V= ) o2\ 4 dx + fletdx) + +

Iy 7d° 5d°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2* (f*xx+e)* (d*x+c)**(1/2)/x,%)

[Out] 2xa**2*cxe*atan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2*ax*2xe*xsqrt(c + d*x) +
2xb*xx2xfx (c + d*xx)*x(7/2)/(T*d**3) + 2%(c + d*x)**(5/2)*(2*a*xbxd*xf - 2xbxx*
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2%cxf + bx*x2xdxe)/(5xd*x*3) + 2% (c + d*xx)*x*x(3/2)*x (ax*x2xd*x*x2*xf — 2kaxbkxckxd*f
+ 2xaxbxd**x2%e + bx*2kcx*2*f — b*x*x2xcxdkxe)/ (3*d**3)

Giac [A] time = 1.73379, size = 271, normalized size = 1.86

7 5 3 5
2 2carctan ( Vj:) e 2 (15 (dx + Q20218 f — 42 (dx + ) ZB2cd™B f + 35 (dx + ©)2b2d Y f + 42 (dx + ¢)2abd"® f — 70

\/—_C

Verification of antiderivative is not currently implemented for this CAS.

+

[In] integrate((b*x+a) ~2x(f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="giac")

[Out] 2xa”2*xc*arctan(sqrt(d*x + c)/sqrt(-c))*e/sqrt(-c) + 2/106x(15x(d*x + c)~(7/
2)*¥b"2%d718*%f - 42x(d*x + ¢)~(5/2)*b"2%c*d"18*f + 35x(d*x + ¢)~(3/2)*b"2%c”
2+%d718*f + 42x(d*x + c)~(5/2)*a*xb*d"19*%f - 70x(d*x + c)~(3/2)*a*xb*xc*d~19*f
+ 36k (d*x + )~ (3/2)*a"2+%d"20*f + 21*x(d*x + c)~(5/2)*b"2%d"19*e - 35x(d*x +
c)~(3/2)*#b"2%c*d"19%e + 70x(d*x + c)~(3/2)*a*bxd~20*e + 105*sqrt(d*x + c)*

a~2xd"21%e)/d"21



73

310 f (a+bx)\/c:dx(e+fx) dx

Optimal. Leaf size=77

3/2(_ —
_2(c + dx)¥(-5d(a f1 ;dge) +2bef -3bdfx) Jeetanh™? (\/c } de
C

[Out] 2*a*xexSqrtlc + d*x] - (2x(c + dxx)~(3/2)*(2*b*c*f - 5xd*(bxe + a*xf) - 3*bxd
xf*x))/(156%d"2) - 2%axSqrt[c]*exArcTanh[Sqrt[c + d*x]/Sqrtlc]]

Rubi [A] time = 0.0244644, antiderivative size = 77, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 23, e e -

integrand size
0.174, Rules used = {147, 50, 63, 208}

32(_ _ N
_2(c + dx)¥( 5d(af1;rd127€) +2bcf - 3bdfx) 20eNe T dx — 2a+ce tanh™! ( C\;r_de
C

Antiderivative was successfully verified.

[In] Int[((a + b*x)*Sqrtlc + dxx]*(e + fxx))/x,x]

[Out] 2*a*xexSqrtlc + d*x] - (2x(c + dxx)~(3/2)*(2*b*c*f - 5xd*(bxe + a*xf) - 3*bxd
xf*x))/(156%d"2) - 2%axSqrt[c]*exArcTanh[Sqrt[c + d*x]/Sqrtlc]]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*((e ) + (£_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + b*c*xf*h*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bxd*xf*hx(m + n + 2)*x)*(a + bxx) " (m +

D)x(c + d*x)"(n + 1))/ (0"2%d"2%(m + n + 2)*x(m + n + 3)), x] + Dist[(a"2xd"2
xfxhx(n + D)*(n + 2) + axbxd*(n + 1)*(2*ckxfxh*x(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b™2x(c"2xfxhx(m + 1)*(m + 2) - ckxd*(f*xg + exh)*(m + 1)*(m + n + 3
) + d"2%exgx(m + n + 2)*x(m + n + 3)))/(b™2%d"2%x(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"mx(c + d*x)"°n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] &% NeQ[m + n + 2, 0] && NeQ[m + n + 3, O]

Rule 50

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - ax*xd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]J

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
(a + bx)Vc + dx(e + fx) 2(c + dx)¥2(2bcf - 5d(be + af) — 3bdfx) ve + dx
f dx = - 2 +(ﬂ€)f—dx
X 15d .
32 _ 3
= oueVe s dr— 2(c + dx)”“(2bcf 5ziz(be +af)—3bdfx) + (ace) f 1 "
15d xvVe + dx
32 (2ace) Subst ( f 61  dx, x
= oueVe s dr— 2(c + dx)?*(2bcf — 5d(be + af) — 3bd fx) N e
1542 d
32 _ B
= 2aeVNc¢ +dx - 2(c + dx)(2bef 15552(176 +af) - 3bdfx) — 2a+/ce tanh ™" ( c\}-—dx]
c

Mathematica [A] time = 0.150035, size = 81, normalized size = 1.05

2Vc + dx(5ad(cf + 3de + dfx) — b(c + dx)(2cf — 5de — 3dfx)) 2aveet - Ve +dx
P — 2a+/ce tan N

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*Sqrt[c + d*x]*(e + f*x))/x,x]

[Out] (2xSqrtlc + d*x]*(-(b*x(c + d*x)*(-5*d*e + 2%c*f - 3xd*f*x)) + Lkxaxd*(3*d*e
+ cxf + d*xf*x)))/(16%xd"2) - 2*a*xSqrt[c]*e*xArcTanh([Sqrt[c + d*x]/Sqrt[c]]

Maple [A] time = 0.006, size = 89, normalized size = 1.2

1
2= |15 fb (dx + o) +1/3 (dx + o) adf —1/3 (dx + ¢)** bef +1/3 (dx + ¢)*? bde + ad?eVdx + ¢ — ay/ed?eArtanh

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((bkx+a)*(f*x+e)*(d*x+c) ~(1/2)/x,x)

[Out] 2/d72%(1/5%f*bx(d*xx+c)~(5/2)+1/3x(d*xx+c) "~ (3/2) *a*xd*xf-1/3*%(d*x+c) ~(3/2) *xbxcx*
f+1/3%x(d*x+c) ~(3/2) *b*xd*xe+a*xd”~2*e* (d*x+c) " (1/2) —axc™ (1/2)*d"2*xe*arctanh ((d*
x+c)~(1/2)/c”(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="maxima"
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[Out] Exception raised: ValueError

Fricas [A] time = 1.349, size = 517, normalized size = 6.71

15 ayed?elog (@) +2(3bd2fx% + 5 (bed +3ad?)e - (2bc? — 5.acd)f + (5 bd2e + (bed + 5 ad?) f)x)Va
158

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(f*x+e)*(d*x+c)”(1/2)/x,x, algorithm="fricas")

[Out] [1/15%(16xa*sqrt(c)*d~2*e*xlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2%c)/x) + 2%
(3*bxd~2*f*x"2 + bk (b*ckxd + 3xa*d”2)*e - (2%xb*c”™2 - Bkxaxckd)*f + (5*xbxd~2x*e
+ (bxc*xd + b*axd~2)*f)*x)*sqrt(d*x + c))/d"2, 2/15x(15*xaxsqrt(-c)*d~2xe*ar
ctan(sqrt(d*x + c)*sqrt(-c)/c) + (3xb*d"2*f*x"2 + 5x(b*c*d + 3*%axd™2)*e - (
2%bxc”2 - Bkaxckd)*f + (b*xbxd"2*e + (b*ckxd + 5xa*xd”™2)*f)*x)*sqrt(d*x + c))/

d~2]

Sympy [A] time = 18.4181, size = 92, normalized size = 1.19

2ace atan ( chix
\/—_C

5 3
) 2 2(c+dx)2 ladf —bcf + bde
+2ae\/m+be(c-lrdx)2 + ( ) ( S b )
\/—_c 542 3d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (f*xx+e)*(d*x+c)**(1/2)/x,%)

[Out] 2xa*cxexatan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2*axexsqrt(c + d*xx) + 2%bxf
*(c + d*x)**%(5/2)/(5xd**x2) + 2x(c + d*xx)**x(3/2)*(a*xd*xf - bxcxf + bxdxe)/(3%

d*x*2)

Giac [A] time = 1.47718, size = 142, normalized size = 1.84

5 3 3 3
2ac arctan( Vj:) e 2 (3 (dx + ©)2bdBf — 5 (dx + ) 2bodB f + 5 (dx + ) 2ad® f + 5 (dx + ¢)2bd% + 15 Vdx + cad™®

V-c ’ 15410

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="giac")

[Out] 2*a*c*arctan(sqrt(d*x + c)/sqrt(-c))*e/sqrt(-c) + 2/15%x(3*x(d*x + c)~(5/2)*b
*d78*f — Bk (d*x + c)7(3/2)*%bkckd™8*f + Bk(dxx + c)7(3/2)*a*xd"9*f + Bk(d*x +
c)~(3/2)*bxd"9%e + 1b*sqrt(d*x + c)*a*xd~10%e)/d”10
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311 f\/c+d3;(e+fx) dx

Optimal. Leaf size=54

A/ 32
2eVc + dx — 2+/ce tanh ™! ( c\;—_dx] + 2f(c -gddx)
c

[Out] 2%exSqrtlc + dxx] + (2xfx(c + d*x)~(3/2))/(3*d) - 2xSqrt[c]l*exArcTanh[Sqrt[
c + dx*x]/Sqrt(cl]

Rubi [A] time = 0.0165239, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 18, e =

0.222, Rules used = {80, 50, 63, 208}

A/ 32
2eVc + dx — 2+/ce tanh ™! ( c\;—_dx] + 2f(c -:;ddx)
c

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(e + f*x))/x,x]

[Out] 2xe*Sqrtlc + d*x] + (2xfx(c + d*xx)~(3/2))/(3*d) - 2xSqrt[c]*exArcTanh[Sqrt[
c + d*xx]/Sqrtlc]]

Rule 80

Int[((a_.) + (b_.)*(x_))*x((c_.) + (d_)*xx_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x) nx(e + f*xx)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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f\/c+d3;(e+fx) = 2f(c ;ddX)3/2 +€f Ve + dx i

2f(c+ clx)g’/2
=2eVe+dx+ ———— +(c )f
3d xVc + dx
(2ce) Subst f ! 5 dx, x, Ve +dx
2f(c +dx)*? -+
=2eVc +dx + + d_d

3d d

2 3/2 A/
=2eVc+dx+ f(c;—% — 2+/ce tanh ™ [ c\}-—dx]
c

Mathematica [A] time = 0.0461209, size = 55, normalized size = 1.02

\/ 312
e|2Vc+dx - 2\,/Etanh_1 ( CJde]] + 2f(c -;’-ddx)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + dxx]x(e + f*x))/x,x]

[Out] (2xfx(c + d*xx)~(3/2))/(3*d) + ex(2xSqrt[c + d*x] - 2*Sqrt[c]*ArcTanh[Sqrt(c
+ d*x]/Sqrt[c]])

Maple [A] time = 0.008, size = 46, normalized size = 0.9

2 % 1/3 f (dx + c)3/2 + deVdx + ¢ - \/EdeArtanh( ax + C])

Nz
Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(d*x+c)~(1/2)/x,x)

[Out] 2/d*x(1/3%f*x(d*x+c)~(3/2)+d*ex(d*xx+c) " (1/2)-c~(1/2)*d*e*arctanh((d*x+c)~(1/2
)/c”(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.32366, size = 279, normalized size = 5.17

3\/Edelog(@)+2(dfx+3de+cf)\/dx+c 2(3\/_dearctan(m\/_) (dfx+3de+cf)\/aﬁ
3d 3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(d*x+c)~(1/2)/x,x, algorithm="fricas")

[Out] [1/3%(3*sqrt(c)*d*exlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2xc)/x) + 2x(d*xf*x
+ 3xd*xe + cxf)*xsqrt(d*x + c))/d, 2/3%(3*sqrt(-c)*d*e*xarctan(sqrt(d*x + c)x*
sqrt(-c)/c) + (d*fxx + 3*d¥e + c*xf)*sqrt(d*x + c))/d]

Sympy [A] time = 3.87157, size = 54, normalized size = 1.

2ce atan ( C+dx) 2
Ve +2eVc +dx + 2f (e + dx)?

V= 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)**(1/2)/x,%)

[Out] 2*c*exatan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2*exsqrt(c + d*x) + 2*f*x(c +
d*x) **(3/2) /(3*d)

Giac [A] time = 1.53136, size = 77, normalized size = 1.43

/ 3
2carctan( ji_zc)e 2((dx+c)§d2f+3\/dx+cd3e)
+

V=c 3d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x,x, algorithm="giac")

[Out] 2xc*arctan(sqrt(d*x + c)/sqrt(-c))*e/sqrt(-c) + 2/3x((d*x + c)~(3/2)*d"2x*f
+ 3*sqrt(d*x + c)*d~3%e)/d"3
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3.12

f Ve+dx(e+fx) dx

x(a+bx)

Optimal. Leaf size=101

Vbc-ad Ve

ab3/2 a

2Vbc - ad(be — af) tanh™ (\/Z C+dx) 2+/ce tanh™" ( C+dx) me
- +
b

[Out] (2xfxSqrtlc + d*x])/b - (2*Sqrt[cl*e*xArcTanh[Sqrt[c + d*x]/Sqrtlcl])/a + (2
*3qrt [b*c - axd]*(bxe - axf)*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[bxc - axd
11)/(axb~(3/2))

Rubi [A] time = 0.113531, antiderivative size = 101, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 25, e e =

integrand size
0.16, Rules used = {154, 156, 63, 208}

Vbc—-ad \/E

ab3/2 B a

2Vbc — ad(be — af) tanh™! (M) 2+/ce tanh ™" ( C+dx) me
+
b

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(e + f*x))/(x*x(a + b*x)),x]

[Out] (2xfxSqrtlc + d*x])/b - (2+Sqrt[c]*exArcTanh[Sqrt[c + d*x]/Sqrtlcl])/a + (2
*Sqrt [bxc - axd]*(bxe - axf)*ArcTanh[(Sqrt[b]l*Sqrt[c + dxx])/Sqrt[b*c - axd
11)/(axb~(3/2))

Rule 154

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + bxx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - hx(b*cke*m + ax(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axdxf*m - bx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, 4, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(bxc - axd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*xx)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps

bee

- *3 (bde+bcf adf)x
J‘Vc+dﬂe+fx) 2fVc+dx f xmwanM
x(a + bx) b b

1
_ 2fVc+dx N (Ce)fxm
b

dx (b - ad)(be - af)) [ ﬁ dx

a ab
(2ce) Subst dx,x,Vc+dx| (2(bc - ad)(be — af)) Subst L
_2fVC+dx+ [f_ﬁ7 J_ f (fa_%Jr%
! ad abd
wa /c n dx_ 2+/cetanh” (\/\/__) 2Vbc — ad(be — af) tanh™! (\/Eg)
N ab3/2

Mathematica [A] time = 0.114611, size = 101, normalized size = 1.

2be = ad(be - af) tanh™ (YE2) o oranh (2] e
Cc—a c +

ab3/2 B a

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*(e + fx*x))/(x*(a + b*x)),x]

[Out] (2xfxSqrtlc + d*x])/b - (2+Sqrt[c]*exArcTanh[Sqrt[c + d*x]/Sqrtlcl]l)/a + (2
*3qrt [b*c - axd]*(bxe - axf)*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[bxc - axd
11)/(axb~(3/2))

Maple [B] time = 0.011, size = 196, normalized size = 1.9

2f\/dx+c_2i il Vdx +c¢ _y adf bvdx +c 49 cf arcta bVdx+c
b Ve b@d-t0b  \Vad-bb)  N@d-b0b |\ vad-bob

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e)*(d*x+c)”~(1/2)/x/(b*x+a),x)

[Out] 2*f*(d*x+c)”(1/2)/b-2*xexarctanh((d*x+c)~(1/2)/c”(1/2))*c~(1/2)/a-2*a/b/ ((a*
d-b*c)*b) " (1/2)*arctan (b* (d*x+c) ~(1/2) / ((axd-b*xc)*b) ~(1/2) ) *d*f+2/ ((a*xd-b*c

)*b) " (1/2)*arctan (b* (d*xx+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) ) *cxf+2/ ((a*d-bxc)*b) "
(1/2)*arctan(b* (d*xx+c) ~(1/2)/ ((a*xd-b*c) *b) " (1/2)) *d*e-2/a*b/ ((a*xd-b*c) *b) ~(
1/2)*arctan(b*(d*x+c)~(1/2)/((a*xd-b*c)*b) ~(1/2) ) *c*e

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x+e)*(d*x+c)~(1/2)/x/(b*x+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.69275, size = 1013, normalized size = 10.03

be—ad

x-2 Vdx+eyfe+2¢ - bdx+2 be—ad-2 dx+cb BN ol
bﬁelog(%)+2\/dx+caf—(be—af),/bcbadlog( B TN ] b\/Eelog(—d 2 d; Ver

bx+a

7

ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(d*x+c)~(1/2)/x/(b*x+a),x, algorithm="fricas")

[Out] [(b*sqrt(c)*e*xlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*c)/x) + 2*sqrt(d*x + c
Ykaxf - (bxe - axf)xsqrt((b*c - axd)/b)*log((bxd*x + 2%b*c - axd - 2*sqrt(d

*x + c)xbxsqrt((bxc - a*xd)/b))/(b*x + a)))/(a*b), (b*sqrt(c)*exlog((d*x - 2

xsqrt (dxx + c)*sqrt(c) + 2%c)/x) + 2xsqrt(dxx + c)*xaxf + 2*(bkxe - axf)*sqrt
(=(b*c - axd)/b)*arctan(-sqrt(d*x + c)*b*xsqrt(-(bxc - axd)/b)/(b*c - a*xd)))
/(axb), (2xb*sqrt(-c)*exarctan(sqrt(d*x + c)*sqrt(-c)/c) + 2*xsqrt(d*x + c)*

axf - (b*e - axf)*sqrt((b*c - a*xd)/b)*log((b*xd*x + 2%b*c - axd - 2*sqrt(d*x

+ c)*b*xsqrt ((b*xc - axd)/b))/(b*x + a)))/(axb), 2*(b*sqrt(-c)*e*xarctan(sqrt

(d*x + c)*sqrt(-c)/c) + sqrt(d*x + c)*axf + (bxe - axf)*sqrt(-(b*c - axd)/b
)*arctan(-sqrt(d*x + c)*bxsqrt(-(b*c - a*d)/b)/(bxc - axd)))/(a*b)]

Sympy [A] time = 17.0919, size = 97, normalized size = 0.96

ad-bc

b

2f Ve +dx . 2ce atan (%) 2 (ad - bc) (”f - be) atan[

b Ll\/—_C - (lbz ad—bc
N b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*xx+c)**x(1/2)/x/(b*x+a),x)

[Out] 2*f*sqrt(c + d*x)/b + 2*c*exatan(sqrt(c + d*x)/sqrt(-c))/(a*xsqrt(-c)) - 2x(
axd - bxc)x(axf - bxe)*atan(sqrt(c + d*x)/sqrt((a*d - bx*c)/b))/(a*xbx*2*sqrt
((axd - bxc)/b))

Giac [A] time = 1.43571, size = 151, normalized size = 1.5

\/dx+c) —g24fF _ 12 (ﬂ)
2carctan(—\/__c e . \ix+c cf X 2(abcf adf —bece + abde) arctan v

av—c b vV=b2c + abdab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(d*x+c)~(1/2)/x/(b*x+a),x, algorithm="giac")
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[Out] 2*c*arctan(sqrt(d*x + c)/sqrt(-c))*e/(a*sqrt(-c)) + 2*sqrt(d*x + c)*xf/b + 2
x(axbxcxf - a”2*d*xf - b~2%c*xe + axb*dkxe)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c
+ axbxd) )/ (sqrt (-b~2*c + a*b*d)*ax*b)
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3.13

f Ve+dx(e+fx) dx

x(a+bx)?

Optimal. Leaf size=127

(2b?ce - ad(af + be)) tanh™" (\/E;Z‘/%?) 24/cetanh™ (\/CJ_?) Ve + dx(be - af)
- +

22b32\be — ad a2 ab(a + bx)

[Out] ((b*e - a*f)xSqrtlc + d*x])/(axb*(a + b*x)) - (2*Sqrt[c]l*e*ArcTanh[Sqrt[c +
d*x]/Sqrtlc]])/a~2 + ((2xb~2xcxe - axd*(b*e + axf))*ArcTanh[(Sqrt[b]*Sqrt[
c + d*x])/Sqrt[bxc - axd]])/(a"2xb~(3/2)*Sqrt [b*c - ax*xd])

Rubi [A] time = 0.109307, antiderivative size = 127, normalized size of antiderivative =

. . number of rules
1., number of steps used = 6, number of rules used = 4, integrand size = 25, —————

0.16, Rules used = {149, 156, 63, 208}

integrand size

(szce —ad(af + be)) tanh ™" (‘/E;Z‘/%?) 24/cetanh™ (%) Ve + dx(be - af)
— +

22b32/be — ad a2 ab(a + bx)

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*xx]*(e + f*xx))/(x*x(a + b*x)"2),x]

[Out] ((b*e - axf)*Sqrtlc + d*x])/(a*bx(a + b*x)) - (2+Sqrt[c]*exArcTanh[Sqrt[c +
d*x]/Sqrtlcl])/a"2 + ((2*%b~2*cxe - a*xd*(b*e + axf))*ArcTanh[(Sqrt[b]*Sqrt[
c + d*x])/Sqrt[bxc - axd]])/(a"2xb~(3/2)*Sqrt [b*c - axd])

Rule 149

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_D)*xD)"(m )*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +
Dx(c + d*xx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - axf)*(m + 1)), Int[(a + b*x)"(m + D*(c + d*x)~(n - 1)*(e + f*x) p*Si
mp [b*xcx(fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*x(m + 1) + f*(bkg - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
, d, e, f, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 156

Int[((Ce_.) + (£_D*x(x_))"(p_)*x((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(b*c - a*d), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*x)"p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

~bee-3d(be+af)x p
f Verdxet fx) _ (be-af)Verdx | i

x(a + bx)? ab(a + bx) ab

1

1 12 1 - -
_ (be—af)Ve+dx + (Ce)fx\/m i + ( bee+ 2ud(be+af))f(a+bx)m fx

ab(a + bx) a2 azb
1 1
(2ce) Subst | | —— dx, x, V¢ + dx (2 (—bzce + -ad(be + af))) Subst
_ (be—af)Ve +dx . f—§+§ . 2
~ ab(a + bx) a2d a2bd
1 ( Verdx 2 -1 VbVerdx
_ (be — af)Ve + dx i 2+/cetanh ( 7 ) ) (Zb ce—ad(be+af))tanh ( — )
ab(a + bx) a? a2b32+/bc — ad
Mathematica [A] time = 0.468364, size = 124, normalized size = 0.98
—1 Voverdx
(azdf+ubde—2b2ce) tanh ( e ) avcrdx(be-af) 2\/_ . h_l Verdx
B b¥2\be—ad patby) | cveetan N7 )
2

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + dxx]*(e + f*x))/(x*(a + b*x)~2),x]

[Out] ((a*x(b*e - axf)*Sqrtlc + d*x])/(b*(a + b*x)) - 2*xSqrt[c]*exArcTanh[Sqrt[c +
d*xx]/Sqrtcl] - ((-2%b~2xc*e + axbxd*e + a~2xd*f)=*ArcTanh[(Sqrt[b]*Sqrtl(c
+ dxx])/Sqrt[bxc - axd]])/(b~(3/2)*Sqrt[b*xc - a*xd]))/a"2

Maple [A] time = 0.013, size = 192, normalized size = 1.5

1 ) 1
v(ad —bc)b) /(ad -

NE d d d

2 Ve | b(bdx + ad) a (bdx + ad) b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(d*xx+c)~(1/2)/x/(b*x+a)”~2,x)

[Out] -2*exarctanh((d*x+c)~(1/2)/c”(1/2))*c”~(1/2)/a~2-d/bx(d*x+c)~(1/2)/ (bxd*xx+ax
d) *f+d/a*x(d*x+c) ~(1/2) / (b*xd*x+a*d) *e+d/b/ ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*xx+
c)~(1/2)/((a*d-b*c)*b)~(1/2))*xf+d/a/((a*xd-bxc)*b) ~(1/2) *arctan (b* (d*x+c)~ (1

/2) / ((axd-b*xc) *b) ~(1/2)) *e-2/a~2*xb/ ((a*d-b*c) *b) ~ (1/2) *arctan (b* (d*x+c) ~(1/
2)/((a*d-b*c) *b) ~(1/2) ) *cxe

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x/(b*x+a)”~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.91043, size = 2114, normalized size = 16.65

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x/(b*x+a)~2,x, algorithm="fricas")

[Out] [1/2x((a”3*d*f - (2xa*b”2*c - a~2*bxd)*e + (a~2xbxd*f - (2*¥b~3xc - a*b~2xd)
xe) *x) *sqrt (b~ 2*c - axbxd)*log((bxd*x + 2*b*c - axd - 2*sqrt(b~2*c - a*xbxd)
xsqrt(dxx + c))/(b*x + a)) + 2x((b74xc - a*xb”3xd)*e*xx + (a*b”3*c - a~2%b~2x
d)*e)*sqrt(c) *log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*c)/x) + 2*((a*xb”3xc -
a~2xb"2xd)*e - (a"2%b"2*c - a”3xb*d)*f)*sqrt(d*x + c))/(a"3*b"3*c - a"4xb~2
*d + (a"2*%b~4*c - a”"3%b~3*d)*x), ((a”3*d*f - (2xa*b”2%c - a"2*bxd)*e + (a2
xbxdxf - (2¥b73%c - a*xb~2*d)*e)*x)*sqrt(-b~2*c + axbxd)*arctan(sqrt(-b~2xc
+ axbxd)*sqrt(d*x + c)/(b*d*xx + bxc)) + ((b~4*c - a*xb~3*d)*exx + (axb~3*c -
a~2xb~2xd) xe) *sqrt (c)*log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*xc)/x) + ((axb
“3xc - a"2xb"2xd)*e - (a”2*b"2%c - a”3*b*d)*f)*sqrt(d*x + c))/(a"3xb"3*c -
a”4xb~2%d + (a”2%b74%c - a"3xb"3*d)*x), 1/2%x(4x((b74*c - axb”3*d)*e*x + (ax
b~3%c - a"2xb”2xd)*e)*sqrt(-c)*arctan(sqrt(d*x + c)*sqrt(-c)/c) + (a~3*dx*f
- (2*%axb”2xc - a"2*bxd)*e + (a”2xbkxd*xf - (2%xb~3%c - axb~2*d)*e)*x)*sqrt(b”2
xc — axb*d)*log((b*d*x + 2xb*c - a*d - 2*sqrt(b™2xc - axb*d)*sqrt(d*x + c))
/(bxx + a)) + 2x((axb™3*c - a™2%b"2*d)*e - (a”~2*%b"2xc - a”3xbxd)x*f)*sqrt (dx*
x + ¢))/(a"3*b"3%c - a"4*b”"2*xd + (a"2%b"4*xc - a~3%b"3*xd)*x), ((a”~3xdxf - (2
xa*xb~2xc - a”~2xbxd)*e + (a"2*bxd*f - (2%b73*%c - a*b~2*d)*e)*x)*sqrt(-b"2*c
+ axbxd)*arctan(sqrt(-b~2*c + axb*d)*sqrt(d*x + c)/(b*d*x + b*xc)) + 2*x((b~4
xC — axb”3xd)*e*xx + (a*xb~3*c - a~2*xb~2*d)*e)*sqrt(-c)*arctan(sqrt(d*x + c)*
sqrt(-c)/c) + ((axb™3*c - a”2+b"2*d)*e - (a”~2*%b"2xc - a~3xbxd)x*f)*sqrt(d*x
+ ¢))/(a"3xb73*c - a"4xb"2*d + (a"2*b~4*c - a~3xb~3*d)*x)]

Sympy [B] time = 52.5411, size = 1204, normalized size = 9.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (d*x+c)**(1/2)/x/ (bxx+a)**2,x)

[Out] -2%axd**2*xfxsqrt(c + d*x)/(2ka*x*x2*xbkxd**2 — 2xa*xbx*2xc*xd + 2*kaxb*x*x2*xd**2*x -
2xb**3*xckdxx) + axd*x2*xfxsqrt(-1/(b*(axd - bxc)**3))*log(-a*x*x2*xd**2xsqrt (-
1/(bx(a*d - bxc)**3)) + 2%a*xbkckdxsqrt(-1/(b*(a*xd - bxc)**3)) — bx*k2kcx*2*s
grt(-1/(b*x(axd - b*xc)**3)) + sqrt(c + d*x))/(2%b) - axd*x*2xf*xsqrt(-1/(b*(ax
d - b*xc)**3))*log(a**2*xd*x*2xsqrt (-1/(b*x(axd - bxc)**3)) - 2*axb*xckd*sqrt(-1
/(bx(axd - b*c)*%3)) + bx*2xc**x2*xsqrt(-1/(bx(axd - bxc)**3)) + sqrt(c + d*x
))/(2%b) - 2xbkcxd*exsqrt(c + d*x)/(2*kax*3xd*x2 — 2ka*x*2kxbxckd + 2kax*2xb*xd
*k2kx — 2kaxbk*2kckd*xx) - cxdxfxsqrt(-1/(bx(a*xd - bxc)**3))*Log(-ar*k2kd**2x*
sqrt (-1/(bx(a*d - b*c)**3)) + 2xaxbxckxd*sqrt(-1/(b*x(a*d - b*c)**3)) - b*x*2x
ck*2*xsqrt (-1/(b*x(a*xd - b*c)**3)) + sqrt(c + d*x))/2 + cxd*f*xsqrt(-1/(b*(a*xd
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- bx*c)*%x3) ) *xLlog(ax*2xd**2*xsqrt (-1/(b*(a*d - b*c)**3)) - 2*xaxbkcxd*sqrt(-1/
(b*x(a*d - b*c)**3)) + bx*2xc*x2*sqrt(-1/(b*x(a*xd - b*c)*x*3)) + sqrt(c + d*x)
)/2 + 2kcxd*fxsqrt(c + d*x)/(2kax*2xd**2 — 2%axbkxckd + 2kaxbkdx*2xx — 2xb**
2xcxd*x) — d*x2*exsqrt(-1/(b*x(axd - bxc)**3))*log(-a*x*x2*xd**2xsqrt (-1/ (b* (ax*
d - bxc)**3)) + 2xaxbkckdxsqrt(-1/(b*(a*xd - bkxc)**3)) - bx*2kcx*2*xsqrt(-1/(
bx(a*xd - b*c)*%3)) + sqrt(c + dxx))/2 + dx*2xe*xsqrt(-1/(b*x(a*xd - b*c)**3))x*
log(a*x*2*xd*x*2xsqrt (-1/(bx(axd - bxc)**3)) - 2*axbkxckdxsqrt(-1/(b*x(axd - b*c
)*¥%3)) + bx*k2xckx2xsqrt(-1/(bx(axd - bxc)**3)) + sqrt(c + d*x))/2 + 2xd**2x
exsqrt(c + d*x)/(2*a*x*2xd*x2 — 2%axbxckxd + 2kaxb*xd*x*2xx — 2xb*x2*ckxd*x) + 2
xd*xf*xatan(sqrt(c + d*x)/sqrt(axd/b - c))/(bx*2xsqrt(axd/b - c)) + bkcxd*exs
qrt (-1/(b*(a*d - b*c)**3))*log(-a*x*2*d**2*xsqrt (-1/(b*(a*d - b*c)**3)) + 2*a
xbkxckd*sqrt (-1/(bx(axd — bxc)**3)) - b**2kcx*2xsqrt(-1/(b*x(axd - bxc)**3))
+ sqrt(c + d*x))/(2*a) - bxckdxe*xsqrt(-1/(bx(a*xd - bx*c)**3))*Llog(ax*2*xd**2x%
sqrt(-1/(bx(axd - bxc)*%*3)) - 2*axb*cxd*sqrt(-1/(bx(axd - b*c)**3)) + b**2x
ck*2*xsqrt (-1/(b*x(a*xd - b*c)**3)) + sqrt(c + d*x))/(2xa) - 2xc*exatan(sqrt(c

+ d*x)/sqrt(a*xd/b - c))/(a*x2*sqrt(a*xd/b - c)) + 2xc*exatan(sqrt(c + d*xx)/
sqrt(-c) )/ (ax*2*sqrt(-c))

Giac [A] time = 1.67258, size = 192, normalized size = 1.51

Vdx+c 2 2 Vdx+cb
ZCarctan( V= )e (a df —2bce+ abde) arctan (m) Vix + cadf - \dx + chde

+
a2+/=c V=b2¢c + abda?b ((dx + ¢)b — bc + ad)ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x/(b*x+a)~2,x, algorithm="giac")

[Out] 2xc*arctan(sqrt(d*x + c)/sqrt(-c))*e/(a"2*xsqrt(-c)) + (a~2*xd*xf - 2%b~2xc*e
+ axbxdxe)*arctan(sqrt(d*x + c)*b/sqrt(-b"2xc + axb*d))/(sqrt(-b~2xc + axbx
d)*a~2%b) - (sqrt(d*x + c)*axd*xf - sqrt(d*x + c)*bxd*e)/(((d*x + c)*b - bxc

+ ax*d)*ax*b)
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Ve+dx(e+fx) dx

x(a+bx)3

314 |

Optimal. Leaf size=208

2,2, o 372 2 3.2 -1 ( Voe+rdx -1 [ Ver
(311 bd“e + a°d”f —12ab“cde + 8b°c e) tanh ( N ) \e + dx (az(—d)f — 3abde + 4b2ce) ) 2+/ce tanh (_\/E
4a3b32(bc — ad)3/? 4a2b(a + bx)(bc — ad) a3
[Out] ((b*e - a*f)xSqrtlc + d*x])/(2xaxbx(a + b*x)"2) + ((4*b~2%c*xe - 3*axbxdxe -
a~2xdxf)*Sqrtc + d*x])/(4*a”2xb*(b*c - axd)*(a + b*x)) - (2xSqrt[c]*exArc
Tanh[Sqrt[c + d*x]/Sqrtlcl])/a~3 + ((8%b~3*c™2%e - 12%a*xb~2*ckxd*e + 3*a”2xb
*d"2%e + a~3*d"2*f)*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[bxc - axd]]l)/(4*a"
3*b~(3/2)*(b*xc - axd)~(3/2))
Rubi [A] time = 0.273771, antiderivative size = 208, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 5, integrand size = 25, M =
integrand size
0.2, Rules used = {149, 151, 156, 63, 208}
-1 ( VbVe+d -1 (Ve+
(3a2bd2e + a®d? f — 12ab%cde + 8b°c%e) tanh ( \/bcc__adx) ) Vet dx (az(—d)f _3abde + 4b2ce) i 2+/ce tanh (L\/E
4a3b32(bc — ad)3/? 4a2b(a + bx)(bc — ad) a3

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + dxx]*(e + f*x))/(x*(a + b*x)~3),x]

[Out] ((b*e - axf)*Sqrtlc + d*x])/(2%a*xbx(a + b*x)~2) + ((4*xb~2xc*e - 3*axb*d*xe -
a~2xd*xf)*Sqrtc + d*x])/(4*a”2xb*(b*c - axd)*(a + b*x)) - (2xSqrt[c]*exArc
Tanh[Sqrt[c + d*x]/Sqrtlcl])/a~3 + ((8*b~3*c~2%e - 12*%axb~2*c*d*e + 3*a~2*Db
*d"2*e + a~3*d"2*f)*ArcTanh[(Sqrt[bl*Sqrt[c + d*x])/Sqrt[b*c - a*d]])/(4*a"
3xb~(3/2)*(b*c - axd)~(3/2))

Rule 149

Int[(Ca_.) + (b_)*(x_)) " (m )*((c_.) + (d_)*xD))"(m )*((e_.) + (f_.)*(x_)
) (p )*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)~(m +
Dx(c + dxx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - axf)*(m + 1)), Int[(a + b*x)"(m + D*(c + d*x)"(n - 1)*(e + f*x) p*Si
mp [b*xcx (fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*(m + 1) + fx(b*g - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c
, d, e, £, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 151

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)T (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)"(m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),

x] + Dist[1/((m + 1)*(b*c - a*d)*(bxe - axf)), Int[(a + b*x) " (m + 1)*(c + d
*x) “n* (e + f*x) p*Simp[(a*xd*xf*g - b*x(d*e + c*xf)*g + bxckxexh)*(m + 1) - (b*g
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - d*f*x(b*g - axh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
erQ [m]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p_)*((g_.) + (h_.)*x(x_)))/(((a_.) + (b_.)*x(x_))x*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - ax*h)/(b*c - a*d), Int[(e +
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f*x)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + £*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x D))" (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

~2bce-3d(3be+af)x
f Ve +dx(e + fx) = (be —af)Vc +dx _ f x(a+bx)2Vedx *

x(a + bx)3 ~ 2ab(a + bx)? 2ab

~2be(be-ad)e~ 3 d(412ce—ad(3be+af))x

_ (be- af)Ve + dx . (4b2ce — 3abde - azdf) Ve +dx B J H(a+bx)Verdx

2ab(a + bx)? 4a2b(bc — ad)(a + bx) 2a2b(bc — ad)
1 3.2 2
_ (be—af)m . (4b2ce—3abde— azdf)‘/c 1 dx . (ce)fxm dx ) (8b c“e —12ab*cde -
2ab(a + bx)? 4a2b(bc — ad)(a + bx) a3
2ce) Subst | [ —— dx,x, Ve +d
(be — af)Ve + dx (4b2ce — 3abde - azdf) Ve + dx (2ce) Subs (f —§+§ e x]
T T 2aba+bx? | adbbc—ad@+bn) 2d )
(Ve |
_ (be—af)Ve +dx N (4b2ce — 3abde - azdf) Ve + dx B 2y/ce tanh™! ( C\;Z ) + (8193026 _ 1

2ab(a + bx)? 4a2b(bc — ad)(a + bx) a3

Mathematica [A] time = 0.635833, size = 260, normalized size = 1.25
(3a2bdze+a3d2f—12ab2cde+8b3cze)(\/EVde—\/bc—ad tanh_l(‘@;i\/%?)) (c+d)%12(a2d f~Sabde+4b2ce) 4e(be—ad)| Ve+dx—c tanh_l( ‘/C}?)) (
2a2b3/2(ad—bc) B 2a(a+bx)(ad—be) 2 +-
2a(bc — ad)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + dxx]*(e + f*x))/(x*(a + b*x)"3),x]

[Out] (((bxe - axf)*(c + dxx)~(3/2))/(a + b*x)"2 - ((4*b~2%c*e - b¥axbkdxe + a~2%
dxf)*(c + d*x)7(3/2))/(2xax(=(bxc) + axd)*(a + bxx)) + (4x(b*xc - axd)*e*x(Sq

rt[c + d*x] - Sqrtlcl*ArcTanh[Sqrt[c + d*x]/Sqrtlcl]))/a~2 + ((8*b~3*c~2x*e

- 12*%axb”2xc*d*e + 3*a~2*%bxd"2*e + a~3*d"2xf)*(Sqrt[b]l*Sqrtlc + d*x] - Sqrt

[bxc - a*xd]*ArcTanh[(Sqrt[bl*Sqrt[c + d*x])/Sqrt[bxc - a*xd]]))/(2xa~2*b~(3/
2)*(=(b*xc) + a*xd)))/(2*xa*x(b*c - axd))

Maple [B] time = 0.016, size = 424, normalized size = 2.

Vd d? 3 d?b 3 b?cd
-2 ‘lfArtanh iy N / dx +0)7 + Jdbe (dx +0)7 - =
a e 4 (bdx + ad)” (ad — bc) 4 a (bdx + ad)” (ad — bc) a2 (bdx + ad)” (ad
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*(d*x+c) (1/2)/x/(b*x+a)"3,x)

[Out] -2%exarctanh((d*x+c)~(1/2)/c”(1/2))*c~(1/2)/a~3+1/4xd"2/ (bxd*x+a*xd) "2/ (a*xd-
b*xc) * (d*xx+c) " (3/2) *f+3/4*d"2/a/ (bxd*x+a*xd) ~2/ (a*d-b*c) * (d*x+c) ~ (3/2) *bxe-d/

a~2/ (b*xd*x+ax*xd) "2/ (axd-b*xc)* (d*x+c) ~(3/2) *b~2*c*e-1/4*d~2/ (bxd*xx+a*d) ~2/b*(
d*xx+c) " (1/2)*xf+5/4*xd~2/a/ (b*d*x+a*xd) ~2*x (d*x+c) ~(1/2) *e-d/a~2/ (b*d*x+ax*xd) ~2x*

b* (d*x+c) ~(1/2) *c*xe+1/4%d"2/ (a*xd-b*c) /b/ ((axd-b*c)*b) ~(1/2) *arctan (b* (d*x+c

)" (1/2)/ ((a*d-b*c)*b) ~(1/2) ) *f+3/4*d~2/a/ (a*d-b*c) / ((a*d-b*c)*b) ~(1/2) *arct
an(bx(d*x+c)~(1/2)/((axd-b*c)*b) ~(1/2) ) *e-3*d/a~2/ (a*d-b*c) *b/ ((a*d-b*c) *b)
~(1/2)*arctan(b* (d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2) ) *xcxe+2/a~3/ (axd-b*c)*b~2/
((axd-b*c)*b) ~(1/2)*arctan(b* (d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2) ) *c"2*e

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x/(b*x+a)"3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 4.49477, size = 4552, normalized size = 21.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(d*x+c)~(1/2)/x/(b*x+a)~3,x, algorithm="fricas")

[Out] [-1/8*((a~5xd~2*xf + (a~3*b~2*d"2*f + (8*b"5*xc~2 — 12%a*xb~4*c*d + 3*a”~2%xb~3x*
d"2)*e)*x"2 + (8*%a"2*b"3%c”2 - 12*a”3%b"2*xcxd + 3*xa~4*xbxd"2)*e + 2*(a~4xb*d
~2xf + (8*axbT4xc”2 - 12%a”2*b"3*%c*d + 3*a”3*b72*d"2)*e)*x) *sqrt(b~2*c - ax*
b*d) *1log ((bxd*x + 2%bxc - a*xd - 2*sqrt(b~2*c - axbxd)*sqrt(d*x + c))/(b*x +
a)) - 8x((b7™6*xc™2 — 2xaxb~bxc*xd + a”2*%b"4*xd"2) *e*xx"2 + 2x(axb~5*c”2 - 2*a”
2+%b"4*c*kd + a"3*b"3*xd"2) *xexx + (a”2%b"4*c”2 - 2*%a"3*b"3kckd + a~4*¥b"2+d"2) *
e)*sqrt(c)*log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2xc)/x) - 2x((6*xa~2*%b~4*xc~2
- 11*%a”3*%b"3*%c*d + 5*a~4*b"2*xd"2)*e - (2*a"3*b"3*c”2 - 3*a"4*b~2*xc*d + a~b
*b*d"2) *f + ((4d*axb™bxc™2 - 7Txa~2%b~4*c*d + 3*a”"3*b"3xd"2)*e - (a~3*b~3*c*d
- a”4xb72*d"2) *xf) *x) *sqrt (d*x + c))/(a"bxb~4*c”2 - 2*a~6xb”"3xc*d + a~7xb"2
*d72 + (a73*b76*xc”2 — 2*xa~4xb"5*xckd + a"b*bT4*xd"2)*x"2 + 2x(a”4*b"5*c”2 - 2
*a"5*b"4*ckd + a"6xb"3*xd"2)*x), -1/4*%((a”5xd"2*xf + (a~3*b"2xd"2*f + (8*b~5*
Cc72 - 12%axb~4*c*d + 3*a"2xb"3xd"2)xe)*x"2 + (8*%a"2*b"3*kc”2 - 12*%a~3xb"2xc*
d + 3*a"4xbxd"2)*xe + 2% (a"4xb*d"2*f + (8*axb"4xc”2 - 12%a"2%b"3*ckd + 3*a”3
*xb~2%d"2) *e) *x) *sqrt (-b~2*c + axbxd)*arctan(sqrt(-b~2xc + axb*d)*sqrt(d*x +
c)/(b*xd*x + b*c)) - 4x((b"6*xc™2 - 2*axb~b*ckd + a~2*xb"4*xd"2) xe*xx”2 + 2% (ax*
b~5*xc”2 - 2%a”"2xb"4xcxd + a~3*%b"3xd"2) kexx + (a"2%b"4*xc"2 - 2%xa~3*b"3*ckd +
a~4xb~2xd"2) *e) *sqrt (c) *log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2xc)/x) - ((6
*a"2%b74*c72 - 11*%a”3%b"3*ckd + 5¥a~4*xb"2xd"2)*e - (2*a”3*%b"3*c”2 - 3*a~4x*b
“2%c*d + a”bxbxd"2)*f + ((4*xaxb~5*c”2 - T*a"2*b 4xckd + 3*a"3*b"3x%d"2) xe -
(a”3*%b~3*c*xd - a~4*b"2xd"2)*f)*x)*sqrt(d*x + c))/(a"b*b~4*c”2 - 2xa”6%xb~3*c
*d + a”T7*b72xd"2 + (a73*b"6%c”2 - 2*a”4*b " 5*xckd + a~5*bT4xd"2)*x"2 + 2*x(a”4
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*b75%c”2 - 2*%a”bxbT4dxcxd + a"6xb"3*%d"2)*x), 1/8*x(16x((b"6*c”2 - 2*axb~5*cx*d
+ a”"2%b74*xd"2) xexx"2 + 2% (a¥b”h*c”2 - 2*%a”"2%bT4*xcxd + a~3*%b"3*d"2) *e*xx + (
a"2xb"4%c”2 - 2*a”3%b”3xc*d + a”~4xb~2*xd"2)*e)*sqrt(-c)*arctan(sqrt(d*x + c)
xsqrt(-c)/c) - (a”6*xd™2xf + (a”3*b72xd"2*f + (8*b~5*c”2 - 12%axb”4xc*d + 3x
a"2%b"3*%d"2) *ke) *x"2 + (8*a"2*%b"3*c”2 - 12%a”3*b"2*ckd + 3*xa~4xb*d"2)*e + 2%
(a™4*bxd~2*xf + (8*%axb~™4*c”2 - 12%a”2xb~3%cxd + 3*a”~3*b~2*xd"2)*e) *x)*sqrt (b~
2xc - axb*d)*log((b*d*x + 2%b*c - a*d - 2*sqrt(b~2*%c - axb*d)*sqrt(d*x + c)
)/ (b*xx + a)) + 2% ((6*a”2xb~4*c™2 - 11%a~3*b~3*c*kd + 5*a”~4*xb~2xd"2)*e - (2*a
“3%b73*%c”2 - 3*a"4xb"2xcxd + a~b¥b*d"2)*f + ((4d*axb"5xc”2 - T*a~2%b 4*xckxd +
3%a"3xb"3*%d"2) *e - (a”~3*%b"3xcxd - a"4xb~2xd”2)*f)*x)*sqrt(dxx + c))/(a”5*b
T4xcT2 - 2%a"6xb73*c*d + a~7*b"2+%d"2 + (a”3*%b"6*xc”2 - 2%a~4xb"5*xc*d + a~b*b
“4%d72)*x72 + 2% (aT4*bThxcT2 - 2%a”b*b"4*ckd + a"6xb"3xd"2)*x), -1/4*((a"b*
d"2*xf + (a”3*b"2xd"2xf + (8%b~5*c”2 - 12*%axb~4d*xcxd + 3*a”2%b"3*d”2) *e) *x"2
+ (8*%a”2*b"3*c”2 - 12%a”3*b"2*c*d + 3*a"4xbxd"2)*e + 2% (a”4xb*d"2*f + (8*ax
b~4*c”2 - 12*%a”2*b"3*ckd + 3*a”3*%b"2*d"2)*e) *x) *sqrt (-b"2xc + axb*d)*arctan
(sqrt (-b~2%c + axb*d)*sqrt(d*x + c)/(b*xd*x + bxc)) - 8*x((b~6*c”™2 - 2xa*xb~5x
cxd + a"2%b"4*xd"2) *e*xx”2 + 2% (axb"5xcT2 - 2%a"2%b"4*c*kd + a~3*b"3*d"2) xexx
+ (a72%b74*c”2 - 2*%a”3*b"3*ckxd + a~4*b"2xd"2)*e)*sqrt(-c)*arctan(sqrt(dxx +
c)*sqrt(-c)/c) - ((6%a~2*b~4*c”2 - 11*%a~3*b"3*c*d + 5*xa~4*b"2xd”"2)*e - (2%
a~3*%b"3*%c”2 - 3*a"4*xb"2xcxd + a~5¥b*d"2)*f + ((4d*axb"5xc”2 - T*a"2%¥b"4*c*d
+ 3%a”3%b73*%d"2)*e - (a"3*b"3*ckd - a~4xb”2*xd"2)*f)*x)*sqrt(d*x + c))/(a"bx
b~4*c”2 - 2*%a”6%b"3*ckd + a~7xb"2xd"2 + (a"3*b”"6*c”2 - 2*%a"4xb"5xcxd + a~b*
bT4xd"2)*x"2 + 2% (a"4*b”5*c”2 - 2*a~bxb~4xcxd + a~6*xb”"3*d"2) *x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)**(1/2)/x/ (b*x+a)**3,x)

[Out] Timed out

Giac [A] time = 1.74538, size = 405, normalized size = 1.95

342 3.2 2 21 12 Vex+cb Vdx+c 3
(a dcf + 8b°c e —12 abcde + 3 a“bd e) arctan(—__bzcmbd) 2 carctan (—\/__C )e (dx + c)iazbdzf + Ix 1 eabes

- +

4 (a3b2c - a4bd)\/—b2c + abd ad/—c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(d*x+c)~(1/2)/x/(b*x+a)~3,x, algorithm="giac")

[Out] -1/4x(a”3xd"2*f + 8xb~3*c”2%e - 12xaxb~2*ckd*e + 3*a~2*xbxd~2%e)*arctan(sqrt
(d*x + c)*b/sqrt(-b~2%c + axbxd))/((a"3*b~2%c - a"4xb*d)*sqrt(-b72%c + axbx

d)) + 2xc*arctan(sqrt(d*x + c)/sqrt(-c))*e/(a"3*sqrt(-c)) - 1/4x((d*x + c)~

(3/2) *a~2xb*d"2*f + sqrt(d*x + c)*a~2*bxc*d™2+f - sqrt(d*x + c)*a~3*d"3xf -
4x(d*x + c)7(3/2)*b"3*kcxdxe + 4*xsqrt(d*x + c)*b~3*xc”2*d*e + 3*x(d*x + c) (3
/2)*a*xb"2%d"2xe - 9*sqrt(d*x + c)*a*xb"2xc*d"2%e + bksqrt(d*x + c)*a”~2xb*d”3
*xe)/((a"2%b"2%c - a”3*b*d)*((d*x + c)*b - bxc + axd)”2)
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315 f \/a+bx(c+:lx)3(e+fx) dx

Optimal. Leaf size=226

2(a + bx)* (2 (-12a2bd?(Bcf + de) + 8a>d®f + 3abPcd(16cf + 21de) — Sb3c2(4cf + 27de)) — 3bdx (4(bc — ad)(~2ad
- 315b%

[Out] 2xc~3*xexSqrtl[a + bxx] + (2*(3*bxd*e + 2*bxc*xf - 2*axd*f)*(a + bxx)~(3/2)*(c
+ d*x)72)/(21%b72) + (2*fx(a + b*x)~(3/2)*(c + d*x)~3)/(9xb) - (2*x(a + b*x

)7 (3/2)*% (2% (8*xa~3*d"3*f - 12%a”2xb*xd"2*x(d*e + 3%c*f) - 5*xb~3%c™2*x(27*d*e +

dxcxf) + 3xaxb”2kc*d*(21*d*e + 16*xc*xf)) - 3xb*d*(21%b~2*ckd*e + 4*x(bxc - a*

d) *(3*%bxd*e + 2%bxc*f - 2%axd*f))*x))/(315%b"4) - 2*Sqrt[a]*c”3*e*xArcTanh[S
gqrtla + bxx]/Sqrt[al]

Rubi [A] time = 0.251778, antiderivative size = 226, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 25, e

0.2, Rules used = {153, 147, 50, 63, 208}

integrand size

2(a + bx)*? (2 (-12a2bd?(Bcf + de) + 8a>d®f + 3abPcd(16cf + 21de) — 5b3c?(4cf + 27de)) — 3bdx (4(bc — ad)(~2ad
- 3156+

Antiderivative was successfully verified.

[In] Int[(Sqrtla + b*xx]*(c + d*x)~3*(e + f*x))/x,x]

[Out] 2%c~3*exSqrtla + b*x] + (2%(3xbxd*xe + 2xbxcxf - 2*xaxd*xf)*(a + bxx)~(3/2)*(c
+ d*x)72)/(21xb72) + (2xf*x(a + b*x)~(3/2)*(c + d*x)73)/(9%b) - (2%(a + b*x

)7 (3/2) % (2% (8%a~3*%d"3*f - 12%a”2xb*d"2x(d*e + 3*cxf) - Bxb~3*c™2%(27xd*e +

4xc*xf) + 3kaxb~2kcxd* (21xd*e + 16*c*xf)) - 3*bkxd*(21xb~2kcxd*e + 4*x(bxc - ax

d) * (3*bxd*e + 2%bxc*f - 2%axd*f))*x))/(315%b"4) - 2*Sqrt[a]*c~3xe*xArcTanh[S
grt[a + b*x]/Sqrt[all

Rule 153

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*x(c + d*x)~(n
+ Dx(e + £xx)7(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*x(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + h¥x(axd*f*m - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegerQ[m]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_ ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + bxc*fxhx*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bkxd*xf*hx(m + n + 2)*x)*(a + bxx)"(m +

Dx(c + dxx)"(n + 1))/(b"2%d"2*%(m + n + 2)*(m + n + 3)), x] + Dist[(a"2%d"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b 2x(c™2xf*xhx(m + 1)*(m + 2) - cxd*x(f*g + exh)*(m + V*x(m + n + 3
) + d72%exgx(m + n + 2)*x(m + n + 3)))/(b72%xd"2*(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"mx(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n},

x] &% NeQ[m + n + 2, 0] && NeQ[m + n + 3, O]
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Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
m(ﬁdx)z(?%@bdﬁzbc F-2ad f)x)
f Vatbx(e+die+ fv)  _ 2f@+byPcrdn] 2) . dx
X te 9b 9b
Va+bx(c+dx)
_ 2(3bde + 2bcf - 2adf)(a + bx)¥*(c + dx) . 2f(a + bx)*?(c + dx)* . 4 —(
B 21p2 9%
_ 2(3bde + 2bcf - 2adf)(a + bx)¥*(c + dx) . 2f(a + bx)*?(c + dx)® ) 2(a + bx)¥? (2 |
B 212 9%
2 2 -2 3/2 2 9 3/2 3

2P eVT T b + (3bde + 2bcf a;l];)z(a + bx)”“(c + dx) N f(a+ bx)% (c + dx) ~

2 2 -2 3/2 2 9 3/2 3
 2BeVT b + (8bde + 2bcf —2adf)(a + bx)”“(c + dx) N f(a+ bx)”*(c + dx) ~

21b2 9
— 2 2bcf -2 32 2 9 3/2 3
 2PeVa T b + (3bde + 2bcf azci; ]; )2(a + bx)”“(c + dx) N f(a+ bx)% (c + dx) ~

Mathematica [A] time = 0.2730006, size = 204, normalized size = 0.9

2 (3be (35d(a + bx)3?2 (azdz — 3abed + 3b2c2) +105b3c3Va + bx — 105+/ab3c® tanh ™! ( i/;bx) + 21d%(a + bx)*2(3bc — 24

31
Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + b*x]*(c + d*x) 3*(e + f*x))/x,x]

[Out] (2x(fx(a + b*x)~(3/2)*(105*(b*c - a*xd)~3 + 189*d*x(bxc - axd) 2*(a + b*x) +
135%d~2* (b*c - axd)*(a + b*x)~2 + 35%d"3*(a + b*x)~3) + 3*b*xex(105*%b~3*c”3%
Sqrt[a + bxx] + 35%d*(3*b7"2xc”2 - 3*axb*cxd + a”2*xd"2)*(a + b*x)~(3/2) + 21
*xd"2% (3xb*xc - 2*axd)*(a + b*x)~(5/2) + 15*%d"3*(a + bxx)~(7/2) - 105*Sqrt[a]
*b~3*c"3*ArcTanh[Sqrt[a + b*x]/Sqrtl[al]l)))/(315*b~4)
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Maple [A] time = 0.008, size = 301, normalized size = 1.3

1
257 |19 f (bx + a)’? = 3/7 (bx + a)"? ad3f + 3/7 (bx + a)" bed®f +1/7 (bx + a)"* bdBe + 3/5 (bx + a)? a?d® f —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) " 3*x(fxx+e)* (b*x+a) (1/2)/x,x)

[Out] 2/b74x(1/9*f*d~3* (bxx+a)~(9/2)-3/7*(b*xx+a) " (7/2) *xaxd~3*f+3/7* (b*x+a) ~(7/2) *
bxcxd~2xf+1/7* (b*x+a) ~ (7/2) *b*xd~3*e+3/5* (bxx+a) ~ (5/2) *a~2*d"3*f-6/5* (b*xx+a)
~(5/2) *a*xb*xcxd"2xf-2/5*% (bxx+a) ~ (5/2) *a*xb*d"3*e+3/5* (bxx+a) ~(5/2) ¥b~2*c ™ 2*d*
£+3/5% (b*xx+a) " (5/2) *b~2*xc*d~2*xe-1/3* (b*x+a) ~ (3/2) *a~3*d~3*f+(b*x+a) ~(3/2) *a
“2%b*xc*d"2*xf+1/3*% (bxx+a) ~(3/2) *a~2%b*d"3*e- (b*xx+a) "~ (3/2) *a*xb~2*c~2*d*f - (b*x

+a) " (3/2) *xaxb"2xcxd " 2*e+1/3* (b*x+a) " (3/2) *b~3*xc"3xf+ (b*x+a) ~(3/2) *b~3*c”2*d
*e+b~4xc " 3xex (bxx+a) " (1/2)-a” (1/2) *b~4xc " 3*xexarctanh ((bxx+a) " (1/2)/a~(1/2))

)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3x(f*x+e)*(b*x+a)”~(1/2)/x,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.42747, size = 1419, normalized size = 6.28

315 yab elog ("X 1 (35540 ! + 5 (9 e + (27 bhed? + ab ) ) + 3 (3 (21 bhed? + ab’)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c) ~3*(fxx+e)*(b*x+a)~(1/2)/x,x, algorithm="fricas")

[Out] [1/315%(315xsqrt(a)*b~4*c”3*e*xlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x)
+ 2% (35%b74*d"3*xf*x"4 + 5% (9%b~4*d"3*e + (27*b"4*xcxd”2 + axb”~3*d"3)*f)*x"3
+ 3% (3% (21*b"4*cxd"2 + a*b~3*d"3)*e + (63*b"4*xc”2xd + 9*axb”3*kckd"2 - 2*a”2
*b72%d"3) *xf)*x"2 + 3*%(105%b"4*xc”3 + 105%a*xb~3xc”2xd - 42*%a~2*xb"2xc*d"2 + 8x
a~3*%b*xd"3)*e + (105*a*xb”~3*%c”3 - 126*a”2*%b"2*xc”2*d + 72*a”~3*b*xc*d"2 - 16*a"4
*d"3)*f + (3% (105*b~4*c™2xd + 21*a*xb~3*c*d™2 - 4*a”~2xb"2*xd"3)*e + (105%b~4x*
c™3 + 63%axb~3*%c”2%d - 36%a”2xb"2xc*d”"2 + 8%a~3*bxd"3)*f)*x)*sqrt(b*x + a))
/b~4, 2/315%(316*sqrt(-a)*b~4*c~3xe*xarctan(sqrt(b*x + a)x*sqrt(-a)/a) + (35%
b~4*xd"3xf*x~4 + 5% (9%b"4*d"3*e + (27*b"4*xcxd"2 + axb”3*d"3)*f)*x"3 + 3* (3% (
21%b"4*c*d"2 + a*b"3*d"3)*e + (63*%b"4*c”2*xd + 9*kaxb~3kckd"2 - 2*a”2%b"2%d"3
)*xf)*x72 + 3% (105*%b74*c”3 + 105*%a*xb~3xc”2*%d - 42*a”2*b”2*c*kd"2 + 8*a~3xbxd”
3)*xe + (105%a*xb~3%c”3 — 126*a”~2%b~2*xc”2*xd + 72*a~3*bkxc*xd™2 - 16%a~4*xd~3)*f
+ (3% (105%b~4*c™2xd + 21*a*xb~3*c*d”™2 - 4*a~2*xb"2xd"3)*e + (105*b~4*c”3 + 63
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*axb”3*%c"2xd - 36%a”2%b72xcxd"2 + 8*a~3xbxd"3)*f)*x)*sqrt (b*x + a))/b"4]

Sympy [A] time = 26.1571, size = 274, normalized size = 1.21

2ac’e atan( f—b) 2B fa+br): 20+ b2 (=3ad>f + 3bed?f + bd%) 2(a+ b2 (3a2d%f - €
L 4 2%eNa + bx + + +

Voa 9b* 7b"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*x3*(fxx+e)* (bxx+a)**(1/2)/x,x)

[Out] 2xa*c**3xe*xatan(sqrt(a + b*x)/sqrt(-a))/sqrt(-a) + 2*kcx*3xe*xsqrt(a + bxx) +
2xd*x3xfx(a + bxx)**x(9/2)/(9%xb*x*x4) + 2% (a + bx*x)*x*(7/2)*(-3*xaxd**x3*xf + 3*b
kckdx*k2%f + bxd*x*x3%e)/(7*xb*x*4) + 2x(a + b*xx)**x(5/2)*(3*xax*x2xd*x*3*f — G*xaxbx*
cxd*x2+f — 2kaxbkxd*x3%e + Jkbrk2kckk2kd*f + 3¥bk*2kckd**2%e) / (Exb**x4) + 2x(

a + bxx)*x*k(3/2) % (—ax*k3kd**3*%f + Ika*x*2xbkckd*x*x2*xf + a**x2xbkxd**x3ke — 3kaxbx*x
2xckk2kdxf — 3kaxbkkx2kckd*x*k2ke + bkx*k3kckx*k3kf + 3kxbx*k3kckk2xdxe)/ (3*xb*xx4)

Giac [A] time = 2.56003, size = 456, normalized size = 2.02

3 5 3 7
2 ac® arctan ( Vj_i) e 2 (105 (bx + @) 26353 F +189 (bx + a)2b%*c2df — 315 (bx + @) 2ab™c2d f + 135 (bx + a)2b%cd?,
+

\/__a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3x(f*x+e)*(b*x+a)~(1/2)/x,x, algorithm="giac")

[Out] 2*a*c~3*arctan(sqrt(b*x + a)/sqrt(-a))*e/sqrt(-a) + 2/315%x(105*(b*x + a)~ (3
/2)*¥b~35*%c"3*f + 189 (b*x + a)~(5/2)*b~34xc”2+d*f - 315%(b*x + a)~(3/2)*ax*b
“34xc”2*xd*f + 135x(b*x + a)~(7/2)*b"33*c*kd”"2*xf - 378*(b*x + a)~(5/2)*a*b”33
*cxd"2+f + 315x(b*x + a)~(3/2)*a"2%b~33*c*d"2*f + 35x(b*x + a)~(9/2)*b~32*d

~3*f - 135%(b*x + a)”(7/2)*axb~32%d"3*f + 189 (b*x + a) ~(5/2)*a~2*¥b~32*d"3*
f - 105%(bxx + a)~(3/2)*a”3%b~32xd"3*f + 315*sqrt(b*x + a)*b~36%c"3xe + 315

*(b*x + a)”~(3/2)*b~35*xc™2xd*e + 189*(bxx + a)~(5/2)*b"34*xc*d"2*xe - 315*(b*x

+ a) " (3/2)*axb”~34*xcxd"2xe + 45%(b*x + a) (7/2)*b"33*d"3xe - 126%(b*x + a)”
(5/2)*a*xb~33*d"3*e + 105x(b*x + a)~(3/2)*a"2*b~33*d"3*e) /b~ 36
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316 f \/a+bx(c+:lx)2(e+fx) dx

Optimal. Leaf size=145

2(a + bx)*? (2 (4a2d2 f = 7abd(2cf + de) + 5b?c(2cf + 7de)) + 3bdx(—4adf + 4bcf + 7bde))
10563

+2c2eVa + bx — 2+/Jac*

[Out] 2xc™2*xexSqrtla + bxx] + (2*xfx(a + b*x)~(3/2)*(c + d*x)~2)/(7*b) + (2x(a + b
*x) 7 (3/2) % (2% (4xa~2+d"2*xf - Txaxbkdkx(d*e + 2xcxf) + b*xb~2kcx(7*xd*e + 2%c*f)

) + 3%bxdx(7*xbxdxe + 4xbxcxf - 4kxaxdxf)*x))/(105%b~3) - 2*Sqrt[a]*c”2*exArc
Tanh[Sqrt[a + b*x]/Sqrt[a]]

Rubi [A] time = 0.0938083, antiderivative size = 145, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 5, number of rules used = 5, integrand size = 25, e e e

= 0.2, Rules used = {153, 147, 50, 63, 208}

integrand size

2(a + bx)¥2 (2 (4a?d2f — 7abd(2cf + de) + 5b%c(2cf + 7de)) + 3bdx(~4adf + 4bcf + 7bde))
10553

+2c2eVa + bx — 2+Jac%

Antiderivative was successfully verified.

[In] Int[(Sqrtla + b*x]*(c + d*x) " 2%(e + f*x))/x,x]

[Out] 2xc™2*exSqrtla + b*x] + (2xfx(a + b*x)~(3/2)*(c + d*x)~2)/(7*b) + (2*x(a + b
*x) 7 (3/2) * (2% (4*a~2xd"2*xf — Txaxb*d*(d*e + 2*xc*f) + 5xb~2xc*(7T+*d*e + 2*c*f)

) + 3*bxdx(7*xbxd*e + 4dxbxcxf - 4xaxdxf)*x))/(105%b~3) - 2*Sqrt[a]*c 2*exArc
Tanh[Sqrt[a + b*x]/Sqrt[a]]

Rule 153

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)T (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*x(c + d*x) " (n
+ Dx(e + £*xx)"(p + 1))/(d*fx(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + h¥(axd*f*m - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] &% NeQ[m + n + p +
2, 0] &% IntegerQ[m]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*x_ )" (n_)*((e ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + b*c*f*h*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bxdxf*hx(m + n + 2)*x)*(a + bxx) " (m +

D*x(c + dxx)"(n + 1))/ (d"2%xd™2%(m + n + 2)*(m + n + 3)), x] + Dist[(a™2xd"2
xfxhx(n + D)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*x(m + 1) - dx(fxg + exh)*x(m +

n + 3)) + b72x(c™2xfxhx(m + 1)*(m + 2) - ckxd*(f*xg + exh)*(m + 1)*(m + n + 3
) + d72%exgx(m + n + 2)x(m + n + 3)))/(b72%d"2%(m + n + 2)*(m + n + 3)), In
t[(a + bxx) mx(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a +bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
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(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) & !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, c, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
x/u+bx(c+dx)(%+§(7bde+4bc f-dad f)x)
f Vatbx(c+dvie+ fv) | 2f(a+ bx) P+ dx? 2 ) . dx
X *= 7b 7b
2f(a +bx)¥2(c + dx)?  2(a+ bx)*? (2 (4a2d2f — 7abd(de + 2cf) + 5b%c(7de + 2cf))
- 7b * 10507
P bx)Y2(c + dx)2  2(a + bx)¥? (2 (4a2d?f — 7abd(de + 2cf) + 5I
PN el f(a+ bx)7(c + dx) N ( ) ( ( f ( f)

7b 10!

2f(a+bx)2(c +dx)?  2a+bx)¥?(2(4a?df - 7abd(de + 2cf) + 51
+

=2c%eVa + bx + 7 10
b bx)Y2(c + dx)2  2(a + bx)¥? (2 (4a2d?f — 7abd(de + 2cf) + 51
=2c%eVa + bx + flat x)7b (c+dv) + ( ( ( / ( h 10

Mathematica [A] time = 0.162919, size = 146, normalized size = 1.01

2 (7be (15b202\/a T bx - 15y/ab?e tanh ™ ( V“J;x) + 5d(a + bx)2(2bc — ad) + 3d%(a + bx)5/2) + fla+ b2 (42d(a + b
10502

Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + b*x]*(c + d*x) 2x(e + f*x))/x,x]

[Out] (2x(fx(a + b*xx)~(3/2)*(35*%(b*c - a*xd)~2 + 42xdx(bxc - axd)*(a + b*x) + 15%d
“2x(a + b*x)72) + Txb*ex(16xb~2*xc”2*xSqrt[a + b*x] + B*xd*x(2*b*c - axd)*(a +
bxx)~(3/2) + 3*d"2x(a + b*x)~(5/2) - 15*Sqrt[a]*b~2*c~2xArcTanh[Sqrt[a + bx
x]/8qrt[all)))/(105%b~3)

Maple [A] time = 0.007, size = 176, normalized size = 1.2

1
255 (117 A2 f (bx + a)"* = 2/5 (bx + a)”* ad?f +2/5 (bx + a)”* bedf +1/5 (bx + a)”' bd%e +1/3 (bx + a)? a?df - 2/3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2% (fxx+e)*(b*x+a)~(1/2)/x,x)

[Out] 2/b73%(1/7*d~2xfx (b*x+a) ~(7/2)-2/5* (b*x+a) ~(5/2) xaxd~2xf+2/5% (b*x+a) = (5/2) *
bxckd*f+1/5% (b¥x+a) ~(5/2) *bxd~2xe+1/3* (bxx+a) ~ (3/2) ¥a~2+d"~2xf-2/3* (bxx+a) ~ (

3/2) *axbxc*xd*xf-1/3* (b*xx+a) ~(3/2) xa*xb*d~2*e+1/3* (b*xx+a) ~(3/2) ¥b~2xc~2xf+2/3%
(b*x+a) " (3/2) *b~2*c*kd*e+b~3*c™2%e* (b*x+a) ~(1/2)-a~ (1/2) *b~3*c 2xe*arctanh ((
bkxx+a)~(1/2)/a~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c) ~2x(fxx+e)*(b*x+a)~(1/2)/x,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.36354, size = 914, normalized size = 6.3

105 yab3ce log (b"‘z— W) +2 (15B32 23 + 3 (7 b2 + (146°cd + ab2d?) f)? + 7 (15132 + 10 abed - 2.
1050

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c) ~2x(f*xx+e)*(b*x+a)~(1/2)/x,x, algorithm="fricas")

[Out] [1/105%(105*sqrt(a)*b~3*c 2xexlog((b*xx - 2*sqrt(b*x + a)xsqrt(a) + 2xa)/x)
+ 2% (15*b73*d"2xf*x"3 + 3% (7*b~3*d"2*e + (14*b~3xcxd + a*xb™2*xd"2)*f)*x"2 +
T*(15%b7™3*c™2 + 10*axb™2*c*d - 2*a”2*xbxd"2)*e + (35xa*xb~2%c”2 - 28*a”2*xb*xcx*
d + 8*a”3xd"2)*f + (7*(10%¥b~3*c*d + a*xb™2xd"2)*e + (35%b~3*c”2 + 14*axb”~2*c

xd - 4*a”2xbxd~2)*f)*x)*sqrt(b*x + a))/b~3, 2/1056%(105*sqrt(-a)*b~3*c™2xexa
rctan(sqrt (b*x + a)*sqrt(-a)/a) + (15xb~3*%d"2*f*x"3 + 3*(7*b"3*d"2xe + (14x
b73*%ckd + axb”2*%d"2)*f)*x"2 + Tk (15%b"3*c”2 + 10*axb~2*c*d - 2*a”2*xb*xd”"2)*e

+ (3b*axb™2*c”2 - 28*a”2xb*c*d + 8*a”~3*d"2)*f + (7x(10*%b~3*c*d + ax*b”2*d"2

)*e + (35xb73%c”2 + 14xa*b”2%ckd - 4*xa”2%bxd~2)*f)*x)*sqrt(b*x + a))/b~3]

Sympy [A] time = 18.6783, size = 167, normalized size = 1.15

2ac%e atan( a+bx) 242 +b 7 2(a+ bx); (—Zadz f +2bcdf + bdze) 2(a+ bx)g (azdzf -
“)_a 2
+2c%eVa + bx + fatbx) + +

V=a 73 503

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)**2* (f*xx+e)* (b*xx+a)**(1/2)/x,x)

[Out] 2xa*cx*2xexatan(sqrt(a + b*x)/sqrt(-a))/sqrt(-a) + 2kcx*2xe*xsqrt(a + b*x) +
2xd*xx2xfx (a + bxx)*x(7/2)/(7T*xbx*3) + 2% (a + bx*xx)*x*(5/2) % (-2*xaxd**2*xf + 2%b
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xckxd*f + bxdx*2%xe)/(5xb**x3) + 2% (a + b*xx)*x*(3/2)*x (a*x*2xd*x*x2*xf — 2kxaxbkckxdx*f
— axbkxd**x2%e + bx*2kck*x2*xf + 2xb*xx2xcxdkxe)/ (3*xb*x*3)

Giac [A] time = 1.75434, size = 271, normalized size = 1.87

3 5 3 7
24c? arctan ( ij_:”) e 2 (35 (bx + @) 2622 f + 42 (bx + a)2b9cdf — 70 (bx + @)2abcdf + 15 (bx + a)2b'Sd2f — 42(

\/—_11

Verification of antiderivative is not currently implemented for this CAS.

+

[In] integrate((d*x+c) 2k (fxx+e)*(bxx+a)~(1/2)/x,x, algorithm="giac")

[Out] 2xa*c”2*arctan(sqrt(bxx + a)/sqrt(-a))*e/sqrt(-a) + 2/105%x(35%(b*x + a)~(3/
2)*¥b"20*%c”2*xf + 42*%(b*x + a)”~(5/2)*b"19*c*kd*f - 70*x(b*x + a)”~(3/2)*axb”19%*c
*d*xf + 16k (b*x + a) " (7/2)*b~18*%d"2+f - 42*(b*x + a)~(5/2)*a*xb~18+%d"2*f + 35
*(bxx + a)~(3/2)*a"2xb~18*d"2+f + 105*sqrt(b*x + a)*b~21xc”2*e + 70*(b*x +
a) " (3/2)*b"20*ckd*e + 21x(bxx + a)~(5/2)*b~19*d"2*xe - 35x(bxx + a)~(3/2)*ax

b~19%d"2%e) /b~21
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317 f\/a+bx(c+dx)(e+fx) dx

X

Optimal. Leaf size=77

2 32(2adf - -
_2(a + bx)*2(2adf 155bbz(cf+de) 304fX) o \/Ecetanh‘l[‘/” \; bx)
a

[Out] 2*c*exSqrtla + b*xx] - (2x(a + bxx)~(3/2)*(2%a*xd*f - 5xbx(dxe + c*f) - 3*bxd
xf*x))/(156%b~2) - 2xSqrt[al*c*exArcTanh[Sqrt[a + bx*x]/Sqrt[all

Rubi [A] time = 0.0235912, antiderivative size = 77, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 23, e e -

integrand size
0.174, Rules used = {147, 50, 63, 208}

32 _ _ N
_2(a+bx)¥(adf 15'5:;(Cf +de) — 3bdfx) | 2ceVa 1 bx - 2/ce tanh ™ [ a \;r_ bx J
a

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(c + d*x)*(e + fxx))/x,x]

[Out] 2*c*exSqrtla + b*xx] - (2x(a + bxx)~(3/2)*(2%a*xd*f - 5xbx(dxe + c*f) - 3*bxd
xf*xx))/(156%b~2) - 2xSqrt[al*c*exArcTanh[Sqrt[a + bx*x]/Sqrt[all

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*((e ) + (£_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*(n + 2) + b*c*xf*h*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bxd*xf*hx(m + n + 2)*x)*(a + bxx) " (m +

D)x(c + d*x)"(n + 1))/ (0"2%d"2%(m + n + 2)*x(m + n + 3)), x] + Dist[(a"2xd"2
xfxhx(n + D)*(n + 2) + axbxd*(n + 1)*(2*ckxfxh*x(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b™2x(c"2xfxhx(m + 1)*(m + 2) - ckxd*(f*xg + exh)*(m + 1)*(m + n + 3
) + d"2%exgx(m + n + 2)*x(m + n + 3)))/(b™2%d"2%x(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"mx(c + d*x)"°n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] &% NeQ[m + n + 2, 0] && NeQ[m + n + 3, O]

Rule 50

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - ax*xd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]J

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
Va + bx(c + dx)(e + fx) 2(a + bx)*2(2adf — 5b(de + cf) — 3bdfx) \a + bx
f dx = - > + (ce) f —dx
x 155 "
2(a + bx)*?(2ad f — 5b(de + cf) — 3bdfx) 1
= 2ceVa + bx — + (ace f x
1502 (ace) xVa + bx
2(a + b)2(2ad f — 5b(d -y (Zace)Subst(J‘ ﬂ12 i, x
- eV ¢ - 20 DOCu]Shide + o) - S0df) i
N 2 (2adf - —3bd L(Vatox
~ e a+bx_2(a+bX) (2adf 155bk;(de+cf) 3bd fx) 2 ace tanh 1( a\;—_ x]
a

Mathematica [A] time = 0.123062, size = 87, normalized size = 1.13

3/2(_ 2 5/2
2(a + bx)¥( ;Z{+bcf+bde) N df(aSJI;sz) v 20T T2 \/Ecetanh‘l[‘/” } bx]
a

Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + b*x]*(c + d*x)*(e + f*x))/x,x]

[Out] 2*ckxexSqrtla + bxx] + (2x(bxdxe + bxckxf - axd*f)*(a + b*x)~(3/2))/(3*%b"2) +
(2xd*fx(a + b*x)~(5/2))/(5*%b~2) - 2xSqrt[al*c*e*ArcTanh[Sqrt[a + b*x]/Sqrt
[a]l]

Maple [A] time = 0.007, size = 89, normalized size = 1.2

1
255 |15 df (bx + ) =1/3 (bx + a)** adf +1/3 (bx + a)** bef +1/3 (bx + a)”? bde + bPceVbx + a — \/ab?ceArtanh

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(fxx+e)*(bxx+a) (1/2)/x,x)

[Out] 2/b72%(1/5%d*f* (bxx+a) ~(5/2)-1/3%(b*xx+a) ~(3/2) xa*xd*f+1/3* (b*xx+a) ~(3/2) *xbxcx*
f+1/3% (bxx+a) ~(3/2) *b*d*e+b~2*xc*ex (bxx+a) ~(1/2)-a~ (1/2) *b~2*xc*exarctanh ( (b*
x+a)~(1/2)/a~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)*(f*x+e)*(b*x+a)~(1/2)/x,x, algorithm="maxima"
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[Out] Exception raised: ValueError

Fricas [A] time = 1.22554, size = 517, normalized size = 6.71

15 yabPce log (@) +2(3b2dfx2 +5(30% + abd)e + (5 abe - 2.a%d)f + (512de + (562 + abd) f)x) Vi
1502

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(f*xx+e)*(b*x+a)”(1/2)/x,x, algorithm="fricas")

[Out] [1/15%(16xsqrt(a)*b~2xc*xe*xlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + 2%
(3*b72xd*f*x"2 + b*(3*%b72%c + a*xbxd)*e + (5xaxbkxc - 2*%a~2*d)*f + (5*b~2xdx*e

+ (5xb~2%c + axbx*d)*f)*x)*sqrt(b*x + a))/b~2, 2/15%x(15*xsqrt(-a)*b~2*cxe*ar
ctan(sqrt(b*x + a)*sqrt(-a)/a) + (3*xb~2xd*f*x"2 + 5x(3*b~2xc + axb*xd)*e + (
Skaxbkxc - 2*%a~2*d)*f + (5*b"2xd*e + (5*b72xc + axbxd)*f)*x)*sqrt(b*x + a))/

b~2]

Sympy [A] time = 18.1863, size = 92, normalized size = 1.19

2aceatan( a+bx) 2 2(a+b )g( d b bd)
Nav 2d bx)2 a+bx)2\—adf +bcf + bde
“ L 4 2ceVa + bx + fa+bx) + / /

V=a 502 312

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)*(f*xx+e)*(b*x+a)**(1/2)/x,%)

[Out] 2xa*cxexatan(sqrt(a + b*x)/sqrt(-a))/sqrt(-a) + 2*ckxexsqrt(a + b*xx) + 2*dxf
*x(a + b*x)**(5/2)/(5xb**2) + 2%(a + b*x)**(3/2)*(-a*xd*f + bxcxf + bxdxe)/(3
*b*x*2)

Giac [A] time = 2.75584, size = 142, normalized size = 1.84

3 5 3 3
Vj’j_:“)e 2 (5 (bx + @B + 3 (bx + a)2bBdf — 5 (bx + a)2abBdf + 15 Vbx + ab'Oce + 5 (bx + a)2b%
+

V-a 1510

2 acarctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(f*x+e)*(b*x+a)”~(1/2)/x,x, algorithm="giac")

[Out] 2*a*xckarctan(sqrt(bxx + a)/sqrt(-a))*e/sqrt(-a) + 2/15x(5x(b*x + a)~(3/2)*b
“9kckxf + 3x(b*x + a)”(5/2)*b78xd*xf - Lk (bxx + a)”(3/2)*axb~8xd*f + 15*sqrt(
b*x + a)*b~10*cxe + 5x(b*x + a)~(3/2)*b~9*d*e)/b~10
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318 f\/a+b3;(e+fx) dx

Optimal. Leaf size=54

A/ 32
2eVa + bx — 2+/ae tanh™! ( a\;—_bx] + 2f(a ;bbx)
a

[Out] 2xexSqrtl[a + bxx] + (2xfx(a + b*x)~(3/2))/(3*b) - 2xSqrt[a]*exArcTanh[Sqrt[
a + bx*x]/Sqrt[al]

Rubi [A] time = 0.0158209, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 18, e =

0.222, Rules used = {80, 50, 63, 208}

A/ 32
2eVa + bx — 2+/ae tanh ™! ( a\;—_bx] + 2f(a ;bbx)
a

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtla + b*x]*(e + f*x))/x,x]

[Out] 2xe*Sqrtla + bxx] + (2xfx(a + bxx)~(3/2))/(3*b) - 2xSqrt[a]*exArcTanh[Sqrt[
a + bxx]/Sqrt[al]

Rule 80

Int[((a_.) + (b_.)*(x_))*x((c_.) + (d_)*xx_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x) nx(e + f*xx)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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f\/a+b3;(e+fx) = 2f(a ;bbx)3/2 +ef Va + bx i

2f(a+ bx)3/2
=2eVa+bx+ ———+(a )f
3b xVa + bx
(2ae) Subst f % dx,x,Va + bx
2f(a + bx)3? T
=2eVa+bx + +

3b b

2 3/2 A/
=2eVa+bx + f(a?)% —2+/ae tanh ™" ( a\;—_bx]
a

Mathematica [A] time = 0.0462837, size = 55, normalized size = 1.02

\/ 312
e|2Va+ bx - 2\/Et8mh_l [ a\;—abx]) + 2f(a -3|-bbx)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + bxx]x(e + f*x))/x,x]

[Out] (2xfx(a + bxx)~(3/2))/(3*b) + ex(2xSqrt[a + b*x] - 2*Sqrt[a]*ArcTanh[Sqrt[a
+ b*x]/Sqrt[all)

Maple [A] time = 0.006, size = 46, normalized size = 0.9

2 % 1/3 f (bx + a)3/2 + Vbx + abe — \/EebArtanh( bx + a)]

N7
Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e)x*(b*x+a)~(1/2)/x,x)

[Out] 2/bx(1/3*f*x(b*x+a)~(3/2)+(b*x+a)”~(1/2)*b*xe-a” (1/2)*exb*arctanh ((b*x+a)~(1/2
Y/a~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.29334, size = 279, normalized size = 5.17

SWbelog(Wﬂ)+2(bfx+3be+af)\/bx+a 2(3\/_bearctan(m\/_) (bfx+3be+af)\/a
3b 3b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(b*x+a)~(1/2)/x,x, algorithm="fricas")

[Out] [1/3*(3*sqrt(a)*bxexlog((b*xx - 2*sqrt(b*x + a)*sqrt(a) + 2xa)/x) + 2x(b*xf*x
+ 3xbkxe + axf)*xsqrt(b*xx + a))/b, 2/3*%(3*sqrt(-a)*bxe*xarctan(sqrt(b*x + a)*
sqrt(-a)/a) + (b*fxx + 3*bxe + axf)*sqrt(b*x + a))/b]

Sympy [A] time = 3.90109, size = 54, normalized size = 1.

2ae atan ( a+bx) 2
ki +2eVa + bx + 2f (@ + bx)?

Nar 3D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (b*xx+a)**(1/2)/x,%)

[Out] 2*a*exatan(sqrt(a + bx*x)/sqrt(-a))/sqrt(-a) + 2*exsqrt(a + b*x) + 2*f*x(a +
b*x) **(3/2) /(3*b)

Giac [A] time = 2.64331, size = 77, normalized size = 1.43

/ 3
2aarctan( \b/i_:u)e 2((bx+a)5b2f+3\/bx+ab3e)
+

Na 363

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x,x, algorithm="giac")

[Out] 2xa*arctan(sqrt(b*x + a)/sqrt(-a))*e/sqrt(-a) + 2/3*x((b*x + a)~(3/2)*b~2x*f
+ 3*sqrt(b*x + a)*b~3%e)/b~3
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319 f Va+bx(e+fx) dx

x(c+dx)

Optimal. Leaf size=101

2Vbc — ad(de - cf) tan™! (@) 2+/ae tanh™ (\/ﬁ;?) me

+
cd32 c d

[Out] (2xfxSqrtla + b*x])/d + (2*Sqrt[b*c - a*xd]*(d*e - cxf)*ArcTan[(Sqrt[d]*Sqrt
[a + bx*x])/Sqrt[b*c - a*d]])/(c*d~(3/2)) - (2*Sqrt[al*exArcTanh[Sqrt[a + bx
x]/Sqrtlall)/c

Rubi [A] time = 0.11897, antiderivative size = 101, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 25, e e =

integrand size
0.2, Rules used = {154, 156, 63, 208, 205}

2vbc — ad(de — cf) tan™ (\/;l;/\/i?) 2+/aetanh ™ (\/i;r__bx) 2fVa+ b
c—a _ a +

cd3/? c d

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(e + f*x))/(x*(c + d*x)),x]

[Out] (2xfxSqrtla + b*x])/d + (2+Sqrt[b*xc - axd]*(d*e - cxf)*ArcTan[(Sqrt[d]*Sqrt
[a + b*x])/Sqrt[b*c - axd]])/(c*d~(3/2)) - (2*Sqrt[al*exArcTanh[Sqrt[a + bx
x]/8qrt[all)/c

Rule 154

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + bxx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - hx(b*cke*m + ax(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axdxf*m - bx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, 4, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(bxc - axd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*xx)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

8¢ 2 (bde—bef +adf)x

f Va + bx(e + fx) 2f\/a + bx f xVa+bx(c+dx)

x(c + dx) d d
1
_ 2fVa+bx .\ (ae) [ ~Nathx dx ((bc —ad)(de - cf) | J=—— W(de) dx
B d c cd
(2ae) Subst L dx,x,Va+bx| (2(bc—ad)(de - cf))Subst !
ST e S
= + +
d bc bed

_2pVarhy | 2Vbe-adide—cf tan )y o™ (Y2)
- d

cd3/? B c

Mathematica [A] time = 0.218331, size = 100, normalized size = 0.99

_1( Vava+bx
2Vbc-ad(cf—de) tan 1( )
Vbe—ad ZCf\/da+bx 2\/— tanh™ (Va+bx)

va

43/2

c
Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + b*x]*(e + f*x))/(x*(c + d*x)),x]

[Out] ((2*cxfxSqrtla + b*xx])/d - (2*%Sqrt[b*c - a*xd]*(-(d*e) + cxf)xArcTan[(Sqrt[d
1xSqrt[a + b*x])/Sqrt[b*c - a*d]])/d~(3/2) - 2xSqrt[al*exArcTanh[Sqrt[a + b
*xx]/Sqrt[all)/c

Maple [A] time = 0.013, size = 103, normalized size = 1.

v/ — a2 — b2 v/ v/
5 fVbx+a 5 acdf —ad“e — bc* f + deeArtanh bx+ad | 5 e\/EArtanh bx+a
d der/(ad — bc)d \(ad —bc)d c \a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c) ,x)

[Out] 2*f*x(b*x+a)”~(1/2)/d-2/d* (a*c*d*f-a*d”™2*xe-bxc 2xf+bxcxd*e)/c/ ((a*d-b*c)*d) ~(
1/2)*arctanh ((bxx+a) " (1/2)*d/ ((axd-bxc)*d) ~(1/2))-2xe*xarctanh((b*xx+a) ~(1/2)
/a~(1/2))*a~(1/2)/c
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.64713, size = 1013, normalized size = 10.03

bdx—bc+2 ad—2 Vbx+ad+/— bc;ad

dx+c

d

ﬁdelog(%) +2 Vb + acf — (de - cf) s log( ) zﬁdanCtan(ﬁ

cd ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(bxx+a)”~(1/2)/x/(d*x+c),x, algorithm="fricas")

[Out] [(sqrt(a)*dxe*xlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + 2*sqrt(b*x + a
Y*xcxf - (dxe - cxf)xsqrt(-(b*xc - a*d)/d)*log((b*d*x - bxc + 2%a*xd - 2*sqrt(

bxx + a)xd*sqrt(-(b*c - a*xd)/d))/(d*x + c)))/(cxd), (2xsqrt(-a)*d*exarctan(
sqrt(b*x + a)xsqrt(-a)/a) + 2*sqrt(bxx + a)xc*f - (d*e - cx*f)x*sqrt(-(b*c -
axd)/d)*log((bxd*x - b*c + 2%axd - 2*sqrt(bxx + a)*d*sqrt(-(b*xc - axd)/d))/

(d*x + c)))/(c*xd), (sqrt(a)*d*exlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x

) + 2xsqrt(bxx + a)xc*xf - 2*(d*e - c*xf)*sqrt((b*c - axd)/d)*arctan(-sqrt(b*

x + a)*dxsqrt((b*c - axd)/d)/(bxc - axd)))/(c*xd), 2x(sqrt(-a)*d*exarctan(sq
rt(b*x + a)xsqrt(-a)/a) + sqrt(bxx + a)*c*xf - (dxe - c*xf)xsqrt((b*c - axd)/
d)*arctan(-sqrt (b*x + a)*d*sqrt((bxc - axd)/d)/(b*xc - axd)))/(c*d)]

Sympy [A] time = 15.252, size = 100, normalized size = 0.99

Va+bx
Va+bx 2(ad = bc) (cf —de atan( )
2ae atan( Na ) 2f [1+ bx ( ) _ud;bc
+ +
c\—a d cd? _ad—bc

d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (b*x+a)**(1/2)/x/(d*x+c),x)

[Out] 2xa*exatan(sqrt(a + bxx)/sqrt(-a))/(cxsqrt(-a)) + 2xfxsqrt(a + b*xx)/d + 2x(
axd - bxc)*(c*xf - dxe)*atan(sqrt(a + b*x)/sqrt(-(a*xd - b*c)/d))/(c*xd**2*xsqr
t(-(a*xd - bxc)/d))

Giac [A] time = 2.62353, size = 151, normalized size = 1.5

N . 2 Vbx+ad
2 aarctan (ﬁ) e X \Vbxr+a af 2 (bc f —acdf —bcde + ad e) arctan( —bcd—adZ)

\=-ac d Vbcd — ad?cd
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(b*x+a)~(1/2)/x/(d*x+c),x, algorithm="giac")

[Out] 2*a*arctan(sqrt(b*x + a)/sqrt(-a))*e/(sqrt(-a)*c) + 2*sqrt(b*x + a)*f/d - 2
*x(b*c™2*xf - akxcxd*f - bkcxdxe + axd~2*e)*arctan(sqrt(b*x + a)*d/sqrt(bxc*d

- axd"2))/(sqrt(bxc*xd - a*d~2)*cx*d)
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390 f Va+bx(e+fx) dx

x(c+dx)?

Optimal. Leaf size=128

(2adze —be(cf + de)) tan™! (%) 2+/ae tanh ™ (\/li;_?) Va + bx(de - cf)
- +

c2d32\be — ad c? cd(c + dx)

[Out] ((d*e - c*f)xSqrtla + b*x])/(cxdx(c + d*x)) - ((2*a*d"2%e - b*c*(d*e + c*f)
)*ArcTan[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[bxc - axd]])/(c"2*xd~(3/2)*Sqrt [bxc -
axd]) - (2xSqrt[al*exArcTanh[Sqrt[a + b*x]/Sqrtlall)/c”2

Rubi [A] time = 0.115998, antiderivative size = 128, normalized size of antiderivative =

. . number of rules
1., number of steps used = 6, number of rules used = 5, integrand size = 25, —————

0.2, Rules used = {149, 156, 63, 208, 205}

integrand size

(Zadze —be(cf + de)) tan™! (%) 2+/aetanh™ (%) Va + bx(de - cf)
- +

c2d32/be — ad c? cd(c + dx)

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(e + f*xx))/(x*x(c + d*x)~2),x]

[Out] ((d*e - cxf)*Sqrtla + b*x])/(ckd*x(c + d*x)) - ((2*axd~2*e - bxcx(dxe + c*f)
)*ArcTan[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[b*c - axd]])/(c~2+d~(3/2)*Sqrt [bxc -
axd]) - (2xSqrt[a]*exArcTanh[Sqrt[a + b*x]/Sqrtlall)/c”2

Rule 149

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_D)*xD)"(m )*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +
Dx(c + d*xx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - axf)*(m + 1)), Int[(a + b*x)"(m + D*(c + d*x)~(n - 1)*(e + f*x) p*Si
mp [b*xcx(fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*x(m + 1) + f*(bkg - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
, d, e, f, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 156

Int[((Ce_.) + (£_D*x(x_))"(p_)*x((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(b*c - a*d), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*x)"p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps

1
—ade— 5 b(de+cf)x

f Va + bx(e + fx) 4 (de—c f)va+bx / TVarbrerdy

x(c + dx)? T cd(c +dx) cd
e (a0) [——=dx (2adPe - be(de + cf)) [ —=——dx
_ (de—cf)Va+bx N xVatbx Va+bx(c+dx)
T cd(c + dx) c? 2c2d
2ae) Subst | [ —— dx,x,Va + bx 2ad?e — be(de + cf)) Subst| [ —
_ (de—cf)Va+bx N (2ae) [f 5+§ ] ( ( f)) [f -

. )
cd(c + dx) be? be2d

_1  Vdva+bx 1 { Va+bx
_ (de - cf)ﬂ/a T bx ) (Zadze — be(de + cf)) tan™! ( N ) ) 2+/aetanh ( 7 )

cd(c + dx) 2d32\be — ad c?

Mathematica [A] time = 0.191439, size = 122, normalized size = 0.95

_ 2 -1 \/HW
(bc(cf+de) 2ad e)tan (—m ) .\ cm(de—cf) ~ 2\/_ . nh_l (W)
B2 \pe—ad d(c+dx) aeta Va

2
Antiderivative was successfully verified.

[In] Integratel[(Sqrtla + bxx]x(e + f*x))/(x*(c + d*x)"2),x]

[Out] ((c*(d*e - cxf)*Sqrtla + b*x])/(d*(c + d*x)) + ((-2%xa*xd”2%e + bxc*x(dxe + cx
f))*ArcTan[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[b*c - a*d]])/(d~(3/2)*Sqrt[b*c - ax
d]) - 2*Sqrt[al*e*ArcTanh[Sqrt[a + b*x]/Sqrtl[all)/c"2

Maple [A] time = 0.016, size = 137, normalized size = 1.1

2b L 1/2 e (Cf _ de) i -1/2 2ad’e - berf - deeArtanh brtad ||_ \/EeArtanh bx +a
bc? d((bx + a)d — ad + bc) d\(ad = bc)d \(ad =bc)d bc? \a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e)x*(b*x+a)~(1/2)/x/(d*x+c)"2,x)

[Out] 2*b*x(-1/b/c™2x(1/2xb*c* (cxf-d*e) /d*(b*xx+a)~(1/2)/((b*x+a)*d-a*d+b*c)-1/2*x(2
*axd 2xe-bxc " 2*xf-bxcxd*xe) /d/ ((a*xd-b*xc)*d) ~(1/2) *arctanh ((b*x+a) ~(1/2)*d/((a
*d-bxc)*d) " (1/2)))-a~(1/2)*e/b/c " 2*arctanh ((bxx+a) ~(1/2)/a~(1/2)))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.95887, size = 2118, normalized size = 16.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c)~2,x, algorithm="fricas")

[Out] [-1/2%((bxc™3*f + (b*c™2xd - 2*axcxd~2)*e + (bxc~2*d*f + (bxcxd™2 - 2*axd~3
)*e)*x)*sqrt (-b*xc*xd + axd~2)*log((b*d*x - bkc + 2*a*xd - 2*sqrt(-bxc*d + a*xd
“2)*xsqrt(bxx + a))/(d*x + c)) - 2*%((bxcxd™3 - a*xd™4)*exx + (bxc™2*%d”™2 - axc
xd~3) *e) *sqrt (a)*log((bxx - 2*sqrt(bxx + a)*sqrt(a) + 2%a)/x) - 2% ((b*xc™2xd
72 - axc*d"3)xe - (bxc”3*xd - axc”2xd"2)*f)*sqrt(b*x + a))/(b*xc”4*d"2 - axc”
3*d73 + (bxc™3*%d”"3 - axc”2*%d"4)*x), 1/2%(4x((b*c*d™3 - a*xd~4)*e*x + (b*c™2x
d™2 - axc*d"3)*e)*sqrt(-a)*arctan(sqrt(b*x + a)*sqrt(-a)/a) - (bxc™3*xf + (b
xc72xd - 2xaxc*xd”2)*e + (bxc™2xd*f + (b*cxd™2 - 2%axd”3)*e)*x)*sqrt(-b*c*d
+ a*xd”2)*log((b*d*x - b*c + 2%axd - 2xsqrt(-bkxcxd + a*xd”2)*sqrt(b*x + a))/(
dxx + c)) + 2%((bxc™2*d"2 - a*xc*xd"3)*e - (bxc”3*d - axc™2*xd"2)*f)*sqrt (b*x
+ a))/(bxc™4*xd"2 - a*c”3*%d"3 + (b*c™3*d"3 - a*xc™2*xd"4)*x), —-((b*c™3*f + (bx*
c"2xd - 2xaxcxd"2)*e + (bxc™2xd*f + (b*xc*d™2 - 2%a*xd”3)*e)*x)*sqrt(bxc*d -
a*d”~2)*arctan(sqrt (bxcxd - a*d~2)*sqrt(b*x + a)/(b*d*x + a*d)) - ((b*c*d"3
- axd”4)*exx + (bxc”2*d"2 - axc*d"3)xe)*sqrt(a)*log((b*x - 2*xsqrt(b*x + a)*
sqrt(a) + 2*xa)/x) - ((bxc™2xd"2 - a*xc*xd"3)*e - (b*xc~3*d - axc™2xd~2)*f)*sqr
t(b*x + a))/(b*c™4*d"2 - a*xc™3*d"3 + (b*c™3*%d"3 - a*c™2*%d"4)*x), —((bxc~3*f
+ (bxc™2xd - 2%akxcxd”2)*e + (b*c™2xd*f + (b*cxd™2 - 2%axd”3)*e)*x)*sqrt (b*
cxd - axd~2)*arctan(sqrt(bxc*d - a*d~2)*sqrt(bxx + a)/(bxdxx + a*xd)) - 2*((
b*xc*d”3 - axd”4)*exx + (b*xc”2*%d"2 - axc*d~3)xe)*sqrt(-a)*arctan(sqrt(b*x +
a)*sqrt(-a)/a) - ((bxc™2*d"2 - a*xc*d"3)*e - (bxc~3*d - axc”2*xd~2)*f)*sqrt(b
*x + a))/(b*c™4*xd"2 - a*xc™3*%d"3 + (b*c”™3*%d"3 - a*xc"2xd"4)*x)]

Sympy [B] time = 54.0157, size = 1149, normalized size = 8.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (b*xx+a)**(1/2)/x/(d*x+c)**2,x%)

[Out] 2xa*bxd*e*xsqrt(a + b*x)/(2%axbkxck*2xd + 2kaxbkckxd**2*%x — 2kb**2%c*k*3 — 2%b*
*x2kck*k2xd*x) — axbxfxsqrt(l/(dx(axd - bxc)**3))*log(-a*x*2xd**2*xsqrt(1/(d*(a
xd - bxc)*%x3)) + 2*axbkxckdxsqrt(1/(d*x(a*xd - b*xc)**3)) - b*x*2xc*x*x2*sqrt(1/(d
*x(axd - b*xc)**3)) + sqrt(a + b*x))/2 + axbxfxsqrt(1/(d*x(axd - bxc)**3))*log
(a*x*x2xd*x*2xsqrt (1/(d*x(a*d - bxc)**3)) - 2*xa*xbxckd*sqrt(1l/(d*(axd - b*c)**3)
) + b*x2kck*2xsqrt (1/(dx(axd - bxc)**3)) + sqrt(a + b*x))/2 - 2*axb*xf*xsqrt(
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a + b*x)/(Q*a*b*c*d + 2kaxbxd**2%xx — 2%b*x*k2%kCck*x2 - 2*b**2*c*d*x) + axb*xd*xe*
sqrt(1/(d*(a*d - b*c)**3))*1log(-ax*2xd**2*xsqrt (1/(d*(a*d — bxc)**3)) + 2xax
bxckdxsqrt (1/(dx(axd - bxc)**3)) - b**2kcx*k2xsqrt(1/(dx(a*xd - b*c)*x3)) + s
grt(a + b*x))/(2%c) - axbkxdxexsqrt(1l/(d*(a*xd - b*c)**3))*log(a*x*x2*xd**2*sqrt
(1/(dx(a*d - bxc)**3)) - 2%a*xbkckxdxsqrt(1/(d*(axd - b*xc)**3)) + b*x*2xc**2xs
qrt(1/(dx(axd - bxc)**3)) + sqrt(a + b*x))/(2%c) - 2*axexatan(sqrt(a + b*x)
/sqrt(-a + bxc/d))/(c**2*xsqrt(-a + bxc/d)) + 2xaxexatan(sqrt(a + b*x)/sqrt(
-a))/(cx*2xsqrt(-a)) + 2xb*x*x2xckxfxsqrt(a + b*x)/(2xaxbkcxd**2 + 2kaxbxd**3x*
X — 2xb*x2kck*k2kd — 2xb*k*2kckd*x2%x) + bxx2kxckfxsqrt(1/(d*(axd - b*c)*%3))x*
log(—a**x2*d*x2*sqrt (1/(d*(axd - b*c)**3)) + 2*axbxckxd*sqrt(1/(d*(axd - b*c)
*%3)) — bkx2kck*k2xsqrt(1/(dx(axd - bxc)**3)) + sqrt(a + b*xx))/(2%d) - b**2x
cxfxsqrt (1/(dx(axd - bxc)**3))*log(ax*2xd**x2*xsqrt (1/(d*(a*d - b*xc)**3)) - 2
xaxbxckxd*sqrt (1/(d*(a*d — bkxc)**3)) + b**x2kxck*2xsqrt(1/(d*(axd - bxc)**3))
+ sqrt(a + b*x))/(2%d) - b*x2xexsqrt(1/(d*(axd — bxc)**3))*log(-a**x2*xd**2*s
qrt(1/(dx(a*xd - bxc)**3)) + 2%axbxckd*sqrt(l/(d*x(axd - bxc)**3)) - b**x2kckx*
2xsqrt (1/(d*(a*xd - bxc)**3)) + sqrt(a + b*x))/2 + b**2xexsqrt(1/(d*(axd - b
xc)**3) ) *Llog (ax*2xd**x2*xsqrt (1/(d*(a*d - b*c)**3)) - 2xaxbkxckxd*sqrt (1/(d*(ax
d - b*c)**3)) + bx*k2xc*k*2*ksqrt(1/(d*(axd - bxc)**3)) + sqrt(a + b*x))/2 - 2
xb*xx2*%exsqrt(a + b*x)/(2kaxbkckxd + 2%xa*xbxd**2%x — 2¥bx*k2xc*k*2 — 2¥bk*2kckd*
x) + 2xbxf*atan(sqrt(a + b*x)/sqrt(-a + bxc/d))/(d**2*sqrt(-a + b*xc/d))

Giac [A] time = 2.68528, size = 192, normalized size = 1.5

Vbrta Vbx+ad
2aarctan( = )e . (bcf + bede - 2 ad?e) arctan(m) ) Vbx + abef — bx + abde

\-ac? Vbed — ad2c2d (bc + (bx + a)d — ad)cd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c)~2,x, algorithm="giac")

[Out] 2*a*arctan(sqrt(b*x + a)/sqrt(-a))*e/(sqrt(-a)*c”2) + (bxc~2*f + bxcxd*e -
2*axd~2xe) *arctan(sqrt (b*x + a)*d/sqrt(b*cxd - a*d”2))/(sqrt(b*cxd - a*d™2)
xc"2xd) - (sqrt(b*xx + a)*bxc*f - sqrt(bxx + a)xbxdxe)/((b*c + (b*x + a)*d -
a*xd)*xcxd)
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391 f Va+bx(e+fx) dx

x(c+dx)3

Optimal. Leaf size=205

(—8a2d3e +12abed®e - b*c*(cf + 3de)) tan™! (%) Va + bx (4ad?e - be(cf + 3de)) 2+/aetanh ™ ( i;;bx)
- 4332 (be — ad)32 © 4cd(c + dx)(be - ad) - c3

[Out] ((d*e - c*f)xSqrtla + b*x])/(2xcxdx(c + d*x)~2) - ((4*axd”2%e - bxc*(3*d*e
+ cxf))*Sqrta + b*xx])/(4*xc™2*d*x(bxc - axd)*(c + dxx)) - ((12%axb*cxd 2*e -
8%a~2*xd"3%e - b"2xc”2*x(3xdxe + cx*f))*ArcTan[(Sqrt[d]*Sqrt[a + b*x])/Sqrt([b

xc — a*xd]])/(4xc”3*%d”~(3/2)*(bxc - a*xd)~(3/2)) - (2*Sqrt[a]*exArcTanh[Sqrt[a

+ b*x]/Sqrt[al]l)/c”3

Rubi [A] time = 0.279463, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, e e =

0.24, Rules used = {149, 151, 156, 63, 208, 205}

integrand size

(-8a2d% + 12abcd?e - b2c(cf + 3de)) tan™ (%’C) Va + bx (4ad%e — be(cf + 3de)) 2+/aetanh™ ( ‘”:;’;x)
- 4c3d32(be — ad)3/2 - 4c2d(c + dx)(bc — ad) - c3

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(e + f*x))/(x*(c + d*x)~3),x]

[Out] ((d*e - c*xf)*Sqrtla + b*x])/(2%ckdx(c + d*x)~2) - ((4*a*xd”2%e - b*cx(3xd*e
+ cxf))xSqrt[a + b*xx])/(4*xc™2*d*(bxc - axd)*(c + dxx)) - ((12%axb*cxd™2*e -
8*%a”"2*%d"3%e - b72*c”2*(3*d*e + cxf))*ArcTan[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[b

xc — a*xd]])/(4*c”3*d”(3/2)*(bxc - a*d)~(3/2)) - (2*Sqrt[a]*exArcTanh[Sqrt[a

+ bx*x]/Sqrtlall)/c”3

Rule 149

Int[(Ca_.) + (b_)*(x_)) " (m )*((c_.) + (d_)*xD))"(m )*((e_.) + (f_.)*(x_)
) (p )*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)~(m +
Dx(c + dxx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - axf)*(m + 1)), Int[(a + b*x)"(m + D*(c + d*x)"(n - 1)*(e + f*x) p*Si
mp [b*xcx (fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*(m + 1) + fx(b*g - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c
, d, e, £, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 151

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)T (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)"(m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),

x] + Dist[1/((m + 1)*(b*c - a*d)*(bxe - axf)), Int[(a + b*x) " (m + 1)*(c + d
*x) “n* (e + f*x) p*Simp[(a*xd*xf*g - b*x(d*e + c*xf)*g + bxckxexh)*(m + 1) - (b*g
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - d*f*x(b*g - axh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
erQ [m]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p_)*((g_.) + (h_.)*x(x_)))/(((a_.) + (b_.)*x(x_))x*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - ax*h)/(b*c - a*d), Int[(e +
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f*x)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x D))" (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

—2ade— % b(3de+cf)x
f\/a+bx(e+fx) _ (de—cf)Va+bx ~ f Va+bx(c+dx)? *

x(c + dx)3 © 2cd(c + dx)? 2cd

2ad(bc— ad)e—— 4ad26 bc(3de+cf))

_ (de—cf)Va+bx (4ad2€ — be(3de + Cf)) Va + bx f xVa+bx(c+dx)

2cd(c + dx)? 4c2d(bc — ad)(c + dx) Zczd(bc —ad)
(de — cf)Va + bx (4ad26 — be(3de + cf)) Va + bx (ae) f dx (12ﬂb0d2€ — 8a?de -

2cd(c + dx)? 4c2d(bc — ad)(c + dx) c3 {

dx,x, Va + bx

1
e epNaTEE (tade—be(de v ep) Vi S Tz

_ A _
2cd(c + dx)? 4c2d(be — ad)(c + dx) - bc3
(e - cf)Wa T bx (4adze — be(3de + cf)) Vi + bx (12abcdze — 8a?d®e — b?c*(3de + cf)) ta
T 2cd(c+dx? 4c2d(bc — ad)(c + dx) - 4c3d32(be — ad)3/2

Mathematica [A] time = 0.55004, size = 259, normalized size = 1.26

(8a2d3e—12abcdze+bzcz (cf+3de)) (\ﬁ\/a+bx—\/bc—ud tarfl ( M ))

2 e Vee-ad +26(bc—ad)2(\/3tanh_1(\/i;?x)— a+bx)
(a+bx)3/2(4ad26+hc(cf—5de)) (a+bx)32(de
c2(bc—ad) 2c(c+dx)(bc—ad) (c+dx)?
2c(ad — bc)

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[a + bxx]*(e + f*x))/(x*(c + d*x)~3),x]

[Out] (((d*e - cxf)*(a + b*x)7(3/2))/(c + d*x)72 - ((4xaxd™2*e + bkck(-5xd*e + c*
f))*(a + bxx)7(3/2))/(2*%ck(bxc - axd)*(c + d*x)) + (2%(((-12%axbkxc*d™2*e +
8*a~2*xd"3%e + b"2xc”2x(3xd*e + c*f))*(Sqrt[d]*Sqrt[a + bxx] - Sqrt[b*c - ax
dl*ArcTan[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[bxc - axd]]))/(4*d~(3/2)) + 2*(b*c -
axd) "2*xex(-Sqrt[a + b*x] + Sqrtla]*ArcTanh[Sqrt[a + b*x]/Sqrtlall)))/(c~2%
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(b*c - a*xd)))/(2%cx(-(b*c) + axd))

Maple [A] time = 0.014, size = 221, normalized size = 1.1

o 1 1 8bc(4ad2e—bc2f—3bcde) (bx + a)¥? i (4ad26+b02f—5bcde) bebx
O | (b + ayd —ad + beY | ad — b 1 y

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)x*(b*x+a)”~(1/2)/x/(d*x+c)"3,x)

[Out] 2*%b~2*(-1/b72/c 3% ((-1/8*b*c* (4dxa*xd™2xe-b*c~2*xf-3*xbxc*d*e)/ (a*d-b*c) * (b*x+a
)~ (3/2)+1/8% (4xaxd™2xe+b*c”2*xf-b*xb*ckd*e) *xbxc/d* (b*xx+a) ~(1/2) )/ ((b*x+a)*d-a
*d+b*c) "2-1/8*%(8*a”~2xd " 3xe-12*a*xb*c*d " 2*e+b " 2xc”3*xf+3*b"2xc " 2*d*e) / (a*d-b*c

)/d/ ((axd-bxc)*d) " (1/2) *arctanh ((b*x+a) ~(1/2)*d/ ((axd-b*c)*d) ~(1/2)))-a"~(1/
2)*e/b~2/c " 3*arctanh ((bxx+a) ~(1/2)/a"~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(b*x+a)”~(1/2)/x/(d*x+c)~3,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 4.97522, size = 4551, normalized size = 22.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c)~3,x, algorithm="fricas")

[Out] [1/8%((b™2%c™5*f + (b~2%c™3*d"2*f + (3*b~2*c"2*xd"3 - 12%axb*xcxd™4 + 8*xa~2x*d
“B)*e)*x”2 + (3*bT2xcT4xd - 12*axb*c”3*d72 + 8*%a"2xcT2xd"3)xe + 2% (b"2*c”4*
d*xf + (3%b~2*%c73*%d"2 - 12*axb*c”2xd”3 + 8*%a~2*c*xd"4)*e)*x)*sqrt (-bxc*xd + ax
d"2)*x1log((b*d*x - b*c + 2*axd + 2xsqrt(-b*xcxd + a*xd”~2)*sqrt(b*x + a))/(d*x
+ ¢c)) + 8x((b™2*xc™2*%d"4 - 2*axb*ckd™5 + a"2*xd"6)*e*xx"2 + 2% (b"2*c”"3*d"3 - 2
*axb*c”2*%d"4 + a"2xcxd"5)xexx + (b7T2%cT4*d72 - 2*xaxbxc”3x%d"3 + a"2%c”2*d"4)
xe)*xsqrt(a)*log((b*x - 2*xsqrt(b*x + a)*sqrt(a) + 2*xa)/x) + 2x((5xb~2*c™4x*d”
2 - 1lxaxb*xc™3*%d"3 + 6*a~2%c”2xd"4)*e — (b"2*xc”5*xd — 3*axbxc 4*xd"2 + 2*a~ 2%
c”3*%d"3)*xf + ((3*b72xc”™3*d"3 - T*xaxbxc™2%d"4 + 4*a”2*c*kd"5)*e + (b~2xc~4xd”
2 - axbxc”3*d”3)*f)*x)*sqrt(bxx + a))/(b™2%c~7*d"2 - 2*xaxb*c”6*%d"3 + a~2*c”
5%¥d74 + (b™2*c”5%d"4 - 2*xaxbxc”4%d”5 + a”2*%c”3*d"6)*x”2 + 2x(b"2xc"6%d"3 -
2%axb*c”™5*d"4 + a"2xcT4*xd"5)*x), 1/8%(16*((b~2*c~2*xd"4 - 2*xaxb*xc*d”5 + a”2%
d"6)*exx"2 + 2x(b"2xc”3*%d"3 - 2*axb*cT2*xd"4 + a~2xc*d”5)*e*x + (b72*cT4*xd"2
- 2%axbxc”3*d"3 + a"2xc"2*d"4)*e)*sqrt(-a)*arctan(sqrt(b*xx + a)*sqrt(-a)/a
) + (b72%c75*f + (b7™2%c”™3*d"2*xf + (3*%b~2%c”2%d"3 - 12*axb*c*xd™4 + 8xa~2*d"5
Y¥e)*x72 + (3%b72*xcT4*d - 12%axbxc”3*d"2 + 8*a"2*xc”2xd"3)*e + 2*x (b~ 2*c4xd*
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f + (3*%b72%c73*%d"2 - 12%a*xbxc”™2+%d”3 + 8*a~2xc*d"4)*e)*x)*sqrt(-bxc*d + axd”
2)*log((b*d*x - b¥c + 2%a*xd + 2xsqrt(-bxcxd + axd~2)*sqrt(b*x + a))/(d*x +
c)) + 2% ((5¥b72*%c74*xd"2 - 11*axbxc~3*%d~3 + 6*a”2*c”2*d"4)*e — (b~2*c~5*d -
3kaxbkxcT4*xd"2 + 2*xa"2%c”3*%d"3) *f + ((3*b72*xc"3*%d"3 - Txaxb*cT2*%d"4 + 4*xa”2x%
cxd"B)*e + (b72*%c™4xd"2 - axbxc”3*d”3)*f)*x)*sqrt(b*x + a))/(b~2*c~7*d"2 -
2*%axbxc”6*xd"3 + a"2xc”5xd"4 + (b"2*%c”5*xd"4 - 2xaxbxcT4*d"5 + a”"2%c”3*%d76) *x
"2 + 2% (b72*%cT6xd"3 - 2*xaxbxcT5*%d"4 + a"2%c”4*d”5)*x), -1/4x((b"2xcTh*xf + (
bT2xc"3xd"2xf + (3*%b72%c”2*xd”3 - 12*axbxcxd”4 + 8*a~2*d"B)*e)*x”2 + (3xb72%
cT4xd - 12%axb*c”3*d”2 + 8*a"2xc"2xd"3)*e + 2% (b 2*kc 4xd*f + (3*b"2xc”3%d"2
- 12*axbxc”2+d"3 + 8*xa~2xc*d”4)*e)*x)*sqrt (bxc*d - axd~2)*arctan(sqrt (bxcx
d - axd"2)*sqrt(bxx + a)/(bxd*x + a*d)) - 4*x((b72%c"2xd"4 - 2*axb*cxd™5 + a
“2%d76) *e*x”2 + 2% (bT2xc"3%d"3 - 2%axb*c”2*xd"4 + a~2xcxd"5)xexx + (bT2%cT4*
d™2 - 2xa*xbxc”3*%d"3 + a"2*c"2*d"4)*e)*sqrt(a)*log((b*x - 2*sqrt(b*x + a)*sq
rt(a) + 2*a)/x) — ((5*¥b72%c"4*d"2 - 11*xaxbxc™3*d"3 + 6*a~2+%c”2*d"4)*e - (b~
2%c75*xd - 3*axbkxcT4*xd"2 + 2*xa”2%c”3*%d"3)*f + ((3*b"2*xc"3*%d"3 - Txaxb*xc 2*d”
4 + 4xa”2xcxd"b)*xe + (b72%c74*d"2 - axb*xc”3xd"3)*f)x*x)*sqrt(b*xx + a))/(b~2x
cT7*d"2 - 2*xaxbxc”T6+%d"3 + a”"2*c”5xd"4 + (b"2*xc”5*d"4 - 2xaxbxc”4*d”5 + a2
c73x%d76)*x"2 + 2% (b72*cT6xd"3 - 2xaxbxc”5*%d"4 + a"2*%c”4*xd"5)*x), -1/4%x((b"2
*c7B*xf 4+ (b72*xc™3*d"2xf + (3*%b72%c”2+%d"3 - 12*axbxcxd~4 + 8*xa~2+%d"5)*e) *x"2
+ (3*b72*c"4xd - 12%axb*c”3*d”2 + 8*a"2xc”2xd"3)*e + 2% (b 2xc 4*xd*f + (3*b
“2xc73%d"2 - 12%axbxc”2*%d"3 + 8*a”2*cxd"4)x*e)*x)*sqrt(b*ckd - axd”2)*arctan
(sqrt(b*c*xd - a*d”~2)*sqrt(b*x + a)/(b*d*x + a*d)) - 8*x((b"2%c™2*d~4 - 2*a*b
*c*d”5 + a”2xd"6)*exx"2 + 2% (b72%c”3*%d"3 - 2*axbxcT2xd"4 + a~2%c*d”5)*exx +
(b™2%c™4%d"2 - 2%axbxc”3*%d"3 + a~2*c”2xd"4)*e)*sqrt(-a)*arctan(sqrt (b*xx +
a)*sqrt(-a)/a) - ((5*¥b~2%c~4*d"2 - 1lkaxb*c~3*%d~3 + 6*%a~2*c"2*d"4)*e - (b~2
*Cc7bxd - 3*axbxcT4*d"2 + 2*xa”2*c”3*%d"3)*f + ((3*%b"2*c”3*%d"3 - T*xaxb*c"2xd"4
+ 4%a”2xc*d"5)*e + (b72%c74xd"2 - axbxc”3*xd"3)*f)*x)*sqrt(b*x + a))/(b"2x*c
“Txd72 - 2%axbxcT6xd"3 + a"2*xc”5%d"4 + (b72*c”5%d"4 - 2*axbxc”4*d”5 + a"2*c
“3%d76)*x72 + 2% (bT2*%cT6xd"3 - 2*axb*c”5*d"4 + a~2*xc"4*d"5)*x) ]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(bxx+a)**(1/2)/x/(d*x+c)**3,x)

[Out] Timed out

Giac [A] time = 1.82932, size = 406, normalized size = 1.98

Vbx+ad Vbx+a
(b2c3f + 3b%c?de — 12 abcd?e + 8 a2d3e) arctan (W) . 2a arctan( = )e \/Mb3c3f — (bx + a)gbZCzdf _

4 (bc4d - ac3d2)\/bcd —ad? v-ac?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(b*x+a)~(1/2)/x/(d*x+c)~3,x, algorithm="giac")

[Out] 1/4%(b~2*c~3*%f + 3*b~2*kc " 2xd*e — 12xaxb*cxd"2%e + 8*a~2xd”~3*e)*arctan(sqrt(
b*x + a)*d/sqrt(b*cxd - a*xd~2))/((bxc™4*d - axc~3*d"2)*sqrt(bxc*d - a*xd~2))
+ 2*axarctan(sqrt(b*x + a)/sqrt(-a))*e/(sqrt(-a)*c~3) - 1/4*(sqrt(b*x + a)
*b~3%c73*%f - (b*x + a)”(3/2)*b"2*c”2xd*f - sqrt(b*x + a)*a*b”2xc”~2xd*f - bx
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sqrt (b*x + a)*b~3*%c " 2xd*e — 3*(b*x + a)~(3/2)*b"2%cxd"2%e + 9*xsqrt(b*x + a)
xaxb"2xckd"2%e + 4k (b*x + a)”(3/2)*axb*d"3*e - 4xsqrt(b*x + a)*a”2xb*xd”~3*e)
/((bxc™3*%d - axc™2*d"2)*(bxc + (b*x + a)*d - axd)~2)
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x3(1+ax)
3.22 f m dx

Optimal. Leaf size=111

V1—ax(ax)? 51 —ax(ax)? 251 —ax(ax)¥?>  75V1 —axyax 75sin”'(1 - 2ax)

404 8at 32q4 64a* 128a%

[Out] (-75%Sqrtl[axx]*Sqrt[1 - a*x])/(64*a~4) - (25x(axx)~(3/2)*Sqrt[1l - axx])/(32
*a~4) - (5x(a*xx)~(5/2)*Sqrt[1 - a*x])/(8*a"4) - ((axx)~(7/2)*Sqrt[1l - axx])
/(4%a~4) - (75%ArcSin[1 - 2*axx])/(128%a”~4)

Rubi [A] time = 0.0448675, antiderivative size = 111, normalized size of antiderivative
= 1., number of steps used = 8, number of rules used = 6, integrand size = 26, number of rules

= 0.231, Rules used = {16, 80, 50, 53, 619, 216}
V1= ax(ax)”? _5V1- ax(ax)°/? _25v1- ax(ax)3? 751 - ax~Jax 75 sin~}(1 - 2ax)

4g4 8a 3244 6444 128a*

integrand size

Antiderivative was successfully verified.

[In] Int[(x"3*(1 + ax*x))/(Sqrtla*x]*Sqrt[l - ax*x]),x]

[Out] (-75%Sqrt[a*x]*Sqrt[1l - a*x])/(64*a~4) - (25%(a*xx)~(3/2)*Sqrt[1 - a*x])/(32
*a~4) - (5x(a*xx)”~(5/2)*Sqrt[1 - axx])/(8*a"4) - ((axx)”(7/2)*Sqrt[1l - axx])
/(4*a~4) - (75%ArcSin[1 - 2*axx])/(128%a”4)

Rule 16

Int[Cu_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*xv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 80

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(m_)*x((e_.) + (£_)*x(x_))"(p
.), x_Symbol] :> Simp[(b*x(c + d*x)"(n + 1)*(e + f*xx)"(p + 1))/(d*xf*(n + p
2)), x] + Dist[(a*d*f*(n + p + 2) - bk(d¥ex(n + 1) + c*fx(p + 1)))/(d*f*(
+p+ 2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, p}, x] && NeQ[n + p + 2, 0]

B+

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(b*xc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 53

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[
1/Sqrt[a*xc - bx(a - c)*x - b™2%x72], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+d, 0] & GtQ[a + c, 0]

Rule 619
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Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xc*((-4
*xc)/(b"2 - 4*a*xc)) p), Subst[Int[Simp[1 - x72/(b"2 - 4*a*xc), x]7p, x], x, b
+ 2%cx*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
(ax)5/2(1+ax)
f 3(1 + ux) f V1-ax
Vaxv1 - ax a3
(ax)
(sz)7/2 1- 15f
Bl 4a* 8a3
(ax)>
_ 5(ax)>?/1 — ax (ax)7/2 1- 25f Nl
8a* 4a* 16a3
3/2 5/2 7/2 75 f Vo dx
_25(ux) 241 — ax _ 5(ax)*21 — ax B (ax)"?y1 - ax N Vi-ax
320 8a* 40t 64a3
1
_75@\/1 —ax 25(ax)*24/1 — ax _ 5(ax)*24/1 — ax _ (ax)"?1 - ax . 75 | VaxVIax dx
64a* 32a* 8a* 4a* 12843
1
_75@\/1 —ax 25(ax)*24/1 - ax ~ 5(ax)*?/1 — ax ~ (ax)"?y1 - ax .\ 75 | N dx
64a* 32a* 8a* 40t 12843
75 Subst f L :
75vaxV1 —ax  25(ax)¥?V1-ax 5(ax)?V1-ax (ax)’?\1-ax 1‘Z_z
64a* 32a* 8a* 40* 128
75vVaxvl —ax  25(ax)*2\1—ax  5ax)°2V1-ax  (ax)"2V1-ax  75sin (1 - 2ax)
64a* 32a* 8a* 4a* 12844

Mathematica [A] time = 0.0846198, size = 89, normalized size = 0.8

Vax (16a*x + 24a%x +10a2x% + 25ax - 75) + 75y/xV1 - axsin ™" (vav/x)
64a’l2v/—ax(ax — 1)

Antiderivative was successfully verified.

[In] Integrate[(x73%(1 + a*x))/(Sqrtla*x]*Sqrt[1l - a*x]),x]

[Out] (Sqrtl[al*x*(-75 + 2b*a*xx + 10*%a”2*x”"2 + 24*a~3*x~3 + 16%a~4*x~4) + 75*Sqrt[
x]*Sqrt[1 - a*x]*ArcSin[Sqrt[al*Sqrt[x]])/(64*a~(7/2)*Sqrt[-(a*xx*x(-1 + a*x)
)1)

Maple [C] time = 0.03, size = 132, normalized size = 1.2

12843

_xcsen (@) > —ax +1 (32 csgn (a) x3a3+/—x (ax — 1) a + 80 a?x?~/—x (ax — 1) acsgn (a) + 100 /—x (ax — 1) acsgn (a) x

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x"3*x(a*xx+1)/(a*x)~(1/2)/(-a*x+1)~(1/2),x)

[Out] -1/128%(-a*x+1)~(1/2)*x*(32*csgn(a)*x~3*%a~3* (-x*(a*xx-1)*a) " (1/2)+80*a"2*x"2

*x (—x*x (axx-1)*a) " (1/2)*csgn(a) +100* (-x* (a*xx-1) *a) = (1/2) *csgn (a) *x*a+150% (—x*
(axx-1)*a)~(1/2)*csgn(a)-75*arctan(1/2*csgn(a)* (2xa*xx-1) / (-x* (a*xx-1)*a) ~(1/

2)))*csgn(a)/a~3/(a*x)~(1/2) / (-x*x(a*xx-1)*a) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(axx+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.26349, size = 165, normalized size = 1.49

(16 a3x3 + 40 a%x% + 50 ax + 75)\/(1_36\/ —ax +1+ 75 arctan (—M a;a“l)
64 a*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(axx+1)/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -1/64*%((16%a~3*x"3 + 40%a~2*x"2 + BO*a*xx + 75)*sqrt(a*xx)*sqrt(-a*x + 1) + 7

S5*arctan(sqrt(axx)*sqrt(-a*x + 1)/(a*x)))/a~4

Sympy [C] time = 25.7371, size = 484, normalized size = 4.36

9 7 5 3
35iacosh (vavy’x) 2 2 Zix2 35ix2 35iyx
_ _ _ — - - + for |ax| > 1
64a° 4yJavax—1 3 5 7 9
9 24a 27\/ ax—1 96a2 gzx—l 19242 \/aag—l 64a2\ax-1
35asin (\/E\/E) x2 x2 7x2 35x2 35¢/x .
+ + + -— otherwise

64a> V- 3 5 7 2
RAGAGCE RNV S arrer SRS S arrer SR oY% M armrs R IPS Nareer
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a*xx+1)/(a*xx)**x(1/2)/(—axx+1)**(1/2) ,%)

_ 5iacosh (\/E\/E) |

8at

5asin (\/E\/E)

8at

[Out] a*Piecewise((-35*I*acosh(sqrt(a)*sqrt(x))/(64*a*x*x5) - I*x**(9/2)/(4*sqrt(a)

xsqrt(a*xx - 1)) - I*x**x(7/2)/(24*%a*x*(3/2)*sqrt(a*x - 1)) - T*xI*xx*x(5/2)/(96
xaxx(5/2)*sqrt(a*xx - 1)) - 3b6xI*xxx*x(3/2)/(192*ax*(7/2)*sqrt(a*x - 1)) + 35%
I*xsqrt (x)/(64*%a*xx(9/2)*sqrt(a*xx - 1)), Abs(a*x) > 1), (3b*asin(sqrt(a)*sqrt
(x))/(64*ax*5) + x*x(9/2)/(4d*sqrt(a)*sqrt(-a*x + 1)) + xx*x(7/2)/(24*a*x*(3/2
)xsqrt(—a*xx + 1)) + 7xx*xx(5/2)/(96xax*(5/2)*sqrt(-a*x + 1)) + 3bxx*x*(3/2)/(
192%ax*x (7/2)*sqrt (—a*x + 1)) - 35xsqrt(x)/(64*a**x(9/2)*sqrt(-a*x + 1)), Tru
e)) + Piecewise((-5*I*acosh(sqrt(a)*sqrt(x))/(8*xax*x4) - I*xxx*x(7/2)/(3*sqrt(
a)*sqrt(a*xx - 1)) - Ikxxx*x(5/2)/(12*%ax*(3/2)*sqrt(axx — 1)) - B5xI*xx**x(3/2)/(
24*ax* (5/2)*sqrt(a*x — 1)) + 5xI*xsqrt(x)/(8xa*xx(7/2)*sqrt(a*xx - 1)), Abs(ax

3
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x) > 1), (5xasin(sqrt(a)*sqrt(x))/(8*xax*x4) + x*x*(7/2)/(3*sqrt(a)*sqrt(-a*x
+ 1)) + x*x(5/2)/(12%a**(3/2) *sqrt(-a*xx + 1)) + b*x*x*(3/2)/(24*ax*(5/2)*sqr
t(-axx + 1)) - B*xsqrt(x)/(8xax*(7/2)*sqrt(-a*xx + 1)), True))

Giac [A] time = 1.77946, size = 85, normalized size = 0.77

2x 5 25 75 75 arcsin(\/ﬂ)
(2 (4 ax(a—z + a_3) + u—s)ax + a—g)\/ax\/—ax +l -

64a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a*x+1)/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -1/64x((2*(4*xa*xx*x(2%x/a"2 + 5/a”3) + 25/a"3)*axx + 75/a"3)*sqrt(a*x)*sqrt (-
axx + 1) - 7bxarcsin(sqrt(a*x))/a~3)/a
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x2(1+ax)
3.23 f m dx

Optimal. Leaf size=87

VI —ax(ax)®®  11V1 - ax(ax)®?  11V1 —axyfax  11sin™ (1 - 2ax)

343 1243 8ad 1643

[Out] (-11xSqrtlaxx]*Sqrt[1 - a*x])/(8*%a~3) - (11x(a*x)~(3/2)*Sqrt[l - ax*x])/(12%
a”3) - ((a*xx)~(5/2)*Sqrt[1 - a*x])/(3*a”3) - (11xArcSin[1 - 2xaxx])/(16%a~3
)

Rubi [A] time = 0.0335764, antiderivative size = 87, normalized size of antiderivative
1., number of steps used = 7, number of rules used = 6, integrand size = 26, number of rules_

integrand size
0.231, Rules used = {16, 80, 50, 53, 619, 216}

V1 —ax(ax)®?  11V1 - ax(ax)®?  11V1 —axyJax  11sin™'(1 - 2ax)

343 1243 8a’ 1643

Antiderivative was successfully verified.

[In] Int[(x"2%(1 + a*x))/(Sqrtla*x]*Sqrt[l - ax*x]),x]

[Out] (-11xSqrt[a*x]*Sqrt[1 - a*x])/(8%a”3) - (11x(a*x)~(3/2)*Sqrt[1 - a*xx])/(12x%
a~3) - ((axx)~(5/2)*Sqrt[1l - ax*x])/(3*a”3) - (11*xArcSin[1l - 2xa*xx])/(16%a”3
)

Rule 16

Int[Cu_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*xv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 80

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(m_)*x((e_.) + (£_)*x(x_))"(p
.), x_Symbol] :> Simp[(b*x(c + d*x)"(n + 1)*(e + f*xx)"(p + 1))/(d*xf*(n + p
2)), x] + Dist[(a*d*f*(n + p + 2) - bk(d¥ex(n + 1) + c*fx(p + 1)))/(d*f*(
+p+ 2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, p}, x] && NeQ[n + p + 2, 0]

B+

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(b*xc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 53

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[
1/Sqrt[a*xc - bx(a - c)*x - b™2%x72], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+d, 0] & GtQ[a + c, 0]

Rule 619
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Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xc*((-4
*xc)/(b"2 - 4*a*xc)) p), Subst[Int[Simp[1 - x72/(b"2 - 4*a*xc), x]7p, x], x, b
+ 2%cx*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
(ax)3/2(1+ax)
f x%(1 + ax) i f Vi
Vaxy1 - ax a2
(ax)>
(ax)5/2 —ax iy ,/—1 —~
B 3a3 642
N
_11(ax)3/2\/1 —ax (ax)®?1 - ax s nf N dx
1243 3a3 8a2
1
11+/axy1 - ax _ 11(ax)*21 — ax _ (ax)*21 - ax . uf Vax\iax dx
B 843 1243 343 1642
1
NVl —ax  1(ax)**V1—ax  (ax)°*V1 - ax .\ nf Vorr22 dx
8a3 1243 3a3 1642
11 Subst | [ dx,x,a — 2a°x
1Vaxvl —ax  11(ax)*?V1 —ax  (ax)*?V1 - ax -5
- 8a3 1243 3a3 16a*
1yaxvl —ax  11ax)*2V1—ax  (ax)°2V1-ax  11sin™ (1 - 2ax)
B 8a3 1243 343 1643

Mathematica [A] time = 0.0311233, size = 81, normalized size = 0.93

ax (8a3x3 +14a%x% + 1lax - 33) +33/xV1 —ax sin”! (\/E\/E)
24a52+/—ax(ax — 1)

Antiderivative was successfully verified.

[In] Integrate[(x~2*(1 + a*x))/(Sqrtla*x]*Sqrt[l - a*x]),x]

[Out] (Sqrtlal*x*(-33 + 1lxa*xx + 14*a”2%x"2 + 8*a~3*x~3) + 33*Sqrt[x]*Sqrt[l - ax
x] *ArcSin[Sqrt [al*Sqrt[x]])/(24*a” (5/2)*Sqrt [~ (a*xx*x (-1 + a*xx))])

Maple [C] time = 0.013, size = 111, normalized size = 1.3

C48a2

xesgn (@) ———V-a ( —16 a?x?~/—x (ax — 1) acsgn (a) — 44 /—x (ax — 1) acsgn (a) xa — 66 y/—x (ax — 1) acsgn (a) + 33

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2x(a*xx+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x)
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[Out] 1/48*(-a*xx+1)~(1/2)*xx(-16*a”~2*x"2x (—x* (a*xx-1)*a)~(1/2)*csgn(a)-44* (-x* (a*x
-1)*a) ~(1/2) *csgn(a) *x*a-66* (—x* (a*xx-1)*a) ~(1/2) *csgn(a) +33*arctan(1/2*csgn
(a)*x(2xa*xx-1) / (-x*x(axx-1)*a) ~(1/2)))*csgn(a)/a~2/(a*xx) ~(1/2) / (-x* (a*x-1) *a)

~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a*x+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.37876, size = 146, normalized size = 1.68

(8 ax? + 22 ax + 33)@\/—% +1+ 33 arctan (@)
2443

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(axx+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -1/24*%((8xa~2*x"2 + 22*axx + 33)*sqrt(a*xx)*sqrt(-a*x + 1) + 33*arctan(sqrt(
a*xx)*sqrt (-axx + 1)/(a*x)))/a"3

Sympy [C] time = 18.821, size = 393, normalized size = 4.52

5 5
x2 3iacosh (\/E\/}) ix2

7
5iacosh (\/E\/E) ix2

3
5ix2 5iy/x
L 5

i
- - for |ax| > 1 —
8at ar— 3 5 7 443 _ 3
e 3\;5 ax—1 12u25\/ax—1 24a2\/é1x—1 8a2+ax-1 ¢ Z\f ax 2
5asin (vavx 2 2 5x2 5 ) 3asin (vavx 2
( ) il il + ol v otherwise ( ) il &

+ —
4 / 3 5 7
8a 3ay-ax+1 1202 V-ax+1  24a2+-ax+1  8a2+/-ax+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a*xx+1)/(axx)**(1/2)/(-a*xx+1)**(1/2),%)

[Out] a*Piecewise((-5*I*acosh(sqrt(a)*sqrt(x))/(8*a*xx4) - Ixx*x(7/2)/(3*sqrt(a)x*s
grt(a*xx - 1)) - Ixx**(5/2)/(12*ax*(3/2)*sqrt(a*x - 1)) - 5xI*xxx*xx(3/2)/(24*a
*xk(5/2)xsqrt(axx - 1)) + BxI*xsqrt(x)/(8xa**(7/2)*sqrt(a*x - 1)), Abs(a*xx) >
1), (b*asin(sqrt(a)*sqrt(x))/(8xa*x*x4) + xx*x(7/2)/(3xsqrt(a)*sqrt(-a*x + 1)
) + x*xx(5/2)/(12xa*xx(3/2) *sqrt (—a*x + 1)) + 5xx*x(3/2)/(24*a**(5/2)*sqrt(-a
*x + 1)) - bxsqrt(x)/(8*xa*x*(7/2)*sqrt(-a*x + 1)), True)) + Piecewise((-3*Ix
acosh(sqrt(a)*sqrt(x))/(4*xa*x*3) - Ixx*x*(5/2)/(2xsqrt(a)*sqrt(a*xx - 1)) - Ix
x*%(3/2) / (4*a*x*(3/2) *sqrt(a*xx - 1)) + 3*xIxsqrt(x)/(4*xax*x(5/2)*sqrt(axx - 1)
), Abs(a*xx) > 1), (3*asin(sqrt(a)*sqrt(x))/(4*xa**3) + xx*x(5/2)/(2xsqrt(a)*s
qrt(-axx + 1)) + xx*(3/2)/(4*xax*x(3/2)*sqrt(-a*x + 1)) - 3xsqrt(x)/(4*xaxx*(5/
2)*sqrt(-a*xx + 1)), True))

+ +
4a’ 2+Jav-ax+1
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Giac [A] time = 2.58971, size = 72, normalized size = 0.83

33 51
(2ax( %2 + )+ Z) yaryar+1 - 2l

24 a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(axx+1)/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -1/24*%((2xa*xx*(4*x/a + 11/a"2) + 33/a"2)*sqrt(a*x)*sqrt(-a*x + 1) - 33xarcs
in(sqrt(ax*x))/a~2)/a



126

x(1+ax)
3.24 ;fizﬁi;;ZEfZ;‘i}:

Optimal. Leaf size=63

V1 —ax(ax)®? 71 -axyax 7sin”'(1 - 2ax)

242 442 8a2

[Out] (-7*Sqrtla*x]*Sqrt[1 - axx])/(4xa~2) - ((a*x)~(3/2)*Sqrt[1 - a*x])/(2%a"2)
- (7*ArcSin[1 - 2*a*x])/(8%a~2)

Rubi [A] time = 0.0232313, antiderivative size = 63, normalized size of antiderivative =
94 number of rules

1., number of steps used = 6, number of rules used = 6, integrand size =
0.25, Rules used = {16, 80, 50, 53, 619, 216}

V1 —ax(ax)®?  7y1-axax  7sin”'(1 - 2ax)

242 4a2 8a?

integrand size

Antiderivative was successfully verified.

[In] Int[(x*x(1 + a*x))/(Sqrtlaxx]*Sqrt[l - a*x]),x]

[Out] (-7*Sqrtlaxx]*Sqrt[1 - axx])/(4*a"2) - ((a*x)~(3/2)*Sqrt[1 - a*x])/(2¥a~2)
- (7*ArcSin[1 - 2xaxx])/(8*a"2)

Rule 16

Int[(u_)*(v_ )" (@m_.)*((b_)*(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 80

Int[((a_.) + (b_D)*(x_))*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£_.)*x(x_))"(p
.), x_Symbol] :> Simp[(bx(c + d*x)"(n + 1)*(e + £*x)"(p + 1))/(d*f*(n + p
2)), x] + Dist[(axdxf*(n + p + 2) - bx(dxex(n + 1) + c*xfx(p + 1)))/(d*fx*(
+p+ 2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, p}, x] && NeQ[n + p + 2, 0]

B + 1

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 53

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[
1/Sqrt[a*xc - bx(a - c)*x - b™2*x72], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] & GtQ[a + c, 0]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xc*((-4
xc)/(b~2 - 4%axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
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+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && NegQ[b]

Rubi steps
\/_ (1+ax)
f x(1 + ax) f Vi—ax dx
Vaxy1 - ax a
N
(ax)3/2,/1 —ax s 7f mdx
B 2a? 4q
[
_7@ 1-ax (ax)¥241 - ax . Vaxvi-ax
442 242 8a
_ TaxVl-ax  (@0)V1-ax 7] v—z
4q2 242 8a
7 Subst f ;2 dx, x,a — 2a°x
_ 7Naxv1—ax  (ax)¥2V1 - ax -5
4q2 242 843
7vax\1 —ax  (ax)¥2\1-ax  7sin™}(1 - 2ax)
4q2 242 8a?

Mathematica [A] time = 0.0267346, size = 73, normalized size = 1.16

Vax (2azx2 + 5ax — 7) +7yxV1 — axsin™’ (\/E\/E)
4032+/—ax(ax — 1)

Antiderivative was successfully verified.

[In] Integrate[(x*(1 + a*x))/(Sqrtla*x]*Sqrtl[l - axx]),x]

[Out] (Sqrtlal*x*(-7 + Bxa*xx + 2*a~2%x72) + 7*Sqrt[x]*Sqrt[l - a*x]*ArcSin[Sqrt[a
1xSqrt[x]]1)/(4xa~(3/2)*Sqrt [-(a*xx*x (-1 + a*x))])

Maple [C] time = 0.011, size = 90, normalized size = 1.4

csgn (a) (2 ax — 1))) )

_xcsen (@) V-ax +1 (4 V=x (ax — 1) acsgn (a) xa + 14 v/=x (ax — 1) acsgn (a) - 7 arctan |1/2 Vx@x-1a
—x(ax-1)a

8a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a*x+1)/(a*xx)~(1/2)/(-a*xx+1)~(1/2),x)

[Out] -1/8*(-a*xx+1)~(1/2)*x/a*(4*(-x*(a*x-1)*a)~(1/2)*csgn(a)*x*xa+14* (-x* (a*x-1)*
a)~(1/2)*csgn(a)-7*arctan(1l/2*csgn(a)*(2xa*xx-1)/(-x* (a*xx-1)*a) ~(1/2)))*csgn
(a)/(axx) " (1/2) / (-x* (a*x-1)*a) " (1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a*x+1)/(a*x)~(1/2)/(-axx+1)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.31869, size = 124, normalized size = 1.97

(2ax + 7)\JaxV-ax +1 + 7 arctan (%)

442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a*x+1)/(axx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -1/4x((2*a*xx + 7)*sqrt(axx)*sqrt(-a*x + 1) + 7xarctan(sqrt(a*x)*sqrt(-a*x +

1)/ (a*x)))/a"2

Sympy [C] time = 14.3845, size = 269, normalized size = 4.27

5 3 .
3iacosh (\/E\/E) ix2 ix2 + 3iyx for |ax| > 1 _1acosh (\/E\/;C) _ iVxvax-1 for |ax| >
_ = - = - — 5 2 3
g 2\25 ax—1 4a23\/ax—1 4a2+ax-1 + 3 a2
3asin (Vayx) x2 x2 3vx . asin (Vays) + 2 otherwis
5 + PNy +— - — otherwise 2 Vavoaxtl 3 ——
av-ax 402 \-ax+1  4a2+v-ax+1 a2 V-ax+l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a*xx+1)/(a*xx)**(1/2)/(~a*x+1)*x(1/2),x)

[Out] a*Piecewise((-3*Ix*acosh(sqrt(a)*sqrt(x))/(4*xa*xx3) - Ixx**x(5/2)/(2*sqrt(a)x*s
grt(a*xx - 1)) - Ixx**(3/2)/(4d*a*xx(3/2)*sqrt(a*x — 1)) + 3xI*ksqrt(x)/(d*xaxx(
5/2)*sqrt(a*xx - 1)), Abs(a*x) > 1), (3*asin(sqrt(a)*sqrt(x))/(4xa*x*3) + xxx*
(6/2)/(2*sqrt(a)*sqrt(-a*x + 1)) + x*x*x(3/2)/(4*xa*xx(3/2)*sqrt(-a*x + 1)) - 3

*xsqrt (x)/ (4*xa*x*(5/2)*sqrt(-a*x + 1)), True)) + Piecewise((-I*acosh(sqrt(a)x
sqrt(x))/a*x*2 - Ixsqrt(x)*sqrt(axx - 1)/ax*(3/2), Abs(a*x) > 1), (asin(sqrt
(a)*sqrt(x))/a*x*2 + x**x(3/2)/(sqrt(a)*sqrt(-a*x + 1)) - sqrt(x)/(ax*(3/2)*s
grt(-a*x + 1)), True))

Giac [A] time = 2.49052, size = 54, normalized size = 0.86

Mm(m g) _ 7 srcsin{{az)

a
4a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(a*x+1)/(a*x)”~(1/2)/(-a*x+1)7(1/2),x, algorithm="giac")

[Out] -1/4x(sqrt(a*xx)*sqrt(-a*x + 1)*(2%x + 7/a) - T*arcsin(sqrt(axx))/a)/a
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1+ax
3.25 f m dx

Optimal. Leaf size=37

Vaxvi—ax 3sin'(1 - 2ax)
a

2a

[Out] -((Sqrtl[a*x]*Sqrt[l - a*x])/a) - (3*%ArcSin[1l - 2x*a*x])/(2*a)

Rubi [A] time = 0.0125165, antiderivative size = 37, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 23, e T -

0.174, Rules used = {80, 53, 619, 216}

Vaxvl—ax  3sin'(1 - 2ax)
a

2a

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + a*x)/(Sqrtl[a*x]*Sqrt[l - axx]),x]
[Out] -((Sqrtla*x]*Sqrt[l - a*x])/a) - (3*ArcSin[1 - 2*axx])/(2xa)

Rule 80

Int[((a_.) + (b_.)*(x_))*x((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + (e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 53

Int[1/(Sqrtl[(a_) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[
1/Sqgrtla*xc - bx(a - c)*x - b™2*x"2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] && GtQ[a + c, O]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xc*((-4
*xc)/(b"2 - 4xa*xc)) p), Subst[Int[Simp[l - x72/(b"2 - 4*a*xc), x]7p, x], x, b
+ 2%cx*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[al]1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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f 1+ ax _ \/E\/——ax f
\/_\/——ax \/_\/——ax
_\/E\/——ax 3 1
a m

3 Subst f ! - dx, x,a — 2a®x
Vaxv1 - ax -5
T a - 242
Vaxvl-ax 3 sin~!(1 - 2ax)
a 2a

Mathematica [A] time = 0.0242423, size = 61, normalized size = 1.65

Vax(ax —1) + 34/xV1 — axsin™ (\/E\/E)
\av-ax(ax - 1)

Antiderivative was successfully verified.

[In] Integrate[(1 + a*x)/(Sqrtl[a*xx]*Sqrt[l - a*x]),x]

[Out] (Sqrtlalx*xx(-1 + a*x) + 3*Sqrt[x]*Sqrt[1 - a*x]*ArcSin[Sqrt[al*Sqrt[x]1])/(S
grt[al*Sqrt [-(a*x*(-1 + a*x))])

Maple [C] time = 0.015, size = 70, normalized size = 1.9

csgn (a) (2 ax—l))) 1 1

V-x(ax-1)a Vax \—x(ax-1)a

Verification of antiderivative is not currently implemented for this CAS.

_xcsgzn (a) N p—— (2 V-x (ax — 1) acsgn (a) - 3 arctan (1/2

[In] int((a*xx+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x)

[Out] -1/2%(-a*xx+1)~(1/2)*x*x (2% (-x*(a*xx-1)*a)~(1/2)*csgn(a)-3*arctan(1l/2*csgn(a)*
(2xaxx-1)/(-x*(a*x-1)*a) " (1/2)))*csgn(a)/(axx) " (1/2)/ (-x*(axx-1)*a) " (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/(a*xx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.30267, size = 100, normalized size = 2.7

\axy-ax +1+ 3 arctan (w)

a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/(a*xx)”~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -(sqrt(a*x)*sqrt(-a*x + 1) + 3*arctan(sqrt(a*xx)*sqrt(-a*x + 1)/(axx)))/a

Sympy [C] time = 7.76718, size = 133, normalized size = 3.59

 acosh . -
_ tacos g‘/a‘/;) _ 1‘/}\':" 1 for |ax| > 1 2iacosh (\/E\/;C)
B 3 B R for |ax| > 1
3
) 2 2asi
asin (Vayx) x2 Vx otherwise M otherwise

+ —
2 3
‘ Vvl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*xx+1)/(axx)**(1/2)/(~a*x+1)*x(1/2),x)

[Out] a*Piecewise((-I*acosh(sqrt(a)*sqrt(x))/a**2 - Iksqrt(x)*sqrt(a*xx - 1)/a**x(3
/2), Abs(axx) > 1), (asin(sqrt(a)*sqrt(x))/a*x*2 + x**(3/2)/(sqrt(a)*sqrt(-a

xx + 1)) - sqrt(x)/(a*x*(3/2)*sqrt(-a*x + 1)), True)) + Piecewise((-2*I*acos
h(sqrt(a)*sqrt(x))/a, Abs(a*x) > 1), (2*asin(sqrt(a)*sqrt(x))/a, True))

Giac [A] time = 2.54551, size = 38, normalized size = 1.03

Vaxy-ax +1 -3 arcsin (\/ﬁ)

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/(a*xx)”~(1/2)/(-a*xx+1)~(1/2),x, algorithm="giac")

[Out] -(sqrt(a*x)*sqrt(-a*x + 1) - 3*arcsin(sqrt(axx)))/a
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1+ax
3.26 f—x\@ P— dx

Optimal. Leaf size=29

2V1 —ax
Jax

- sin_l(l —2ax)

[Out] (-2*Sqrt[1 - axx])/Sqrtla*x] - ArcSin[1 - 2xa*x]

Rubi [A] time = 0.0160123, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 26, e .

integrand size
0.192, Rules used = {16, 78, 53, 619, 216}

2V1 —ax
Jax

- sin_l(l — 2ax)

Antiderivative was successfully verified.

[In] Int[(1 + a*x)/(x*Sqrt[a*x]*Sqrt[1 - a*x]),x]
[Out] (-2#Sqrt[1 - axx])/Sqrtla*x] - ArcSin[1 - 2xa*x]

Rule 16

Int[(u_)*(v_ )" (m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(bxv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*(e + f*x)~(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1)))/(fx(p + 1)*(c*xf - d*xe)), Int[(c + d*x)"nx(e + f*x)"(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] | !(IntegerQ[n] [ !(EqQle, 0] || !'(EqQ[c, 0] |l LtQlp, nl))))

Rule 53

Int[1/(8qrtl(a_) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Int[
1/Sqgrtla*xc - bx(a - c)*x - b™2*x"2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+d, 0] & GtQ[a + c, 0]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xc*((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4xa - b~2/c, 0]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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.f 1+ ax .f 1+ ax J
=q | ————dx
xyaxy1 - ax (ax)3/2\/1 - ax

f\/_ —ax
ZVF:EE J‘
\/m

Subst f % dx, x,a — 2ax
21 —ax -5
= ;
21 - ax

=- - sin_l(l — 2ax)

N7

Mathematica [A] time = 0.0239233, size = 53, normalized size = 1.83

2 (ax + ayx V1 — axsin™ (\/E\/E) —~ 1)
V-ax(ax = 1)

Antiderivative was successfully verified.

[In] Integrate[(1 + a*x)/(x*Sqrt[a*xx]*Sqrt[l - a*x]),x]

[Out] (2%(-1 + a*x + Sqrtlal*Sqrt[x]*Sqrt[l - a*x]*ArcSin[Sqrt[al*Sqrt[x]]))/Sqrt
[-(a*x*x (-1 + a*x))]

Maple [C] time = 0.016, size = 69, normalized size = 2.4

csgn (a) 2ax —1) 1 o - - 1 1
csgn (a) (arctan ( > \/W) xa —2+/—x (ax — 1) acsgn (a)) V-ax+1 Ny

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xx+1)/x/(a*xx)~(1/2)/(-a*xx+1)~(1/2),x)

[Out] (arctan(1/2+*csgn(a)*(2*xa*xx-1)/(-x*(axx-1)*a)~(1/2))*x*a-2*(-x*x(a*x-1)*a) (1
/2)*csgn(a))*(-a*x+1)~(1/2)*csgn(a)/(a*x) "~ (1/2) / (-x*(a*xx-1)*a) " (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x/(axx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [B] time = 1.31399, size = 111, normalized size = 3.83

2 (ax arctan (w) + axV-ax + 1)

ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x/(axx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -2x(a*xx*arctan(sqrt(a*x)*sqrt(-a*xx + 1)/(a*x)) + sqrt(a*x)*sqrt(-a*x + 1))/

(a*xx)

Sympy [C] time = 10.317, size = 71, normalized size = 2.45

—M for |ax| > 1 -24/-1+ L ofor L1
5 asin (\/Ea\/;) + 1ax lax|
ZoomIVEVY otherwise —2i\(1 - — otherwise

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*xx+1)/x/(a*x)**(1/2)/(-a*x+1)**(1/2),x)

[Out] a*Piecewise((-2*I*acosh(sqrt(a)*sqrt(x))/a, Abs(a*xx) > 1), (2xasin(sqrt(a)*
sqrt(x))/a, True)) + Piecewise((-2*sqrt(-1 + 1/(axx)), 1/Abs(axx) > 1), (-2

*Ixsqrt (1 - 1/(a*x)), True))

Giac [A] time = 2.97911, size = 59, normalized size = 2.03

— +

ax V—ax+1-1

V-ax+1-1 ax
\/_ + 2 arcsin (\/E)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x/(axx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -(sqrt(-axx + 1) - 1)/sqrt(a*x) + sqrt(a*x)/(sqrt(-a*x + 1) - 1) + 2xarcsin
(sqrt(a*x))
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1+ax
3.27 fx%/ﬁ — dx

Optimal. Leaf size=45

10a\/1 —ax Za\/1 —ax
3y/ax 3(ax)3?2

[Out] (-2*a*Sqrt[l - a*x])/(3*(a*x)~(3/2)) - (10*axSqrt[1l - a*xx])/(3*Sqrt[a*x])

Rubi [A] time = 0.0098901, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 26, e .

integrand size
0.115, Rules used = {16, 78, 37}

10a\/1 —ax Zu\/l —ax
3+/ax 3(ax)3?

Antiderivative was successfully verified.

[In] Int[(1 + ax*x)/(x"2*Sqrt[a*x]*Sqrt[1l - a*x]),x]
[Out] (-2*a*Sqrt[l - a*x])/(3*(a*x)~(3/2)) - (10*axSqrt[1l - a*xx])/(3*Sqrt[a*x])

Rule 16

Int[(u_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*(e + f*x)~(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1))/ (£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !(IntegerQ[n] [ !(EqQle, 0] || !'(EqQ[c, 0] |l LtQlp, nl))))

Rule 37

Int[(Ca_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[((a + b*x)"(m + D)*(c + d*x)"(n + 1))/ ((b*c - a*xd)*(m + 1)), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[m + n + 2, 0] && NeQ[m, -
1]

Rubi steps

f 1+ ax q 2f 1+ ax p
———dx=0? | ———dx
x2+JaxV1 - ax (ax)521 - ax
2aV1 - 1 1
SRR YR S N
3(ax)¥2 3 (ax)321 - ax
_ 2aVl-ax 10avl-ax
3(ax)3/2 3y/ax
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Mathematica [A] time = 0.012325, size = 29, normalized size = 0.64

_2\/—ax(ux —-1)(5ax +1)

3ax?

Antiderivative was successfully verified.

[In] Integrate[(1 + axx)/(x"2*Sqrt[a*x]*Sqrt[l - ax*x]),x]

[Out] (-2*Sqrt[-(a*x*(-1 + a*x))]*(1 + 5*xa*x))/(3*a*xx"2)

Maple [A] time = 0.003, size = 25, normalized size = 0.6

10ax +2
———V-ax+1—

3x \ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((axx+1)/x"2/(axx)~(1/2)/(-a*xx+1)~(1/2),x)

[Out] -2/3*%(5xaxx+1)/x/(a*x) "~ (1/2)*(—a*xx+1)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x72/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.45223, size = 69, normalized size = 1.53

2(5ax +1)\axV-ax +1

3ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x72/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -2/3%(6*a*xx + 1)*sqrt(a*x)*sqrt(-a*xx + 1)/(a*xx"2)

time = 8.86366, size = 107, normalized size = 2.38

1 1
T 1 danf-1+—  24/-1+— 1
-24-1+—= for—>1 - \/ = - \/ = for—>1
. o Jax] " 3 3x |ax|
1 iay/1- = J1-~
Y 1 : 4ig/1-— 2iy/1-—
2i4/1 p otherwise _ ax ax otherwise

3 3x

Sympy [C]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x**2/(a*xx)**(1/2)/(-axx+1)**(1/2) ,%)

[Out] a*Piecewise((-2*sqrt(-1 + 1/(a*x)), 1/Abs(a*x) > 1), (-2xIxsqrt(l - 1/(a*x)
), True)) + Piecewise((-4x*a*sqrt(-1 + 1/(a*x))/3 - 2xsqrt(-1 + 1/(a*x))/(3*

x), 1/Abs(a*x) > 1), (-4xIxaxsqrt(l - 1/(axx))/3 - 2xIxsqrt(l - 1/(a*x))/(3

*x), True))

Giac [B] time = 1.57237, size = 119, normalized size = 2.64

X

2+21u(\/—ax+1—1)2 ( )%

i by

az(\/—ax+1—1)3 Zlaz(\/—ax+1—1) “
+ —_

(ax)% Vax (\/—ax+1—1)3
12a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x72/(a*x)”~(1/2)/(-axx+1)~(1/2),x, algorithm="giac")

[Out] -1/12x(a"2*(sqrt(-a*x + 1) - 1)73/(a*x)~(3/2) + 21*a”2x(sqrt(-a*x + 1) - 1)
/sqrt(axx) - (a”2 + 21xax(sqrt(-a*x + 1) - 1)72/x)*(a*x)~(3/2)/(sqrt(-a*x +
1) - 1)73)/a
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1+ax
3.28 f N dx

Optimal. Leaf size=73

1221 —ax  6a*V1 —ax 2a°V1-ax

5y/ax © 5@x)¥2 5(ax)R2

[Out] (-2*a”2*Sqrt[1 - a*x])/(5x(a*xx)~(5/2)) - (6*%a~2xSqrt[1 - a*xx])/(5*x(a*xx)~(3/
2)) - (12*a~2xSqrt[1 - a*x])/(5*Sqrt[a*x])

Rubi [A] time = 0.0190258, antiderivative size = 73, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 26, e -

integrand size
0.154, Rules used = {16, 78, 45, 37}

12a2V1 —ax  6a’V1—ax 24%V1 - ax

5+/ax "~ 5@x)®2  5(ax)3?

Antiderivative was successfully verified.

[In] Int[(1 + a*x)/(x"3*Sqrt[a*xx]*Sqrt[l - a*xx]),x]

[Out] (-2*a~2*Sqrt[1 - axx])/(5*x(axx)~(5/2)) - (6%a~2*Sqrtl[1 - a*xx])/(5x(a*xx)~(3/
2)) - (12%a~2xSqrt[1 - a*x])/(5*Sqrt[axx])

Rule 16

Int[(u_D)*(w_ )" (m_.)*((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*(e + f*x)"(p + 1))/(
fx(p + 1)*(c*xf - d*xe)), x] - Dist[(a*xd*fx(n + p + 2) - bx(dxex(n + 1) + cxf
x(p + 1)))/(fx(p + 1)*(cxf - d*xe)), Int[(c + d*x)"n*x(e + f*x)~(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, £, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Int
egerQlp] || !(IntegerQ[nl || !(EqQle, 01 || !'(EqQlc, 0] || LtQlp, nl1))))

Rule 45

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*S
implify[m + n + 2])/((b*c - axd)*(m + 1)), Int[(a + bxx)~Simplify[m + 1]x(c
+ d*x)"n, xJ], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[b*c - a*xd, 0] && I
LtQ[Simplify[m + n + 2], 0] && NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] &&
(EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, O] &% IntegerQ[n]))) && (SumSimpler
Qlm, 1] | !SumSimplerQ[n, 1])

Rule 37

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[((a + b*x)"(m + D*(c + d*x)"(n + 1))/((bxc - axd)*(m + 1)), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] && NeQ[b*c - axd, 0] &% EqQ[m + n + 2, 0] && NeQ[m, -
1]
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Rubi steps

1+ ax 3 1+ ax

f— dx=a f— dx

x3+/axV1 - ax (ax)72\1 - ax

2021 —ax 1, , 1

2w Loy [ L

5(ax)>/2 5 (ax)21 - ax

20°\1 —ax  6a*V1-ax 1 ( 3)f 1
=— a

(ax)32

- + = —
5ax? 5@ 5 N
3 2a2\/1 —ax 6a2\/1 —ax 12112\/1 —ax
~ 5(ax)5? 5(ax)3/2 5+/ax

Mathematica [A] time = 0.0146271, size = 37, normalized size = 0.51

2+y/-ax(ax - 1) (6a2x2 + 3ax + 1)

5ax3

Antiderivative was successfully verified.

[In] Integrate[(1 + a*x)/(x"3*Sqrt[a*x]*Sqrt[1l - a*xx]),x]

[Out] (-2*Sqrt[-(a*xx*(-1 + a*x))]*(1 + 3*a*x + 6%a~2*x"2))/(5*xa*xx"3)

Maple [A] time = 0.004, size = 33, normalized size = 0.5

12a%x%2 + 6ax +2 1
- 5 V-ax +1—
5x ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xx+1)/x73/(a*xx)~(1/2)/(-a*xx+1)~(1/2) ,%)

[Out] -2/5*%(6*a”2xx"2+3*xaxx+1)/x72/(axx) ~(1/2)*(—axx+1) " (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x73/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.49853, size = 85, normalized size = 1.16

2 (6 a?x? + 3ax + 1)@\/—519( +1

5 ax3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x73/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -2/5%(6%a~2%x"2 + 3xaxx + 1)*sqrt(a*x)*sqrt(-axx + 1)/(axx"3)

Sympy [C] time = 12.7437, size = 189, normalized size = 2.59

2 1
_4a\/—1+— 2 1+E 1 16a 1I—1+— Su\/—1+— 2 1+E

1
for — >1 for — >1
a 3 3x o |ax]| + 15x 5x2 o |ax|
dio\1- = 2i\[1-— herwi 161{12‘/1—— 8111‘/1—— 21‘/1—— Ferwi
- - rwi
3 ™ otherwise 15 o) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*xx+1)/x**3/(a*x)**(1/2)/(-a*x+1)**x(1/2),x)

[Out] axPiecewise((-4*axsqrt(-1 + 1/(a*x))/3 - 2*sqrt(-1 + 1/(a*x))/(3*x), 1/Abs(
axx) > 1), (-4xIxaxsqrt(l - 1/(a*x))/3 - 2*I*sqrt(l - 1/(a*xx))/(3*x), True)

) + Piecewise((-16*a**2*sqrt(-1 + 1/(a*x))/15 - 8*axsqrt(-1 + 1/(a*x))/(15%

x) - 2*sqrt(-1 + 1/(a*x))/(5*x**2), 1/Abs(a*x) > 1), (-16*I*xa*x2xsqrt(l - 1
/(axx)) /15 - 8*xIxa*xsqrt(l - 1/(a*x))/(15%x) - 2*%Ixsqrt(l - 1/(a*xx))/(B*x**2

), True))

Giac [B] time = 1.8686, size = 176, normalized size = 2.41

3 15a2(\/—ax+1—1) 110a(\/ ax+1 1)

5
2

a3(\/—ax+1—1)5 L8 a3(\/—ux+1—1)3 N 1103 (V-ax+1-1) o X 2 "
(ux)g (ux)% Vax ( V_“x“_l)s
804

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x73/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -1/80*(a"3*(sqrt(-a*x + 1) - 1)75/(axx)~(5/2) + 16*%a"3*(sqrt(-a*x + 1) - 1)
~3/(a*x)~(3/2) + 110*%a~3*x(sqrt(-a*x + 1) - 1)/sqrt(axx) - (a”3 + 15*xa"2x*(sq
rt(-a*xx + 1) - 1)72/x + 110*a*(sqrt(-a*x + 1) - 1)74/x72)*(a*x)~(5/2)/(sqrt
(-axx + 1) - 1)75)/a
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1+ax
3.29 fﬁ«/ﬁ — dx

Optimal. Leaf size=97

208a°V1 —ax 104a°V1-ax 26a3V1-ax 2a3V1-ax

105+/ax ©105(ax)32  35(ax)%2  7(ax)’R

[Out] (-2*a”~3*Sqrt[1 - a*x])/(7*x(axx)~(7/2)) - (26%a~3*Sqrt[l - ax*x])/(35*(axx)~(
5/2)) - (104%a~3xSqrt[1 - a*x])/(105x(axx)~(3/2)) - (208*a~3*Sqrt[1 - ax*x])
/ (105%Sqrt [a*x])

Rubi [A] time = 0.0266511, antiderivative size = 97, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 26, number of rules_

integrand size
0.154, Rules used = {16, 78, 45, 37}

208a°V1 —ax 104a3V1-ax 26a°V1 -ax 2a3V1-ax

105+/ax O 105(ax)2  35(ax)PR? 7(ax)2

Antiderivative was successfully verified.

[In] Int[(1 + a*xx)/(x"4xSqrtl[axx]*Sqrt[l - a*x]),x]

[Out] (-2*a~3*Sqrtl[1 - a*xx])/(7*(a*x)~(7/2)) - (26*%a~3*Sqrt[1 - a*x])/(35*(a*x)~(
5/2)) - (104*a~3*Sqrt[1 - a*x])/(105%(a*x)~(3/2)) - (208*a~3xSqrt[l - a*x])
/ (105%Sqrt [a*x])

Rule 16

Int[Cu_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*xv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 78

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(a_)*((e_.) + (£_D*(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x)"(n + 1)*(e + fxx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(axdxfx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1))/ (£x(p + 1)*(cxf - d*e)), Int[(c + d*x)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, O] |l LtQlp, nl))))

Rule 45

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((bxc - axd)*(m + 1)), x] - Dist[(d*S
implify[m + n + 2])/((b*c - axd)*(m + 1)), Int[(a + b*x) Simplify[m + 1]*(c
+ d*x)"n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] && I
LtQ[Simplify[m + n + 2], 0] && NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] &&
(EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] &% IntegerQ[n]))) && (SumSimpler
Qm, 1] || !SumSimplerQ[n, 11)

Rule 37

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[((a + bxx)"(m + 1)*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] & NeQ[b*c - axd, 0] && EqQ[m + n + 2, 0] && NeQ[m, -
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1]

Rubi steps

f 1+ ax P 4 f 1+ ax
—  _dx=ua —_—aX
xtyaxV1 - ax (ax)921 - ax
24341 - 1 1
L aNm L [ 1,
(ax)"2A1 - ax

7(ax)7/2 7

2a3V1 —ax  26a%V1 - ax s 1 (52 4) f 1 p
- - — (52a —————dx
7(ax)”/2 35(ax)>/? 35 (ax)>24/1 — ax

2a3V1 —ax  26a°V1 —ax 104a3V1-ax 1 . 1
+ —(104a )f—dx
(ax)*241 - ax

7(ax)’2  35ax)5%2  105(ax)¥2 105

2a3V1 —ax  26a3V1 —ax 104a3V1 —ax 208a3V1 — ax

7@ 35(ax)P2  105(ax)*2  105vax

Mathematica [A] time = 0.0166348, size = 45, normalized size = 0.46

2+/-ax(ax — 1) (1O4a3x3 +52a%x? + 39ax + 15)

105ax4

Antiderivative was successfully verified.

[In] Integratel[(1 + a*x)/(x"4*Sqrtla*x]*Sqrt[l - a*xx]),x]

[Out] (-2*Sqrt[-(a*xx*x(-1 + a*xx))]*(15 + 39*a*xx + 52*a~2*x"2 + 104*a”~3%x"3))/(105%

axx~4)

Maple [A] time = 0.003, size = 41, normalized size = 0.4

208 a3x% + 104 a?x? + 78 ax + 30
- —ax +1—

10523 Vax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xx+1)/x"4/(a*xx)~(1/2)/(-a*x+1)~(1/2),x)

[Out] -2/105%(104*a~3%x"3+52%a " 2*x"2+39*axx+15) /x~3/(a*xx) " (1/2)* (—axx+1)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x"4/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError



144

Fricas [A] time = 1.44396, size = 111, normalized size = 1.14

2 (104 a3x3 + 52 a%x? + 39 ax + 15)@\/—% +1

105 ax*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x"4/(a*xx)~(1/2)/(-a*x+1)~(1/2),x, algorithm="fricas")

[Out] -2/105%(104*a"3*x"3 + 52xa~2xx"2 + 39%a*x + 15)*sqrt(a*x)*sqrt(-a*x + 1)/(a
*x"4)

Sympy [C] time = 18.8721, size = 274, normalized size = 2.82

16a ,/—1+— 811\/ T+ 2y-1+— 1 32a3,/—1+l 16a2\/—1+l 1211\/ 1+ 2,/—1+alx 1
4 15x 512 for ke 1 + 35x 3522 7x3 for o ]
161112\/1—_— 8141\/1—_— 2i 1—— . 321(13\/1—_— 161112\/1—_— 12111\/1—_— 21\/1—_l .
5 52 otherwise T e 73 = otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x**4/(axx)**x(1/2)/(-axx+1)**(1/2) ,%)

[Out] a*Piecewise((-16%a*x2xsqrt(-1 + 1/(a*x))/15 - 8xaxsqrt(-1 + 1/(a*x))/(15%x)
- 2ksqrt (-1 + 1/(a*xx))/(5*x**2), 1/Abs(a*x) > 1), (-16*I*xa*x2xsqrt(l - 1/(
axx))/15 - 8*Ixaxsqrt(l - 1/(a*xx))/(15%x) - 2*Ixsqrt(l - 1/(a*x))/(5*x*x*2),
True)) + Piecewise((-32xa**3*sqrt(-1 + 1/(a*x))/35 - 16xa**2*sqrt(-1 + 1/(
axx))/(35%x) - 12*a*xsqrt(-1 + 1/(axx))/(35*x**2) - 2*sqrt(-1 + 1/(a*x))/(7*
x*x*3), 1/Abs(a*x) > 1), (-32xIxa**3*sqrt(l - 1/(a*x))/35 - 16*I*xax*2*xsqrt (1l

- 1/(a*x))/(35%x) - 12*I*axsqrt(1l - 1/(a*x))/(35*x**2) - 2*I*sqrt(l - 1/(a
*xx))/ (7T*x**3), True))

Giac [B] time = 2.89268, size = 236, normalized size = 2.43

231 u3(\/—ux+l—1)2 1435 uz(\/—ux+l—1)4 7875 a(N=-a

7 5 3 154+ + +
1504(V-ax+1-1)°  231a*(V-ax+1-1) 1435 a4 (V-ax+1-1) 7875 a*(V-ax+1-1) x x2 3
+ + + -
7 5 3 7
(ax)2 (ax)2 (ax)2 ver (V-ax+1-1)

6720 a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x"4/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -1/6720%(15%a~4*(sqrt(-a*x + 1) - 1)77/(axx)~(7/2) + 231xa~4x(sqrt(-a*x + 1
) - 1)75/(a*x)~(5/2) + 1435*%a~4x(sqrt(-a*x + 1) - 1)73/(a*x)~(3/2) + 7875%a
“4x(sqrt(-a*xx + 1) - 1)/sqrt(axx) - (16%a™4 + 231%a”3x(sqrt(-a*x + 1) - 1)~

2/x + 1435%a"2*x(sqrt(-a*x + 1) - 1)74/x72 + 787b*ax(sqrt(-a*xx + 1) - 1)76/x
“3)x(axx) " (7/2)/(sqrt(-a*x + 1) - 1)77)/a
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1+ax
3.30 | T dx

Optimal. Leaf size=121

5440*V1 —ax  272a*V1 -ax  68a*V1-ax 34a*V1-ax 2a*V1-ax

315yax  315(@0)¥  105(ax)52  63(ax)’2  9(ax)?2

[Out] (-2*a~4xSqrt[1 - a*x])/(9*%(a*x)~(9/2)) - (34*xa~4*xSqrt[l - ax*x])/(63*(axx)~(
7/2)) - (68*a~4xSqrt[1 - a*x])/(105x(a*x)~(5/2)) - (272*a~4*Sqrt[1 - a*xx])/
(315%(a*xx)~(3/2)) - (544xa~4xSqrt[1 - a*xx])/(315%Sqrt[a*x])

Rubi [A] time = 0.0384211, antiderivative size = 121, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 6, number of rules used = 4, integrand size = 26, fomoer o e

= 0.154, Rules used = {16, 78, 45, 37}
5440%\V1 —ax  272a*V1 —ax 68a*V1—ax 34a*V1-ax 2a*V1-ax

315yax 3150 105(ax)®?  63(ax)2  9(ax)’?

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + a*x)/(x"5*Sqrt[a*xx]*Sqrt[l - a*x]),x]

[Out] (-2*a~4*Sqrt[1 - axx])/(9*(a*x)~(9/2)) - (34*a~4*Sqrt[1 - ax*x])/(63*(a*x) (
7/2)) - (68*a~4xSqrt[1 - a*x])/(105x(a*x)~(5/2)) - (272*a~4*Sqrt[1 - a*x])/
(315%(a*x)~(3/2)) - (544*a~4*Sqrt[1 - axx])/(315*Sqrt[a*x])

Rule 16

Int[Cu_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(b*xv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 78

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(a_)*((e_.) + (£_D*(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x)"(n + 1)*(e + fxx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xdxfx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1)))/(£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !(IntegerQ[n] [l !(EqQle, 0] || !(EqQlc, O] |l LtQlp, nl))))

Rule 45

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((bxc - axd)*(m + 1)), x] - Dist[(d*S
implify[m + n + 2])/((b*c - axd)*(m + 1)), Int[(a + b*x) Simplify[m + 1]*(c
+ d*x)°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] && I
LtQ[Simplify[m + n + 2], 0] && NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] &&
(EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] &% IntegerQ[n]))) && (SumSimpler
Qm, 1] || !SumSimplerQ[n, 11)

Rule 37

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[((a + bxx)"(m + 1)*(c + d*x)"(n + 1))/((b*c - axd)*(m + 1)), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[m + n + 2, 0] && NeQ[m, -



146
1]

Rubi steps

1+ax 5 1+ ax
f —————dx=a f ——dx
xS/Jax\1 - ax (ax)1124/1 — ax
2a*V1 - 1 1
MV L [,
9(ax)?2 9 (ax)24/1 - ax
20*V1 —ax  34a*Vl-ax 1, 1
=- +—(34a)f—dx
(ax)72/1 — ax

9ax)°2  63(ax)’2 21

20%V1 —ax  34a*V1-ax 68a*Vl-ax 1 1

= - - - — (1362° f — 4
9(ax)’/2 63(ax)”/? 105(ax)>2 " 105 ( g ) (ax)52/1 - ax *
2a*V1 —ax  34a*V1-ax 68a*Vl-ax 272a*V1-ax . 1 (272 5) f 1
= — — — — - a -
9(ax)’/2 63(ax)”/2 105(ax)>2 315(ax)32 315 (ax)¥2\1 - ax

_ 20%V1 —ax  34a*V1 -ax 68a*V1-ax 272a*V1-ax 544a*V1 - ax

9@x)’2  63(ax)’2  105(ax)P2  315(ax)¥2  3154/ax

Mathematica [A] time = 0.0185621, size = 53, normalized size = 0.44

2v=ax(ax 1) (272a*x* + 136a%> + 102a2x? + 85ax + 35)
- 315ax>

Antiderivative was successfully verified.

[In] Integrate[(1 + a*x)/(x"5*Sqrtl[a*x]*Sqrt[l - axx]),x]

[Out] (-2*Sqrt[-(a*xx*x(-1 + a*xx))]*(35 + 8b*axx + 102*a”2%x"2 + 136%a”3*x"3 + 272x%
a~4*x"4))/(315%a*x"5)

Maple [A] time = 0.005, size = 49, normalized size = 0.4

544 a*x* + 272 a3x3 + 204 a?x% + 170 ax + 70
- —ax +1—

315 x4 Vax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xx+1)/x"5/(a*xx)~(1/2)/(-a*x+1)"(1/2),x)

[Out] -2/315%(272*a”4*x~4+136*a”3*x"3+102*%a~2*x"2+85*a*xx+35) /x~4/ (axx) ~(1/2) * (—ax
x+1)7(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x75/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [A] time = 1.40138, size = 131, normalized size = 1.08

2 (272 a*x* +136 x> + 102 a®x? + 85 ax + 35)\/Ex/—ax +1
315 ax®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*xx+1)/x75/(a*x)~(1/2)/(-a*xx+1)~(1/2),x, algorithm="fricas")

[Out] -2/3156%(272%a"4*x"4 + 136%a”3*x"3 + 102%a”2%x"2 + 8b5*axx + 35)*sqrt(a*x)*sq
rt(-a*x + 1)/(a*x”5)

Sympy [C] time = 29.9426, size = 359, normalized size = 2.97

32a3,/—1+i 2./—1+i 1211\/ 1+ 2 “1+4 1 25604 -1+~ 128a3-1+~  32a2(-1+~ 1
ax _ HX_ ﬂX_ ax_

for — >1

a 35x2 7x3 |ax]| + 315 315x 105x2
32m3,/1—— 16m2,/1—— 121a,/1—— 2i 1—— b 256za4,/1—— 1281113,/1—— 321112,/1—— 161a
therwi
35x 35x2 7x3 o s€ 315 315x 105x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x**5/(a*xx)**(1/2)/(—axx+1)**(1/2) ,%)

[Out] a*Piecewise((-32xax*3*sqrt(-1 + 1/(a*xx))/35 - 16%a**2xsqrt(-1 + 1/(a*x))/(3
5*x) - 12%a*xsqrt(-1 + 1/(a*x))/(35*x**2) - 2xsqrt(-1 + 1/(a*xx))/(7T*x**3), 1
/Abs(a*xx) > 1), (-32xIxa*x*3*xsqrt(l - 1/(a*x))/35 - 16xI*a*x*2xsqrt(l - 1/(ax*
x))/(36%x) - 12xIxaxsqrt(l - 1/(a*x))/(35xx*x2) - 2xI*xsqrt(l - 1/(axx))/(7*
x*x*3), True)) + Piecewise((-256%ax*4*xsqrt(-1 + 1/(a*xx))/315 - 128*xa**3*sqrt
(-1 + 1/(a*x))/(316xx) - 32*xax*2xsqrt(-1 + 1/(a*x))/(105xx**2) - 16*a*xsqrt(
-1 + 1/(a*x))/(63*x**3) - 2*sqrt(-1 + 1/(a*x))/(9*x**4), 1/Abs(a*x) > 1), (
-266%I*a*x*4*xsqrt (1 - 1/(a*x)) /315 - 128*I*ax*3xsqrt(l - 1/(a*xx))/(315xx) -
32xIxa*xx2*xsqrt (1 - 1/(a*x))/(105*x**2) - 16*I*xaxsqrt(l - 1/(a*xx))/(63*x**3)
- 2xI*xsqrt(1 - 1/(a*x))/(9*x**4), True))

Giac [B] time = 2.92981, size = 293, normalized size = 2.42

2
585 a*(V=ax+1-1)
5
35a°+ -

35a5(\/—ux+1—1)9 N 585u5(\/—ax+1—1)7 N 4032a5(\/—ax+1—1)5 N 1764Oa5(\/—11x+1—1)3 N 83790 a°(V-ax+1-1)
= -

80640 a

(ax)2 (ax)2 (ax)2 (ax)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axx+1)/x75/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

[Out] -1/80640*(35*%a~5x(sqrt(-a*x + 1) - 1)79/(a*x)~(9/2) + 585*a~bx(sqrt(-a*x +
1) - 1)77/(axx)~(7/2) + 4032*xa~5x(sqrt(-a*x + 1) - 1)75/(axx)~(56/2) + 17640
*a~bx(sqrt(-a*xx + 1) - 1)73/(a*x)~(3/2) + 83790*a~b*(sqrt(-a*x + 1) - 1)/sq
rt(axx) - (35%a”5 + 586*xa~4x(sqrt(-a*xx + 1) - 1)72/x + 4032%a"3*(sqrt(-a*x

+ 1) - 1)74/x72 + 17640*%a"2*(sqrt(-a*x + 1) - 1)76/x73 + 83790*ax(sqrt(-a*x

+ 1) - 1)78/x74)*(a*xx)~(9/2)/(sqrt(-a*xx + 1) - 1)79)/a
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3.31 12y

\/ —1+xx2\/1+x
Optimal. Leaf size=39

2atan™! (\/m\/m) B @

[Out] -((Sqrt[-1 + x]*Sqrt[l + x])/x) + 2%axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

Rubi [A] time = 0.0074949, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 24, LT

integrand size
0.167, Rules used = {151, 12, 92, 203}

2atan! (\/m\/m) B @

Antiderivative was successfully verified.

[In] Int[(-1 + 2*xa*x)/(Sqrt[-1 + xI*x"2*Sqrt[1 + x]),x]
[Out] -((Sqrt[-1 + x]*Sqrt[l + x])/x) + 2*axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

Rule 151

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)T (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x) (m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),

x] + Dist[1/((m + 1)*(b*c - a*d)*(bxe - axf)), Int[(a + b*x) " (m + 1)*(c + d
*x) "nx(e + fxx) pxSimp[(axd*xfxg - bkx(d*e + cxf)*g + bxckxexh)*(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - d*f*x(b*g - axh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
er(Q [m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*x(x_)]1*x((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*x(bxe - axf)~2 + b*f~2%x72), x],
x, Sqrtla + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
2%bxdxe - fx(b*c + axd), 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 || GtQ[b, 01)

Rubi steps
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f -1+ 2ax dx__\/—1+x\/1+x+f 2a i
V=1 + xx2V1 + x x V-1+xxV1+x

V-1+xV1l+x 1
=+ (2a)f dx
X V-1 +xxvV1+x
v-1 V1 1
=—¥+(2a)8ubst (f1+x2 dx,x, V-1 +x\/1+x)

V-1 V1
= —# +2atan”! (V—l +xV1 + x)

Mathematica [A] time = 0.0147942, size = 48, normalized size = 1.23

2aVx2 —1xtan™t (Vx2 - 1) —x2+1
Vx —1xvx +1

Antiderivative was successfully verified.

[In] Integrate[(-1 + 2*a*x)/(Sqrt[-1 + x]*x"2*Sqrt[1l + x1),x]

[Out] (1 - x72 + 2*a*xx*Sqrt[-1 + x"2]*ArcTan[Sqrt[-1 + x72]])/(Sqrt[-1 + x]*x*Sqr
t[1 + x])

Maple [A] time = 0.015, size = 44, normalized size = 1.1

1

Vaz -1

Verification of antiderivative is not currently implemented for this CAS.

1
- (—2 ax arctan (
X

)—\/xz—l)\/—1+x\/1+x —

[In] int((2*a*x-1)/x"2/(-1+x)~(1/2)/(1+x)~(1/2),x%)

[Out] (-2*axx*arctan(1/(x"2-1)"(1/2))-(x"2-1)"(1/2))*(-1+x)~(1/2)*(1+x)~(1/2) /x/(
x"2-1)7(1/2)

Maxima [A] time = 3.18987, size = 28, normalized size = 0.72

(1 x2 -1
—2garcsin| — | -
|| x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xa*x-1)/x72/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="maxima"

[Out] -2*axarcsin(1/abs(x)) - sqrt(x"2 - 1)/x

Fricas [A] time = 1.3243, size = 104, normalized size = 2.67

4axarctan(\/x+1\/x—1—x)—\/x+1\/x—1—x

X




150

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xa*x-1)/x"2/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="fricas")

[Out] (4*xaxx*arctan(sqrt(x + 1)*sqrt(x - 1) - x) - sqrt(x + Dx*sqrt(x - 1) - x)/x

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xa*x-1)/x*x2/(-1+x)*x(1/2)/(1+x)**(1/2) ,%)

[Out] Exception raised: ValueError

Giac [A] time = 1.86463, size = 58, normalized size = 1.49

—4garctan (% (m - \/H)z) -

8

(Ver1-vi-1) +4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xa*x-1)/x72/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="giac")

[Out] -4*axarctan(1/2x(sqrt(x + 1) - sqrt(x - 1))72) - 8/((sqrt(x + 1) - sqrt(x -
1))74 + 4)
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a?x?—(1-ax)?
‘V—1+xxzvﬁ+x
Optimal. Leaf size=39

3.32 dx

2atan”! (\/m\/m) B @

[Out] -((Sqrt[-1 + x]*Sqrt[l + x])/x) + 2*axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

Rubi [A] time = 0.0114988, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 36, e

0.139, Rules used = {188, 151, 12, 92, 203}

integrand size

2atan”! (\/m\/m) B @

Antiderivative was successfully verified.

[In] Int[(a"2%x72 - (1 - axx)~2)/(Sqrt[-1 + x]*x"2*Sqrt[1 + x]),x]
[Out] -((Sqrt[-1 + x]*Sqrt[l + x])/x) + 2*axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

Rule 188

Int[(u_) " (m_.)*(v )" (n_.)*(w_)"(p_.)*(z_)"(q_.), x_Symbol] :> Int[ExpandToS
um[u, x] m*ExpandToSum[v, x] n*ExpandToSum[w, x] p*ExpandToSum[z, x]~q, x]
/; FreeQ[{m, n, p, q}, x] &% LinearQ[{u, v, w, z}, x] && !'LinearMatchQ[{u,
v, w, z}, xJ

Rule 151

Int[((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) (m +

D*(c + d*xx)"(n + D)*x(e + £*x)"(p + 1))/ ((m + 1)x(bxc - axd)*(bxe - a*xf)),
x] + Dist[1/((m + 1)*(b*c - axd)*(b*e - axf)), Int[(a + b*x)"(m + 1)*x(c + d
*x) "n* (e + f*x) p*Simp[(a*xdxf*g - b*x(d*e + c*xf)*g + bxckxexh)*x(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*x(p + 1)) - d*fx(bxg - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
erQ[m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*(bxe - axf)~2 + b*f~2xx72), x],
x, Sqrtla + bxx]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[
2*xbxdxe - fx(b*c + axd), 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 Il GtQlb, 0])

Rubi steps

f -(1- ax)2 _ f -1 + 2ax
V-1 + xx24/1 +x V-1 + xx24/1 +x

\/m\/m f
\/—1—+xx\/1Tx
——mm +a) [ dx
x mm/m

V-1 +xvV1 1

= —# + (2a) Subst (fmdx,x,\/—l + V1 + x)
V-1+xvV1

= —# +2atan™! (V—l +xV1 + x)

Mathematica [A] time = 0.0058114, size = 48, normalized size = 1.23

2aVx2 —1xtan™t (sz - 1) —x2+1
Vx —1xvx +1

Antiderivative was successfully verified.

[In] Integrate[(a™2*x"2 - (1 - a*x)~2)/(Sqrt[-1 + x]*x"~2*Sqrt[1 + x]),x]

[Out] (1 - x72 + 2%axx*Sqrt[-1 + x"2]*ArcTan[Sqrt[-1 + x72]])/(Sqrt[-1 + x]*x*Sqr
t[1 + x])

Maple [A] time = 0.004, size = 44, normalized size = 1.1

1
- (—2 ax arctan (
X

\/xz——) Va2 - )\/—1+x\/1+x

x2 -1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a"2*x"2-(-a*x+1)"2)/x"2/(-1+x)"(1/2)/(1+x)~(1/2) ,x)

[Out] (-2*axx*arctan(1l/(x"2-1)"(1/2))-(x"2-1)"(1/2))*(-1+x)~(1/2)*(1+x)~(1/2)/x/(
x"2-1)"(1/2)

Maxima [A] time = 1.76616, size = 28, normalized size = 0.72

x2 -1

X

1
—2aarcsin (—) -
|x|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a”2*x~2-(-axx+1)72)/x72/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="m
axima")
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[Out] -2*axarcsin(1/abs(x)) - sqrt(x”2 - 1)/x

Fricas [A] time = 1.32775, size = 104, normalized size = 2.67

4axarctan(\/x+1\/x—1—x)—Vx+1\/x—1—x
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a”2*x"2-(-axx+1)72)/x72/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="f

ricas")

[Out] (4*xaxx*arctan(sqrt(x + 1)*sqrt(x - 1) - x) - sqrt(x + D) *sqrt(x - 1) - x)/x

Sympy [F] time = 0., size = 0, normalized size = 0.

2ax -1

dx
2yVx-1vVx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a**2*x*x2-(-a*xx+1)**2)/x**2/(-1+x)*x(1/2)/(1+x)**(1/2) ,x)

[Out] Integral((2xa*x - 1)/(x**2*sqrt(x - 1)*sqrt(x + 1)), x)

Giac [A] time = 2.33417, size = 58, normalized size = 1.49

—4garctan (% («/ﬁ - \/H)Z) - (

8

VirT-vx-1) +4

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a”2*x"2-(-axx+1)72)/x72/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="g

iac")

[Out] -4xaxarctan(1/2*(sqrt(x + 1) - sqrt(x - 1))72) - 8/((sqrt(x + 1) - sqrt(x -
1))74 + 4)
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A+Bx dx
e \/C+ b(=1+c)x \/e+ b(-1+e)x
a a

Optimal. Leaf size=145

3.33

2+/a(aBe + A(b - be))EllipticF (sim_1 (m\/ﬁﬁbx) , E) 2a°2BE (sin_1 (mﬁﬁbx) IE)

b2V1 —c(1-e) b2V1 —c(1 -e)

[Out] (-2*a~(3/2)*B*EllipticE[ArcSin[(Sqrt[1 - c]*Sqrtla + b*x])/Sqrtlal]l, (1 - e
)/ (1 - c)])/(b™2%Sqrt[1 - c]*(1 - e)) + (2*Sqrtl[al*(a*Bxe + Ax(b - bxe))*El
lipticF[ArcSin[(Sqrt[1 - cl*Sqrtla + b*x])/Sqrtlal]l, (1 - e)/(1 - c)]1)/(b"2
*Sqrt[1 - cl*(1 - e))

Rubi [A] time = 0.108071, antiderivative size = 145, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 45, e .

integrand size
0.067, Rules used = {158, 113, 119}

2a(aBe + A - be))F (sin” (ﬂ}@) =) 2u92pE (s («/EJ/_M) =)

I —c(1- o) - I —c(1- o)

Antiderivative was successfully verified.

[In] Int[(A + B*x)/(Sqrtl[a + b*x]*Sqrtlc + (b*(-1 + c)*x)/al*Sqrtle + (bx(-1 + e
)xx)/al) ,x]

[Out] (-2*a”~(3/2)*B*EllipticE[ArcSin[(Sqrt[l - c]*Sqrtla + bxx])/Sqrtlal]l, (1 - e
)/ (1 - c)])/(b~2+Sqrt[1 - cl*(1 - e)) + (2xSqrtl[al*(a*xBxe + Ax(b - bxe))*El
lipticF[ArcSin[(Sqrt[1 - c]*Sqrtla + b*x])/Sqrtlal]l, (1 - e)/(1 - ¢)1)/(b"2
*Sqrt[1 - cl*(1 - e))

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bkxx] /Rt [-((bxc - axd)/d), 211, (f*x(b*xc - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + dxx, a + b*x] && GtQ[-

(a/(b*xc - a*d)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*xc - ax*d)/b, 0])

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*x(bxe - a*f))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx*
x] && GtQ[(dxe - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
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bxx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQle + f*x,
a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/D)1))

Rubi steps

b( 1+€)1c
B) [
f A+ Bx Varbx e+ 2K +C)x

1
dx = — +(A_ )Jﬂ
R e o bobeld Voo TR

) s e (T

3/2 s -1
:_211 BE(sm ( 7 - . 7

b2V1 -c(1-e) bVl -c

Mathematica [C] time = 1.44704, size = 309, normalized size = 2.13

JTl]cl

— L el
i(e— 1)\/ arbx - \/qubfxl (ch+A(b—bc))EllipticF[isinh [W

_ e-1
|2 3/2 ]_ [2 (. |
2 c-1 (ﬂ + bx) Va+bx B c-1 (a+bx tc 1) (a+bx te 1)

”W@‘4)Jminx+0JMli+

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/(Sqrtla + b*x]*Sqrtlc + (b*x(-1 + c)*x)/al*Sqrtle + (b*(
-1 + e)*x)/al),x]

[Out] (-2*Sqrtla/(-1 + c)]*(a + b*x)~(3/2)*x(-(BxSqrt[a/(-1 + c)]1*(-1 + ¢ + a/(a +
b*x))*(-1 + e + a/(a + b*x))) - (I*a*Bx(-1 + e)*Sqrt[(-1 + c + a/(a + bxx)

)/ (-1 + c)]*Sqrt[(-1 + e + a/(a + b*x))/(-1 + e)]*EllipticE[I*ArcSinh[Sqrt[

a/(-1 + c)1/Sqrtla + b*x]], (-1 + ¢)/(-1 + e)])/Sqrtla + b*x] + (Ix(axBxc +

Ax(b - bxc))*(-1 + e)*Sqrt[(-1 + ¢ + a/(a + bxx))/(-1 + c)]*Sqrt[(-1 + e +

a/(a + b*x))/(-1 + e)]*EllipticF[I*ArcSinh[Sqrt[a/(-1 + c)]/Sqrt[a + b*x]]

, (-1 +¢c)/(-1 + e)])/Sqrtla + bxx]))/(a*b™2%(-1 + e)*Sqrtlc + (bx(-1 + c)*
x)/al*Sqrtle + (b*(-1 + e)*x)/al)

Maple [B] time = 0.047, size = 624, normalized size = 4.3

1+o)(b b = 1
ABlliptick | |- i bexrac=b0 | c=e | o apiption | |-G
a(c—e) -1+e

Verification of antiderivative is not currently implemented for this CAS.

a

-2
Vbx +a (-1 +e) (c—1)* b2

[In] int((B*x+A)/(b*x+a)~(1/2)/(c+b*x(c-1)*x/a)~(1/2)/(e+b*(-1+e)*x/a)~(1/2) ,x)

[Out] -2%x(A*EllipticF((-(-1+e)*(b*c*x+a*xc-b*x)/a/(c-e))~(1/2),(-(c-e)/(-1+e))~(1/
2) ) *b*c"2-A*E11lipticF ((-(-1+e)* (bxc*x+axc-b*x)/a/(c-e))~(1/2),(-(c-e)/(-1+e
))~(1/2)) *b*cxe-B*E11lipticF ((-(-1+e)* (bxc*x+a*xc-b*x)/a/(c-e))~(1/2),(-(c-e)
/(=1+e))~(1/2))*a*xc”2+B*EllipticF ((-(-1+e)* (b*c*x+axc-b*x)/a/(c-e))~(1/2),(
-(c-e)/(-1+e))~(1/2) ) *a*xc*e-A*E11lipticF ((-(-1+e)* (bxc*x+a*xc-b*x)/a/(c-e))~(
1/2),(-(c-e)/(-1+e) )~ (1/2) ) *b*c+A*E1llipticF ((-(-1+e)* (b*c*x+axc-b*x)/a/(c-e
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))"(1/2), (=(c-e)/(-1+e))~(1/2)) *bxe+B*E1lipticF ((-(-1+e) * (bxckx+a*c-b*x) /a/
(c-e))~(1/2),(-(c-e)/(-1+e)) "~ (1/2) ) *axc-BxE1lipticF ((-(-1+e) * (bxc*x+a*c-b*x
)/a/(c-e))~(1/2),(-(c-e)/(-1+e))~(1/2))*xa*xe-B*xE1llipticE((-(-1+e) * (b*c*xx+a*c
-b*x)/a/(c-e))~(1/2),(-(c-e)/(-1+e))~(1/2) ) *a*xc+B*xE1lipticE( (- (-1+e) * (b*c*x
+axc-b*x)/a/(c-e))~(1/2),(-(c-e) /(-1+e)) " (1/2) ) *a*xe)* ((c-1) * (b*e*x+a*e-b*x)
/a/(c-e))~(1/2) % (- (b*xx+a)*(c-1) /a) " (1/2) * (- (-1+e) * (b*c*x+a*xc-b*x) /a/(c-e) )~
(1/2) *a/ (bxx+a) ~(1/2) / ((b*ckxx+a*xc-b*x) /a) = (1/2) / ((b*exx+akxe-b*x)/a)~(1/2)/(
-1+e)/(c-1)"2/b"2

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx+ A
f b(c-1 b(e-1 ax
Vot a1 o R
a a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(c+b*x(-1+c)*x/a)~(1/2)/(etb*x(-1+e)*x/a)~(1/
2) ,x, algorithm="maxima")

[Out] integrate((B*x + A)/(sqrt(bxx + a)xsqrt(b*(c - 1)*x/a + c)*sqrt(b*(e - 1)*x
/a + e)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(BQZX + Aaz)\/bx + a\/ ”C+(l:_h)x \/ ”€+(f:’—b)x

asce — (b3c -3 - (b3c - b3)e)x3 - (2 ab%c — ab? — (3 ab%c -2 abz)e)xz - (azbc - (3 a%bc — azb)e)xl g

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(c+b*x(-1+c)*x/a)~(1/2)/(etb*x(-1+e)*x/a)~(1/
2),x, algorithm="fricas")

[Out] integral((Bxa~2*xx + Axa~2)*sqrt(b*x + a)*sqrt((axc + (b*c - b)*x)/a)*sqrt ((
axe + (b*e - b)*x)/a)/(a"3xcxe - (b"3*%c - b™3 - (b™3*c - b~3)*e)*x~3 - (2*a
*b72xc - axb”2 - (3*axb”2xc - 2*ax*b"2)*e)*x”2 - (a"2xb*c - (3*xa"2b*c - a~2

*b) *xe)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bkx+a)**(1/2)/(c+bx(-1+c)*x/a)**(1/2)/(e+b*(-1+e)*x/a)**
(1/2),%)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

Bx+ A
f b(c-1 b(e-1 ax
\/bx+a\/u +c\/M +e
a a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(c+b*(-1+c)*x/a)~(1/2)/(e+b*(-1+e)*x/a)~(1/
2) ,x, algorithm="giac")

[Out] integrate((B*xx + A)/(sqrt(b*x + a)*sqrt(bx(c - 1)*x/a + c)*sqrt(b*(e - 1)*x
/a + e)), x)
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A+Bx

dx
b(-1+e)x
Va+bec+dxﬂe+——7;——

Optimal. Leaf size=221

3.34

D(CHAX) yye . . -1 [ V1—eVa+bx ad b(c+dx) 1 . -1 (Vda+bx
2\a(aBe + A(b - be))y X ElhptlcF(sm ( - ),— (1_6)(bc_ad)) 2aBlad - bey| 2 dE(m ( M)|_

b2(1 — e)*2+/c + dx b2Vd(1 - e)Ve + dx

[Out] (-2*a*B*Sqrt[-(b*c) + a*d]*Sqrt[(bx(c + d*x))/(b*c - axd)]*EllipticE[ArcSin
[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + a*xd]], -(((b*c - a*d)*(1 - e))/(axd)
)1)/(b72%Sqrt [d]l*(1 - e)*Sqrtlc + d*x]) + (2+Sqrtl[al*(axB*xe + Ax(b - bx*e))*

Sqrt [(bx(c + d*x))/(b*c - axd)]*EllipticF[ArcSin[(Sqrt[1 - el*Sqrtla + b*x]
)/Sqrtlall, -((axd)/((bxc - axd)*x(1 - e)))])/(b™2x(1 - e)~(3/2)*Sqrtc + d*

x])

Rubi [A] time = 0.199431, antiderivative size = 221, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 39, e e =

integrand size
0.128, Rules used = {158, 114, 113, 121, 119}

b(c+dx) .1 [ V1-eVa+bx ad b(c+dx) .1 VdVa+bx (be-ad)(1
2\/a(aBe + A(b - be)) bc_adF(sm ( - )|— (bc_ad)(l_e)) 2aBad - be bc_adE(sm ( m)|— il

b2(1 — e)*2+/c + dx b2d(1 - e)Ve + dx

Antiderivative was successfully verified.

[In] Int[(A + B*x)/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrtle + (bx(-1 + e)*x)/al),x]

[Out] (-2*a*BxSqrt[-(b*c) + a*xd]*Sqrt[(bx(c + d*x))/(b*c - a*d)]*EllipticE[ArcSin
[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(bxc) + axd]], -(((b*c - a*d)*(1 - e))/(axd)
)1)/(0b72%Sqrt [d]*(1 - e)*Sqrtlc + d*x]) + (2*Sqrtl[al*(axB*xe + Ax(b - bx*e))*

Sqrt [(bx(c + d*x))/(b*c - axd)]*EllipticF[ArcSin[(Sqrt[1 - el*Sqrtla + b*x]
)/Sqrtlal]l, -((axd)/((bxc - axd)*x(1 - e)))])/(b™2x(1 - e)~(3/2)*Sqrtc + d*

x])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ! (GtQ[b/(b*c - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x )]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))1)/b, x] /;
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FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - axd)), 0] && GtQ[d/(dxe - c*xf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*d)/bl)], (f*x(bxc - axd))/(d*(bxe - axf))])/(b*xSqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - a*f)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + b*
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQ[e + fx*x,
a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)] 11 PosQ[-(£/b)]1))

Rubi steps
A b(-1+e)x
RN - = LN P S
u+bx\/c+dx,/e+@ b —e) b—be u+bx\/c+dx,/e+@
A+ aBe. ) b(c+dx)) 1 dx (aB [b(c+dx) /e+ b(-
_ (( b-be bc—ad f m \/bfadwfﬁd \/e+ b(—1a+e)x B bc—ad
Ve +dx
b(1 —e)
- b(c+dx) . \/E\/a+bx) B (bc—ad)(l—e)) |
_ _2aB\/ be + ady|——E (sm (m | — X 2+/a(aBe + A(b

b2d(1 - e)Ve + dx

Mathematica [C] time = 2.17453, size = 312, normalized size = 1.41

a a a
et 5 b(eHd) g e o o<1 NVemT | e=D(be-ad) N
id B (aBe+A(b-be)) d(a+bx)Elllpt1cF[z sinh [—m e bB \/g(ﬁ_ i) (ae+b(e-1)x) iaBd =

A 3/2
2. [ o1 (Ll + bx) et bx (a+bx)?

ab?dvc + dx,/@ +e

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/(Sqrtla + b*x]*Sqrtl[c + d*x]*Sqrtl[e + (b*(-1 + e)x*x)/al
) ,x]

[Out] (-2*Sqrt[a/(-1 + e)]*(a + b*xx)~(3/2)*(-((b*BxSqrt[a/(-1 + e)]*(c + d*x)*(ax
e + bx(-1 + e)*x))/(a + b*x)"2) - (I*a*Bxd*Sqrt[(b*(c + d*x))/(d*(a + b*x))
1xSqrt[(-1 + e + a/(a + b*x))/(-1 + e)]*EllipticE[I*ArcSinh[Sqrt([a/(-1 + e)
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1/8qrtla + b*x]], ((b*c - a*d)*(-1 + e))/(axd)])/Sqrtla + bxx] + (I*d*(axBx*
e + Ax(b - bxe))*Sqrt[(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(-1 + e + a/(a + bx
x))/(-1 + e)]*EllipticF[I*ArcSinh[Sqrt[a/(-1 + e)]/Sqrtla + b*x]], ((bxc -
axd)*(-1 + e))/(axd)])/Sqrtla + bxx]))/(a*b”2*d*Sqrt[c + d*x]*Sqrtle + (b*(
-1 + e)*x)/al)

Maple [B] time = 0.039, size = 940, normalized size = 4.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((B*x+A)/(b*x+a)”~(1/2)/(d*x+c)”~(1/2)/(e+b*x(-1+e)*x/a)~(1/2),x)

[Out] 2*(b*x+a)”~(1/2)*(d*x+c)~(1/2) *(d* (b*exx+a*e-b*x)/(axd*xe-b*ckxe+b*c)) ™ (1/2) *(
-(b*x+a)*(-1+e)/a) ~(1/2) * (- (d*x+c) *b* (-1+e) / (a*d*e-b*c*e+bxc)) ~(1/2) * (A*E11l
ipticF ((d* (b*e*x+axe-b*x)/(axd*e-b*cxe+b*xc)) (1/2), ((a*xdxe-b*c*e+bxc)/d/a)”
(1/2) ) *a*bxd*e”~2-A*E1lipticF ((d* (b*exx+axe-b*x)/(axd*e-bxc*xe+b*c))~(1/2), ((
axdxe-bxcxe+bxc)/d/a) " (1/2))*b~2*c*xe”2-BxE1llipticF ((d* (bxe*x+a*xe-bxx)/ (a*xdx*
e-bxc*e+b*c))~(1/2), ((axd*e-b*ckxe+b*c)/d/a)~(1/2))*a~2*xd*xe”~2+BxE1llipticF((d
* (bxexx+axe-b*xx) / (axd*e-b*cxe+bxc) )~ (1/2), ((a*xd*e-b*xcxe+b*c)/d/a) " (1/2)) *ax
bxckxe~2-A*E1lipticF ((d* (b*e*xx+akxe-b*x)/(a*d*e-b*xcke+b*c)) (1/2), ((a*d*e-b*c
xetbxc)/d/a) " (1/2))*axbxd*e+2*xA*E11lipticF ((d* (b*exx+axe-b*x)/(axd*e-bxc*e+b
xc)) " (1/2), ((axd*e-bxc*e+bxc)/d/a) " (1/2))*b~2*c*xe+B*E1lipticF ((d* (b*exx+ax*e
-b*x) / (a*xd*xe-b*xcxe+b*c) )~ (1/2), ((axd*xe-b*xckxe+b*c)/d/a) " (1/2))*a~2*xd*xe-2*B*E
11lipticF ((d* (b*exx+axe-b*x)/(axd*e-bxc*e+b*c))~(1/2), ((axd*e-b*c*xe+b*c)/d/a
)~ (1/2) ) *a*bxcxe-B*E11lipticE((d* (bxexx+a*xe-b*x)/ (a*d*e-bxcxe+b*c))~(1/2), ((
axdxe-bxckxe+bxc)/d/a) " (1/2))*a~2*xd*e+B*xE11lipticE((d* (b*xexx+a*e-b*x)/ (a*xd*e-
bxcket+b*c)) ~(1/2), ((axd*e-b*ckxet+b*c)/d/a)~(1/2))*a*xbxcxe-A*xE11lipticF ((d* (b*
exx+axe-bxx)/ (axd*xe-bkxcxe+b*xc) )~ (1/2), ((axd*xe-bkcxe+b*c)/d/a) " (1/2))*xb~2*c+
BxEllipticF ((d* (b*e*xx+a*e-b*x)/(a*d*e-b*xcxe+b*c)) (1/2), ((a*dxe-b*cxe+bxc)/
d/a)~(1/2))*a*xbxc-B*E1lipticE((d* (b*exx+a*e-b*x)/(a*xd*e-bxc*xe+b*c))~(1/2),(
(a*xd*e-b*xcxe+bx*c)/d/a) " (1/2)) *axb*c) / ((b*xexx+axe-b*x)/a) "~ (1/2)/(b*xd*x~2+a*xd
*x+bxckxx+axc)/(-1+e)"2/b"2/4

Maxima [F] time = 0., size = 0, normalized size = 0.

f Bx+ A P
X
Vo + v+ oy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(etb*(-1+e)*x/a)~(1/2),x, alg
orithm="maxima")

[Out] integrate((B*x + A)/(sqrt(b*x + a)xsqrt(d*x + c)*sqrt(b*x(e - 1)*x/a + e)),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bax + Aa)Vbx + aVdx + ¢4 ue+(l:_b)x

a%ce + (bZde - bzd)x3 - (bzc + abd - (bzc +2 abd)e)xz - (abc - (2 abc + uzd)e)x,x

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(e+bx(-1+e)*x/a)~(1/2),x, alg
orithm="fricas")

[Out] integral((Bxa*x + A*a)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt((axe + (b*e - b)*x)
/a)/(a~2xcxe + (b"2*d*e - b72*d)*x”3 - (b~2*c + axbxd - (b~2%c + 2xaxb*d)*e
)¥x72 - (axbxc - (2*axbkxc + a~2*d)*e)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(bxx+a)**(1/2)/(d*xx+c)**(1/2)/(e+tbx(-1+e)*x/a)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Bx+ A P
X
Vo v v+ o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(1/2)/(d*x+c)”(1/2)/(e+b*x(-1+e)*x/a)~(1/2),x, alg
orithm="giac")

[Out] integrate((Bxx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(b*x(e - 1)*x/a + e)),
x)
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335 [ V2-3xV-5+2xV1+4x(7 +5x)% dx

Optimal. Leaf size=281

[11 . . -1 [ 3 1
522167393 Z V5 - ZXElhptl(:F (Sln ( I V4.x + 1) , 5) 2 . 427+ /2 — 3x lzx _
+ —V2 - 3xV2x - 5V4x + 1(5x + 7)* -
23328v2x - 5 55 >

[Out] (-1182926269*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/1603800 - (1224313
9*%Sqrt [2 - 3xx]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x]*(7 + 5%x))/356400 - (17561%Sqr

t[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx)72)/8910 - (427*Sqrt[2 - 3
xx]*Sqrt [-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx)73)/2970 + (2%Sqrt[2 - 3*x]*Sqrt[

-5 + 2xx]*Sqrt[1 + 4xx]*(7 + 5%x)~4)/55 - (6489123157*Sqrt[11]*Sqrt[-5 + 2%
x]*E1lipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(699840%Sqrt[5 - 2x

x]) + (522167393*Sqrt[11/6]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrtl

1 + 4xx]], 1/3]1)/(23328%Sqrt[-5 + 2xx])

Rubi [A] time = 0.389425, antiderivative size = 281, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 8, integrand size = 35, number of rules

= 0.229, Rules used = {161, 1600, 1615, 158, 114, 113, 121, 119}

integrand size

4272 - 3xV2x - 5vV4x +1(5x + 7)°>  17561V2 — 3xV2x — 5V4x + 1(5x + 7)?
2970 8910

2
%\/2 —3xV2x — 5V4x + 1(5x + 7)* -

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*xx]*Sqrt[1 + 4*x]*(7 + 5*x)~3,x]

[Out] (-1182926269%Sqrt[2 - 3%x]*Sqrt[-5 + 2%x]*Sqrt[1 + 4%x])/1603800 - (1224313
9%Sqrt[2 - 3*x]*Sqrt[-5 + 2*xx]*Sqrt[1 + 4*x]*(7 + 5*x))/356400 - (17561*Sqr

t[2 - 3*x]*Sqrt[-5 + 2*xx]*Sqrt[1 + 4*x]*(7 + B5*x)~2)/8910 - (427xSqrt[2 - 3
xx]*Sqrt [-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx)~3)/2970 + (2%Sqrt[2 - 3*x]*Sqrt[

-5 + 2xx]*Sqrt[1 + 4xx]*(7 + 5%x)~4)/55 - (6489123157xSqrt[11]*Sqrt[-5 + 2%
x]*E1llipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(699840*Sqrt[5 - 2%

x]) + (522167393*Sqrt[11/6]*Sqrt[5 - 2xx]*EllipticF[ArcSin[Sqrt[3/11]*Sqrtl[

1 + 4xx]], 1/3]1)/(23328*%Sqrt[-5 + 2xx])

Rule 161

Int[((a_.) + (b_.)*(x_)) " (m_)*Sqrt[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[(2x(a + b*x)~(m + 1)*Sqrt[
c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x])/(b*(2*m + 5)), x] + Dist[1/(b*(2*m +
5)), Int[((a + b*x) m*Simp [3*bkckexg - a*x(d*xe*xg + cxfxg + ckxexh) + 2x(bx(dx*
exg + cxfxg + ckexh) - ax(dxfxg + dkexh + ckfxh))*x - (3xaxd*fxh - bx(dxfxg
+ dxexh + c*xfxh))*x"2, x])/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx]), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IntegerQ[2*m] && !'LtQ[m,
-1]

Rule 1600

Int[((Ca_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrt[
(c_.) + (d_.)*(x_)]*Sqrtl[(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[(2%C*(a + b*x) m*xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + hx*x])/
(d*fxhx(2%m + 3)), x] + Dist[1/(d*fxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*A*d*xf*h*(2*xm + 3) - Cxk(ax
(dxexg + cxf*xg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*xd*fxh*x(2+m + 3) - Cx(
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2kxax (d*f*g + dkxexh + ckxfxh) + b*x(2*xm + 1)*(d*exg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2+%m + 3) + 2xCk (a*xd*xfxh*m - bx(m + 1)*(d*fxg + d¥exh + ckxfxh)))*x"
2, x1, x1, x]1 /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*(a + b*x) " (m + q - D*(c + d*x)"(n + 1)*x(e + £*x)"(p +

1)/ (dxf*xb"(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*b"g*x(m + n + p +

q + 1)), Int[(a + b*x)"m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - dxfxkx(m + n + pt+tq+ Dx(a + b*x)"q + kx(a + b*x)‘(q -
2)*%(a"2xd*fx(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+qg+p)))*x), x], x], x]1 /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h}, x] &
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxfxx)/(bxe - axf)]/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - a*d)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - axd)), 0] && GtQ[d/(dxe - c*xf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*xc - a*xd)]/Sqrtlc + d*x], Int[
1/(8qgrt[a + b*x]*Sqrt[(b*xc)/(b*xc - axd) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
1), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(bxc - a*d))/(dx(b*e - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx*
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x] && GtQ[(d*e - cxf)/d, 0] &% GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(b*xe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQ[e + fx*x,
a + b*x] && GtQ[(-(dxe) + cx*f)/f, 0] && GtQL[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£/d)] || PosQ[-(£/b)1))

Rubi steps

2 1 (7 +5x)3 (-3 - 1190x + 854
f V2 = 3xV-5 + 2xV1 + 4x(7 + 5x)3 dx = —V2 - 3xV-5 + 2xV1 + 4x(7 + 5x)* + — (
55 55 V2 - 3xV-5 + 2xV1 + 4

427V2 - 3xV =5 + 2xV1 + 4x(7 + 5x)° 2
_ V2 - 3xy/ 2973(6)\/ x(7 + 5x) +%\/2_3x\/—5+2x\/1+49€(7

_17561V2 - 3xV=5 + 2xV1 + 4x(7 + 5x)2 4272 - 3xV-5 + 2xV1 + 4a

8910 2970
122431392 — 3xV=5 + 2xV1 + 4x(7 + 5x)  17561V2 — 3xV/=5 + 2x\1

- 356400 8910

_ 1182926269V2 — 3xV-5 + 2xV1 +4x 122431392 — 3xv-5 + 2xV1 +

- 1603800 356400

11829262692 — 3xV-5 + 2xV1 + 4x 122431392 — 3xV/=5 + 2xV/1 +
1603800 356400

11829262692 — 3xV—=5 + 2xV1 + 4x 122431392 — 3xV-5 + 2xV1 +
B 1603800 356400

11829262692 — 3xV=5 + 2xV1 + 4x  12243139v2 — 3xV-5 + 2xV1 +
B 1603800 356400

Mathematica [A] time = 0.416079, size = 135, normalized size = 0.48

57438413230v/66+/5 — 2xEllipticF (sin‘l (\/g Vax + 1) , %) +24V2 — 3xVAx +1 (29160000x5 + 67338000x% — 1677°
1539648022

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x]*(7 + 5%x)~3,x]

[Out] (24*Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(3325071575 - 797747975%x - 670058262*x~2 -
167736600*%x~3 + 67338000%x~4 + 29160000%x~5) - 71380354727*Sqrt [66]*Sqrt [5

- 2%x]*EllipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3] + 57438413230%*Sqrt
[66]1*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]]1, 1/31)/(15396
480*Sqrt [-5 + 2*x])

Maple [A] time = 0.047, size = 160, normalized size = 0.6

1
184757760 x3 — 538876800 x2 + 161663040 x + 76982400

V2-3xV2x-5Vax+1 (4199040000 x7 + 7947072000 x° -

Verification of antiderivative is not currently implemented for this CAS.
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[In] int ((7+5%x) 3% (2-3%x)~(1/2)*(2%x-5) " (1/2) * (4*x+1)~(1/2) ,x)

[Out] 1/7698240%(2-3xx)~(1/2)*(2%xx-5)7(1/2)*(4*x+1)~(1/2)*(4199040000%x~7+7947072
000%x~6+86157619845%117 (1/2) *(2-3*x) ~(1/2) * (5-2%x) ~ (1/2) * (4*x+1) ~(1/2) *E111
pticF(2/11%(22-33*x) ~(1/2),1/2%Ix27(1/2))-71380354727+117(1/2) * (2-3*x) ~(1/2

)* (5-2%x) " (1/2) * (4xx+1) " (1/2)*E11lipticE(2/11% (22-33*x) ~(1/2) ,1/2xI*27(1/2))
-28894190400*x~5-88040305728*x"4-70646534280*x~3+542756583588*x~2-180358343
100*x-79801717800) / (24*x~3-70%x~2+21*x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(5x+7)3\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) 3% (2-3%x)~(1/2)*(-5+2*xx)~(1/2)*(1+4*x)~(1/2) ,x, algorithm

="maxima")

[Out] integrate((5*x + 7)73xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((125 x3 + 52522 + 735x + 343) VAx +1V2x - 5V-3x +2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)~3*(2-3%x)~(1/2)*(-5+2%xx)~(1/2)*(1+4*x)~(1/2) ,x, algorithm

="fricas")

[Out] integral((125*x~3 + 52b5*x72 + 73b*x + 343)*sqrt(4*x + 1)*sqrt(2+x - b)*sqrt
(_3*X + 2): X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((7+5%x)**3%(2-3%x)**(1/2)* (-5+2xx)** (1/2) * (1+4*x)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(5x+7)3\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((7+5%x) 3% (2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2) ,x, algorithm
="giac")

[Out] integrate((5*x + 7)73xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)
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3.36 [ V2-3xV-5+2xV1+4x(7 + 5x)%dx

Optimal. Leaf size=243

5592499 /15~ Z2EllipticF (sin_l (\/g Vi 1) , %)
3888v2x — 5

2 61
+ E\/Z — 3xV2x — 5V4x +1(5x + 7)° - ﬁ\/Z - 3xV2x

[Out] (-5256763*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/97200 - (8141*Sqrt[2
- 3xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5%x))/2700 - (61*Sqrt[2 - 3*x]*Sqr

t[-5 + 2xx]*Sqrt[1 + 4xx]*(7 + 5xx)72)/270 + (2*Sqrt[2 - 3*x]*Sqrt[-5 + 2x*x
IxSqrt[1 + 4*xx]*(7 + B5*x)73)/45 - (17746949xSqrt[11]*Sqrt[-5 + 2*x]*Ellipti
cE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(29160*Sqrt[5 - 2*x]) + (5592
499*Sqrt [11/6]*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/
31)/(3888*Sqrt [-5 + 2*x])

Rubi [A] time = 0.299877, antiderivative size = 243, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e -

integrand size
0.229, Rules used = {161, 1600, 1615, 158, 114, 113, 121, 119}

, 61 81412 — 3xV2x — 5vdx + 1(5x + 7
E\/Z—Bx\/Zx—5\/4x+1(5x+7)3—%\/Z—BX\/Zx—5\/4x+l(5x+7)2_ V2-3xy ’;700‘/ x+10x

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*xx]*(7 + 5*x)~2,x]

[Out] (-5256763*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/97200 - (8141xSqrt[2
- 3xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5%x))/2700 - (61*Sqrt[2 - 3*x]*Sqr

t[-5 + 2xx]*Sqrt[1 + 4*xx]*(7 + B5*x)72)/270 + (2xSqrt[2 - 3*x]*Sqrt[-5 + 2xx
1xSqrt[1 + 4*xx]*(7 + B5*x)73)/45 - (17746949xSqrt[11]*Sqrt[-5 + 2*x]*Ellipti
CE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(29160*Sqrt[5 - 2*x]) + (5592
499xSqrt [11/6]1*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]]1, 1/
31)/(3888%Sqrt [-5 + 2%x])

Rule 161

Int[((a_.) + (b_)*(x_))"(m_)*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)]*Sqrtl(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[(2%(a + b*x) " (m + 1)*Sqrt[
c + dxx]*Sqrtle + fxx]*Sqrtlg + h*x])/(b*(2*m + 5)), x] + Dist[1/(b*(2%m +
5)), Int[((a + b*x) m*Simp[3*bxc*xexg - ax(dxexg + c*xfxg + cxexh) + 2% (b*(dx*
exg + cxfxg + ckexh) - ax(dxfxg + dkexh + cxfxh))*x - (3xa*xd*xfxh - b*(d*f*g
+ dxexh + cxfxh))*x72, x])/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtlg + h*x]), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IntegerQ[2*m] && 'LtQ[m,
-1]

Rule 1600

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrtl
(c_.) + (d_)*(x_)1*8qrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*Sqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + hx*x])/
(d*fxh*x(2*m + 3)), x] + Dist[1/(d*f*xhx(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cx*(ax*
(dxexg + cxfxg + ckxexh) + 2*xbxckexg*m) + ((A*b + a*B)*d*f*xhx(2+m + 3) - Cx(
2kxax (d*f*g + dkxexh + ckxfxh) + bx(2*xm + 1)*(d*kexg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh*(2+%m + 3) + 2xCk(a*xd*xfxh*m - bx(m + 1)*(d*fxg + d*exh + ckxfxh)))*x~
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2, x], x], x]1 /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2x
m] && GtQ[m, O]

Rule 1615

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_)) " (n_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +

1)/ (dxf*xb™(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(dxf*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*fxb~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*x(bxcxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*xex(m + q + n) + ckxf*x(m

+q+ p)))*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*d), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
DD, x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(b*xe - a*f))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQ[e + f*x,
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a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£f/d)] Il PosQ[-(£/1)1))

Rubi steps

2 1 (7 +5%)? (-3 -1190x + !
f V2 = 3xV=5 + 2xV1 + 4x(7 + 5x)2 dx = — V2 — 3xV-5 + 2xV1 + 4x(7 + 5x)3 + — (
45 45 V2 = 3xV-5 + 2xV/1 -

61 2
= —%\/2 —3xV-5 + 2xV1 + 4x(7 + 5x) + 4—5\/2 —3xV-5 + 2xV1 + 4

_ 8141V2 - 3xV-5+2xV1 +4x(7 +5x) 61

V2 — 3xV=5 + 2xV1 + 4

2700 270
5256763V2 — 3xV-5 + 2xV1 + 4x  8141V2 — 3xV=5 + 2xV1 + 4x(7
B 97200 2700

5256763V2 — 3xV-5 + 2xV1 + 4x  8141V2 — 3xV—-5 + 2xV1 + 4x(7
97200 2700

_ 5256763V2 - 3xV-5 +2xV1 + 4x  8141V2 - 3x V-5 + 2xV1 + 4x(7
- 97200 2700

5256763V2 — 3xV-5 + 2xV1 + 4x  8141V2 — 3xV=5 + 2xV1 + 4x(7
97200 2700

Mathematica [A] time = 0.267728, size = 130, normalized size = 0.53

27962495v66V/5 — 2xEllipticF (sm‘1 (\/g Vax + 1) , %) + 62 = 3xV/Ax +1(216000x* + 147600x° — 164995212 -
116640v2x — 5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*xx]*(7 + 5*x)~2,x]

[Out] (6%Sqrt[2 - 3*x]*Sqrt[1 + 4xx]*(6902575 - 2933650*x - 1649952*x~2 + 147600%
x73 + 216000%x74) - 35493898x*Sqrt[66]*Sqrt[56 - 2*x]*EllipticE[ArcSin[Sqrt[3
/111*Sqrt[1 + 4*xx]], 1/3] + 27962495xSqrt[66]*Sqrt[5 - 2xx]*EllipticF[ArcSi
n[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3]1)/(116640%Sqrt[-5 + 2*x])

Maple [A] time = 0.011, size = 155, normalized size = 0.6

1
2799360 x3 — 8164800 x2 + 2449440 x + 1166400

V2 -3xV2x—5Vax+1 (15552000 X6 + 83887485 V11V2 — 3 xv

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5%x) 2% (2-3%x) ~(1/2)*x(2%x-5) "~ (1/2) * (4*x+1)~(1/2) ,x)

[Out] 1/116640%(2-3%x)~(1/2)*(2*x-5) " (1/2)*(4*x+1)~ (1/2)*(15552000*x~6+83887485*1
17(1/2) % (2-3%x) " (1/2) * (5-2%x) " (1/2) * (4*x+1) = (1/2) *E11lipticF (2/11%(22-33%x) "~
(1/2) ,1/2%I%27(1/2))-70987796+117 (1/2) % (2-3*x) " (1/2) * (5-2xx) " (1/2) * (4*x+1) "~
(1/2)*E1lipticE(2/11%(22-33%x) " (1/2) ,1/2%I*27(1/2) ) +4147200*x~5-125816544*x
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~4-163495440%x73+604794324*x"2-171873450%x-82830900) / (24*x~3-70%x~2+21*x+10
)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(5x+7)2\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) ~2*(2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2) ,x, algorithm
="maxima"

[Out] integrate((5*x + 7)72xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((25 X2 +70x +49)Vax +1V2x - 5V-3x +2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) 2% (2-3%x)~(1/2)*(-5+2%xx)~(1/2)*(1+4*x)~(1/2) ,x, algorithm
="fricas")

[Out] integral((25*%x~2 + 70%*x + 49)*sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2), x
)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((7+5%x)**2x (2-3*x)** (1/2)* (=5+2%x) ** (1/2) * (1+4*x) **(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(5x+7)2\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) ~2*(2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2) ,x, algorithm
="giac")

[Out] integrate((5*x + 7)72xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)
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337 [ V2-3xV-5+2xV1+4x(7 + 5x) dx

Optimal. Leaf size=193

72479@ V5 - 2xEllipticF (sin_l (\/g Vax + 1) , %)
756\2x - 5

[Out] (-20911%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/3780 + (136%Sqrt[2 - 3x
x]*Sqrt[-5 + 2xx]*(1 + 4*x)~(3/2))/105 + (5xSqrt[2 - 3*x]*(-5 + 2xx)~(3/2)*

(1 + 4xx)~(3/2))/28 - (954811xSqrt[11]1*Sqrt[-5 + 2*x]*EllipticE[ArcSin[(2*S
qrt[2 - 3%x])/Sqrt[1111, -1/21)/(22680%Sqrt[5 - 2%x]) + (72479%Sqrt[11/6]*S
qrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3]1)/(756%Sqrt[-5

+ 2¥x])

5 136
+ %VZ —3x(2x — 5)%2(4x +1)¥2 + EVZ - 3xV2x — 5(4x

Rubi [A] time = 0.0774144, antiderivative size = 193, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 6, integrand size = 33, e o e

= 0.182, Rules used = {154, 158, 114, 113, 121, 119}

integrand size

11
209112 — 3xv2x — 5VAx + 1 . 72479\/; V5
3780

5 136
2—8\/2 - 3x(2x — 5)32(4x +1)%2 + E\Q — 3xV2x — 5(4x +1)%2 -

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x),x]

[Out] (-20911%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/3780 + (136%Sqrt[2 - 3%
x]*Sqrt[-5 + 2xx]*(1 + 4*x)~(3/2))/105 + (5xSqrt[2 - 3*x]*(-5 + 2xx)~(3/2)*

(1 + 4%xx)~(3/2))/28 - (954811xSqrt[11]1*Sqrt[-5 + 2*x]*EllipticE[ArcSin[(2*S
qrt[2 - 3%x1)/Sqrt[1111, -1/21)/(22680%Sqrt[5 - 2%x]) + (72479%Sqrt[11/6]%S
qrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/31)/(756%Sqrt[-5

+ 2x%x])

Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) m*x(c + d*x)~(n
+ 1)*x(e + £xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + bxx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*f*g*(m + n +
p + 2) - h*(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + c*xfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
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tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - a*f)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -
axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]
&& GtQ[b/(b*e - a*xf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - a*d)), 0] && GtQ[d/(d*e - c*xf), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(bx(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(b*xc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol]l :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqgrt[(b*c - a*d)/bl)], (fx(b*c - axd))/(dx(bxe - axf))])/(b*Sqr
t[(bxe — axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQ[e + f*x,
a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)]1 || PosQ[-(£/b)1))

Rubi steps

1249
2

- 1088x) V=5 + 2xV1 + 4x

5 1 (
f V2 = 3xV-5 + 2xV1 + 4x(7 + 5x) dx = %\/2 — 3x(=5 + 2x)¥2(1 + 4x)%2 + 5 f

136

5 1
= —V2 - 3xV-5 + 2x(1 + 4x)*2 + %«/2 — 3x(=5 + 2x)¥2(1 + 4x)¥2 —

105

20911V2 — 3xV-5 + 2xV1 +4x 136

2 —-3x

840 .

5
= + —V2 = 3xV-5+ 2x(1 + 4x)¥2 + —

3780 105

20911V2 — 3xV-5 + 2xV1 +4x 136

28

5
= + —V2 - 3xV-5 + 2x(1 + 4x)¥2 + —

3780 105

20911V2 — 3xV-5 + 2xV1 +4x 136

28

5
= + ——V2 - 3xV-5 + 2x(1 + 4x)*2 + 5

3780 105

20911V2 - 3xV-5 + 2xV1 + 4x 136

5
= + —— V2 - 3xV-5 + 2x(1 + 4x)%2 + 5V

3780 105
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Mathematica [A] time = 0.232161, size = 125, normalized size = 0.65

7247901665 — 2xEllipticF (sin ™! (/= vax + 1), %) + 24v2 — 3xvVax + 1 (54003 — 606632 — 37975x + 48475) -
p 11 3
45360v2x — 5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*xx]*(7 + 5%x),x]

[Out] (24*Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(48475 - 37975%x - 6066*x~2 + 5400%x7"3) - 9
54811xSqrt [66]*Sqrt [56 - 2*x]*EllipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/

3] + 724790%Sqrt[66]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx

11, 1/31)/(45360%Sqrt[-5 + 2*x])

Maple [A] time = 0.012, size = 150, normalized size = 0.8

1
2-3xV2x-5V4 +1(1087185 11V2 - 3xV5 - 2xV4x + 1Elli
544320 ~ 15676002 + 476280 + 206500 V2~ ¥ V2¥ -5V VI1V2-3xV5 - 2xV4x i

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5*x)*(2-3%x)~(1/2)*(2*x-5) " (1/2) * (4xx+1)~(1/2),x%)

[Out] 1/22680%(2-3%x)~(1/2)*(2xx-5) " (1/2)*(4*x+1)~(1/2)*(1087185%117 (1/2) * (2-3*x)
“(1/2)*%(5-2%x) " (1/2) * (4xx+1) " (1/2)*E11lipticF (2/11%(22-33%x) ~(1/2) ,1/2xI*2"(
1/2))-954811%117(1/2) % (2-3%x) = (1/2) * (5-2%x) " (1/2) * (4*x+1) " (1/2) *E11lipticE(2
/11%(22-33%x) " (1/2) ,1/2%I*27(1/2) ) +777600%x~5-1197504*x~4-5234040%x~3+94044
84*x72-1997100%x-1163400) / (24*x~3-70%x"2+21*x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(5x+ 7Wax+1V2x - 5V—3x + 2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3%x)~(1/2)*(-5+2*xx)~(1/2)*(1+4*x)~(1/2) ,x, algorithm="

maxima")

[Out] integrate((5*x + 7)*sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((5x +7)WVax +1V2x—5V=-3x+2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3xx)~(1/2)*(-5+2*x)~(1/2)*(1+4*x)~(1/2) ,x, algorithm="

fricas")
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[Out] integral((5xx + 7)*sqrt(4*x + 1)*sqrt(2*x - B5)*sqrt(-3*x + 2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((7+5%x)*(2-3*x)**(1/2)* (=5+2*x) ** (1/2) * (1+4*x)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(5x+ 7)Wax +1V2x —5V-3x + 2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3*x)~(1/2)*(-5+2*x)~(1/2)*(1+4*x)~(1/2) ,x, algorithm="

giac")

[Out] integrate((5*x + 7)xsqrt(4*xx + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)
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338 [ V2-3xV-5+2xV1+4xdx

Optimal. Leaf size=162

11 . . -1 3 1
121\/;\/5 — 2xEllipticF (sm (\/;wx + 1) , 5)
18v2x -5

[Out] (-22%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/45 + (Sqrt[2 - 3*x]*Sqrt[-
5 + 2xx]*(1 + 4xx)~(3/2))/10 - (847*Sqrt[11]*Sqrt[-5 + 2xx]*EllipticE[ArcSi
n[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(270%Sqrt[5 - 2*x]) + (121*Sqrt[11/6]

*xSqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3])/(18%Sqrt[-

5 + 2xx])

1 22
+ EVZ —3xV2x — 5(4x +1)32 - 4—5\/2 —3xV2x - 5V4x +1 -

Rubi [A] time = 0.0627527, antiderivative size = 162, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 7, integrand size = 28, e e e

= 0.25, Rules used = {101, 154, 158, 114, 113, 121, 119}

integrand size

121\/?/5 ~OxF (sin_l (\/g\/zlx n 1) |§) 84711
1827 -5 -

1 22
EVZ —3xV2x — 5(4x +1)32 - E\/2 —3xV2x —5Vax +1 +

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x],x]

[Out] (-22%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/45 + (Sqrt[2 - 3*x]*Sqrt[-
5 + 2*x]*(1 + 4%x)7(3/2))/10 - (847*Sqrt[11]*Sqrt[-5 + 2xx]*EllipticE[ArcSi
n[(2xSqrt[2 - 3%x])/Sqrt([11]1], -1/2]1)/(270%Sqrt[56 - 2*x]) + (121*Sqrt[11/6]
*3qrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3])/(18*Sqrt[-

5 + 2xx])

Rule 101

Int[(Ca_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x
)7 (p_.), x_Symbol] :> Simp[((a + b*x) m*x(c + d*x) n*x(e + f*x)~(p + 1))/(f
*(m+n+p+ 1)), x] - Dist[1/(fx(m + n + p + 1)), Int[(a + b*x)~(m - 1)*(
c + d*x)"(n - D*(e + £*x) p*Simp[c*m*(b*e - axf) + a*nx(dxe - c*f) + (d*mx
(bxe - a*f) + b*nkx(d*e - cxf))*x, x], x], x] /; FreeQ[{a, b, c, d, e, f, p}
, x] && GtQ[m, 0] && GtQ[n, 0] &% NeQ[m + n + p + 1, 0] && (IntegersQ[2x*m,
2xn, 2%p] || (IntegersQ[m, n + p] || IntegersQ[p, m + n]))

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - hx(b*ckexm + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*f*g*(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, O] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
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+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + bxx]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*xx)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - ax*f),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I1x*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrt[a + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(b*xe - a*xf)/bl), x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
bxx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !'(SimplerQ[e + fx*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)] || PosQ[-(£/b)1))

Rubi steps



177

(% - 44x) VI + 4x

dx
V2 = 3xV-5 + 2x

1 1
f V2= 35+ 2Vl dxdr = V2= 3xV5 + 2x(l + 42 - f

Vv2-3

2 1 847 -
= o2 3xV5 + 20V1 + 4x + —V2 — 3xV5 + 2x(1 + 4?2 + o f G
45 10 90 J 2 -7

(121\/%/5_—

22 1
= —4—5«/2 —3xV—-5+2xV1 + 4x + Ex/z — 3xV=5 + 2x(1 + 4x)%2 +

22 1 1
= V2B 2eVT A V2= BB + 2a(l 4 4R 4 f

847/111/=5 +

2 1
= —4—5\/2 —3xV=5 + 2xV1 + 4x + E\/2 — 3xV=5 + 2x(1 + 4x)¥2 —

Mathematica [A] time = 0.170029, size = 120, normalized size = 0.74

6051665 — 2xEllipticF (sm‘1 (\/gvz;x + 1) , %) + 62 = 3xVax +1 (72x% - 250x +175) - 847665 — 2xE (si
540v2x - 5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 - 3xx]*Sqrt[-5 + 2xx]*Sqrt[1l + 4x*x],x]

[Out] (6%Sqrt[2 - 3*x]*Sqrt[1l + 4xx]*(175 - 250*x + 72*x"2) - 847*Sqrt[66]*Sqrt[5
- 2xx]*E1lipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3] + 605%Sqrt[66]*Sqr

t[5 - 2xx]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/31)/(540%Sqrt[-5 +

2xx])

Maple [A] time = 0.008, size = 145, normalized size = 0.9

1
12960 x3 — 37800 x2 + 11340 x + 5400

V2-3xV2x—5VAx +1 (1815 VITV2 = 3xV5 — 2xVax + 1EllipticF (2/11

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3%x)~(1/2)*(2%x-5)"(1/2)*(4*xx+1)~(1/2),x)

[Out] 1/540%(2-3%x)~(1/2)*(2*x-5)"(1/2)* (4xx+1)~(1/2)*(1815%117(1/2)*x(2-3*x) ~(1/2
)% (5-2%x) " (1/2) * (4*x+1) " (1/2)*E1llipticF (2/11%(22-33%x) ~(1/2) ,1/2*%I*27(1/2))
-1694*117(1/2) % (2-3%x) ~(1/2) * (5-2%x) ~(1/2) * (4*x+1) " (1/2)*E1llipticE(2/11% (22
-33%x) " (1/2),1/2*xI*27(1/2) )+5184*x~4-20160*x"3+19236*x~2-2250%x-2100) / (24*x
~3-70%x"2+21%x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2-3*x)~(1/2)*(-5+2*x)~(1/2)*(1+4*x)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(4*x + 1)*sqrt(2+x - B5)*sqrt(-3*x + 2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (\/4x +1V2x-5V-3x+ 2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 = 3xV2x — 5Vax + 1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)*x(1/2)* (=5+2%x)**x (1/2)* (1+4*x)**(1/2) ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(2*x - B5)*sqrt(4*x + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/4x+1\/2x—5\/—3x+2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(-5+2xx)~(1/2)*(1+4*x)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2), x)
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3.39 f V2-3xV-5+2xV1+4x dx

7+bx
Optimal. Leaf size=182

1253\/5 /5 — 2xEllipticF (sin_l (\/g Vax + 1) , %) 5 J J J 427\11v2x - 5E (sin‘1 (2%
- + —=V2-3xV2x -5V4x +1 -
375v2x -5 15 225+/5 - 2x

[Out] (2*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/15 - (427*Sqrt[11]*Sqrt[-5 +
2%x]*E1lipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(226%Sqrt[5 - 2%

x]) - (1253*Sqrt[2/33]1*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4

*x]1], 1/3]1)/(375*%Sqrt[-5 + 2*x]) - (2691*Sqrt[5 - 2*x]*EllipticPi[55/124, A

rcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(125%Sqrt[11]*Sqrt[-5 + 2*x])

Rubi [A] time = 0.212519, antiderivative size = 182, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 35, e e e

= 0.286, Rules used = {161, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

1253\/% V5 - 2xF (sin_l (\/g Vax + 1) |§) 427\11v2x - 5E (sin_l (2 Vj;x) |- %)
375y2x -5 B 225+/5 - 2x

integrand size

2
E\/2 —3xV2x —5Vax +1 -

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[l + 4x*x])/(7 + 5xx),x]

[Out] (2*%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/15 - (427xSqrt[11]*Sqrt[-5 +
2%x]*E1lipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(2256%Sqrt[5 - 2%

x]) - (1253*Sqrt[2/33]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[l + 4

*x]1, 1/31)/(375%Sqrt[-5 + 2*x]) - (2691*Sqrt[56 - 2xx]*EllipticPi[55/124, A

rcSin[(2%Sqrt[2 - 3*x])/Sqrt[111], -1/2])/(125%Sqrt[11]*Sqrt[-5 + 2*x])

Rule 161

Int[((a_.) + (b_.)*(x_))"(m_)*Sqrtl[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_ )], x_Symbol] :> Simp[(2x(a + b*x)~(m + 1)*Sqrt[
c + dxx]*Sqrtle + fxx]*Sqrtlg + h*x])/(b*(2*m + 5)), x] + Dist[1/(b*(2%m +

5)), Int[((a + b*x) m*Simp[3*bxc*xexg - ax(dxexg + c*xfxg + cxexh) + 2% (b*(dx*
exg + cxfxg + ckexh) - ax(dxfxg + d*exh + cxf*h))*x - (3xa*xd*xfxh - b*(d*f*g
+ d¥xexh + cxfxh))*x"2, x])/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IntegerQ[2*m] && !LtQ[m,

-1]

Rule 1607

Int[(Px_)*((a_.) + (b_)*x(x_))"(m_.)*x((c_.) + (d_)*xD))"(n_.)*x((e_.) + (f
_Ox(x_ )" (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"n*x(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
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axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x"2)/d, x]11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
» £, g, h}, x] && GtQ[(d*e - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bke - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & '(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
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0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx*
x] && GtQ[(dxe - c*f)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*xx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQ[e + fx*x,

a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/p)1))

Rubi steps

2 - 3xV-5+ 2xV1 + 4 2 1 —3 —1190x + 854x2
CR R L NI v oo Y,y LS T dx
7 +5x 15 15 J 2 - 3xv-5 + 2xV1 + 4x(7 + 5x)
2 1 L 27807
= V2 - 3xV-5+2xV1 +4x + — 2 > X+ -
15 15J V2 - 3xv-5 +2xV1 + 4x 125

1253 1 Y
x —_— -
375 J 2 - 3xV-5 + 2xV1 + 4x 75 J

2
= Ex/z —3xV=5 +2xV1 + 4x —

(1253\/5 V5 - 2x) [ —dx (55
2 \V2-3x ﬁ—ﬁ\/1+4x
= =2 - 3xV-5+2xV1 +4x - -
15 375v-5 + 2x
) 427\11V=5 + 2xE (sin‘l (“jﬁ“) |- %) 1253
= —V2 - 3xV-5+ 2xV1 + 4x — -
15 2254/5 — 2x

Mathematica [A] time = 0.765967, size = 141, normalized size = 0.77

\V2x -5 (—3759\/ﬁEllipticF (sin_l (2 Vj;") ) —%) +1650V2 — 3xV5 — 2xVaAx + 1 — 23485V11E (sin‘1 (2 “jl;f”‘) | -
12375v/5 — 2x

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(7 + 5*x),x]

[Out] (Sqrt[-5 + 2*xx]*(1650*Sqrt[2 - 3*x]*Sqrt[5 - 2*x]*Sqrt[1 + 4xx] - 23485%Sqr
t[11]1*E1lipticE[ArcSin[(2*Sqrt[2 - 3#*x])/Sqrt[11]1], -1/2] - 3759*Sqrt[11]1*E
1lipticF[ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2] - 24219%Sqrt[11]*Ellipti
cPi[55/124, -ArcSin[(2*Sqrt[2 - 3*x]1)/Sqrt[11]11, -1/21))/(12375%Sqrt[5 - 2

x])

Maple [A] time = 0.02, size = 183, normalized size = 1.

1
297000 x3 — 866250 x2 + 259875 x + 123750

V2 =3 xV2x - 5Vax +1(3759 V11v2 - 3xV5 — 2xVax + 1Ellipti

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)*(2*%x-5)~(1/2)* (4*x+1)~(1/2)/(7+5%x) ,x)

[Out] -1/12375%(2-3%x)~(1/2)*(2*x-5) " (1/2) * (4*x+1) " (1/2)*(3759%117(1/2) * (2-3*x) ~(
1/2) % (5-2%x) " (1/2) * (4*x+1) " (1/2) *E11lipticF (2/11%(22-33*x) ~(1/2) ,1/2*I*2"(1/
2))+23485%117(1/2) *(2-3*x) ~(1/2) * (5-2%x) ~(1/2) x (4*x+1) " (1/2) *E11lipticE(2/11
*x(22-33%x) 7 (1/2) ,1/2%I*27(1/2))-24219%117 (1/2) * (2-3*x) " (1/2) * (5-2%x) " (1/2) *
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(4xx+1)~(1/2)*E1lipticPi(2/11%(22-33%x)~(1/2),55/124,1/2xI%2~(1/2))-39600%x
~3+115500%x72-34650%x-16500) / (24*x~3-70*x~2+21%x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2
5x+7

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2*x)~(1/2)*(1+4*x)~(1/2)/(7+5%x) ,x, algorithm="
maxima"

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(5*x + 7), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2
5x+7

integral

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2)/(7+5%x) ,x, algorithm="
fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(5*x + 7), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

V2 = 3xV2x —5V4x + 1 p
X
5x+7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)*x(1/2)* (=5+2%x)** (1/2)* (1+4*x)**(1/2)/(7+5*x) ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(2*x - 5)*sqrt(4*x + 1)/(b*x + 7), x)

Giac [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/2x—5\/—3x+2d
5x+7 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2)/(7+5*x) ,x, algorithm="
giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(5%x + 7), x)
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V2-3xV-5+2xV1+4x
340 [ ————dx

Optimal. Leaf size=189

152\/%\/5 — 2xEllipticF (sin_l (\/g Vix + 1) ) %) VI TIeVE EVas1  SVITV2r-5E (Sm—l (ZV\/Z;’X) I
- +
125v2x -5 5(5x +7) 25+/5 — 2x

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/(5x(7 + 5*x)) + (6xSqrt[11]xS
qrt[-5 + 2xx]*EllipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]1], -1/2])/(25%Sqrt

[6 - 2%x]) + (152xSqrt[2/33]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt

[1 + 4%x]], 1/3])/(125*%Sqrt[-5 + 2*x]) + (26859*Sqrt[5 - 2*x]*EllipticPi[55

/124, ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(7750%Sqrt[11]*Sqrt[-5 + 2

*x])

Rubi [A] time = 0.21081, antiderivative size = 189, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 35, e o e

= 0.286, Rules used = {160, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

N Yol o N e 152\/%\/5—2% (sin_l (\/g\/4x+1) |§) 6V11v2x — 5E (sin_l (2—51_‘13") |- %)
- + +
5(5x +7) 125v2x -5 25+/5 - 2x

integrand size

+ -

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(7 + 5*x)"2,x]

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/(5x(7 + 5*x)) + (6xSqrt[11]xS
qrt[-5 + 2xx]*EllipticE[ArcSin[(2xSqrt[2 - 3%x])/Sqrt[11]1]1, -1/2])/(25%Sqrt

[5 - 2*x]) + (152xSqrt[2/33]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt

[1 + 4*x]], 1/31)/(126%Sqrt[-5 + 2*x]) + (26859*Sqrt[5 - 2*x]*EllipticPi[55

/124, ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]1], -1/21)/(7750%Sqrt[11]*Sqrt[-5 + 2

*x])

Rule 160

Int[((a_.) + (b_)*(x_))"(m_)*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[((a + b*x) (m + 1)*Sqrt[c
+ d*x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(bx(m + 1)), x] - Dist[1/(2*b*(m + 1)),

Int[((a + b*x)~(m + 1)*Simp[d*exg + c*f*xg + cxexh + 2*x(dxfxg + dxexh + cx*f
xh)*x + 3*xd*f*xh*x~2, x])/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), x], x
1 /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IntegerQ[2*m] && LtQ[m, -1]

Rule 1607

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_Ox_ D (p_)*((g_.) + (h_.)*x(x_))"(g_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) px(g + h*x)q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"n*x(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] &% EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*x(x_)]*Sqrtl[(e_.) + (f_.)*(x_
)1*xSqrt[(g_.) + (h_.)*(x_)1), x_Symbol]l :> Dist[-2, Subst[Int[1/(Simp[b*c -
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axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x"2)/d, x]11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
» £, g, h}, x] && GtQ[(d*e - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bke - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & '(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
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0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx*

x] && GtQ[(dxe - c*f)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*xx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQ[e + fx*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/p)1))

Rubi steps
V2 = 3xV=5 + 2xV1 + 4x p V2 = 3xV=5 + 2xV1 + 4x .\ 1 21 + 140x — 72x2
X = — —_— X
(7 + 5x) 5(7 + 5x) 10 J V2 =3xv=5 + 2xV1 + 4x(7 + 5%)
1204 72
V2-3xybronfiv a1 -5 8953 f
= - - X
5(7 + 5x) 10 J 2 - 3xv/-5 + 2xV1 + 4x 250 J 4/
V2 = 3xV-5 + 2xV1 + 4x f V=5 + 2x 152 f
5(7 + 5x) V2 = 3xV1 + 4x 125 V2 - 3x\/
2 1 895
152\/j\/5 - 2x) dx (
V2 = 3xV=5 + 2xV1 + 4x .\ ( 1 / V23 - B Vi
5(7 + 5x) 125v-5 + 2x
. 1 (2v2=3x 1 2
V2Bt OVIIV-5+2aE (sm ( o )|— 5) 152\/;
- + +
5(7 + 5x) 25+/5 — 2x

Mathematica [A] time = 0.751783, size = 132, normalized size = 0.7

3v11(9424ElipticF|sin 1 2¥2* | -1 )120460F(s 2v2 36\ 1), oegsort( 25 sin1[ 223
«/_( i (bm ( vii ) 2 & f7i-sin v ) : 51150v2—3xvax+1
5-2x 5x+7

V2x -5

255750

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[l + 4x*x])/(7 + 5xx)~2,x]

[Out] (Sqrt[-5 + 2*x]*((-51150*Sqrt[2 - 3*x]*Sqrt[1 + 4*x])/(7 + 5*x) + (3*Sqrt[1
1]1%(20460*E1lipticE[ArcSin[(2*Sqrt[2 - 3%x])/Sqrt[11]], -1/2] + 9424xEllipt
icF[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2] + 26859*%EllipticPi[55/124, -A
rc8in[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1))/Sqrt[5 - 2*x]))/255750

Maple [B] time = 0.025, size = 320, normalized size = 1.7

1
V2 -3xV2x—5Vax+1 (47120 VIIV2 = 3xV5 -2 xV

(2046000 x3 — 5967500 x2 + 1790250 x + 852500) (7 +5%)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)*(2%xx-5)"(1/2)* (4*x+1)~(1/2)/(7+5%x)~2,%)

[Out] 1/85250%(2-3%x)~(1/2)*(2%x-5)~(1/2)* (4*x+1)~(1/2)*(47120%117 (1/2) * (2-3*x) " (
1/2) % (5-2%x) " (1/2) * (4*x+1) " (1/2) *E11lipticF (2/11%(22-33*x) ~(1/2) ,1/2*I*2"(1/
2))*x+102300%117 (1/2) * (2-3%x) ~ (1/2) * (5-2%x) ~ (1/2) * (4*x+1) ~ (1/2) #*E11ipticE(2
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/11%(22-33%x) ~(1/2) ,1/2%xI*27(1/2) ) *x-134295%117(1/2) *(2-3*x) ~(1/2) * (5-2%*x) ~
(1/2) % (4*x+1)~(1/2)*E1lipticPi(2/11%(22-33%x) ~(1/2) ,55/124,1/2%I*27(1/2) ) *x
+65968%117 (1/2) *(2-3*x) " (1/2) *(5-2%x) ~(1/2) * (4*x+1) " (1/2)*E11lipticF (2/11%(2
2-33*%x) " (1/2) ,1/2xI%27(1/2))+143220%117(1/2) % (2-3*x) ~(1/2) *(5-2*x) "~ (1/2) * (4
*xx+1) 7 (1/2)*E11lipticE(2/11%(22-33%x) ~(1/2) ,1/2xI%27(1/2))-188013*%117(1/2) *(
2-3%x) 7 (1/2) % (5-2%x) ~(1/2) * (4*x+1) " (1/2) *E11lipticPi (2/11%(22-33*x) ~(1/2) ,55
/124 ,1/2%xI%27(1/2))-409200*x~3+1193500*x~2-358050*x-170500) / (24*xx~3-70*x" 2+
21*xx+10) / (7+5%*x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2

> dx
BGx+7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2)/(7+5xx)~2,x, algorithm
="maxima"

[Out] integrate(sqrt(4xx + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(5*x + 7)72, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax +1V2x-5vV-3x+2
25x2 + 70 x + 49

integral

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2)/(7+5xx)~2,x, algorithm
="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(25%x"2 + 70*x + 49), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

V2 = 3xV2x - 5V4x + 1 p
X
(5x + 7)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (=5+2xx)**(1/2)* (1+4*x)**(1/2) / (T+5%x) **2,%)

[Out] Integral(sqrt(2 - 3*x)*sqrt(2*x - 5)*sqrt(4*x + 1)/(5*x + 7)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/2x—5\/—3x+2d
X
(5x+7)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2%xx)~(1/2)*(1+4*x)~(1/2)/(7+5*x)~2,x, algorithm
="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(5*x + 7)72, x)
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V2-3xV-5+2xV1+4x
341 [ ——dx

Optimal. Leaf size=227

3 o e .o -1 3 1 ,
397\/% V5 - 2xEllipticF (Sm (\/E Vax + 1) ' 5) , 8953232y —5Vix 1 V2= 3r2v—5Vix 11 895
89125v2x - 5 556140(5x + 7) 106 + 7

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(10*%(7 + 5*x)~2) + (8953*Sqrt
[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(5656140*(7 + 5*x)) - (8953*Sqrt[11]

*Sqrt [-5 + 2*x]*EllipticE[ArcSin[(2*Sqrt[2 - 3x*x])/Sqrt[11]1]1, -1/21)/(13903
50%Sqrt [6 - 2*x]) + (397*Sqrt[3/22]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/1
11xSqrt[1 + 4x*x]1]1, 1/31)/(89126%3qrt[-5 + 2%x]) - (14832503%Sqrt[5 - 2*x]+*E
11ipticPi[55/124, ArcSin[(2xSqrt[2 - 3#*x])/Sqrt[11]1], -1/21)/(287339000%Sqr
t[11]*Sqrt [-5 + 2*x])

Rubi [A] time = 0.308533, antiderivative size = 227, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 11, integrand size = 35, number of rules

= 0.314, Rules used = {160, 1604, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

3 .21 3 1
8953V2 = 3xV2x—5VAx +1 _ V2-3xy2x—5VAr+1 3975 V5 - 2 (sin (\/; Vi 1)15)  8953vi1VZ

556140(5x + 7) 10(5x + 7)? 891252x — 5 1

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3x*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(7 + 5*x)~3,x]

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(10*%(7 + b*x)~2) + (8953*Sqrt
[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(556140%(7 + 5%x)) - (8953*Sqrt[11]

*Sqrt [-5 + 2*x]*EllipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(13903
50%Sqrt[6 - 2xx]) + (397*Sqrt[3/22]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt[3/1
11*Sqrt[1 + 4xx]], 1/3]1)/(89125%Sqrt[-5 + 2xx]) - (14832503*Sqrt[5 - 2*x]*E
11lipticPi[55/124, ArcSin[(2xSqrt[2 - 3#*x])/Sqrt[11]]1, -1/21)/(287339000%Sqr
t[11]#Sqrt [-5 + 2*x])

Rule 160

Int[((a_.) + (b_.)*(x_))"(m_)*Sqrtl[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[((a + b*x)~(m + 1)*Sqrt([c
+ dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(bx(m + 1)), x] - Dist[1/(2*b*(m + 1)),

Int[((a + bxx)"(m + 1)*Simp[d*exg + cxfxg + ckxexh + 2x(d*f*g + d¥exh + cxf
xh)*x + 3*xd*f*h*x~2, x])/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]), x], x
1 /; FreeQ[{a, b, ¢, 4, e, f, g, h, m}, x] && IntegerQ[2*m] && LtQ[m, -1]

Rule 1604

Int[((Ca_.) + (b_)*(x_))"(m_ )*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrt [(
c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Sy
mbol] :> Simp[((A*b~2 - axb*B + a"2xC)*(a + bxx) " (m + 1)*Sqrtlc + d*x]*Sqrt
[e + f*x]*Sqrtlg + h*xx])/((m + 1)*(b*xc - a*xd)*(b*e - a*xf)*(bxg - axh)), x]
- Dist[1/(2%(m + 1)*(b*c - a*d)*(b*e - axf)x(bxg - axh)), Int[((a + b*x) (m
+ 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]))*Simp [A* (2xa~2xdxfxh*(m +
1) - 2%axb*(m + 1)x(d*f*g + d*xexh + c*xfxh) + b™2x(2xm + 3)*(dxe*xg + c*xfxg
+ ckxexh)) - (b*B - axC)x*(ax(d*xexg + cxf*xg + ckexh) + 2xbxckexgx(m + 1)) - 2
x((Axb - axB)x(axd*fxh*(m + 1) - bx(m + 2)*(d*f*g + dxexh + c*xfxh)) - Cx(a”
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2% (dxf*xg + d¥exh + cxfxh) - b~ 2*ckexgkx(m + 1) + axbx(m + 1)x(dxe*xg + cxfxg
+ ckexh)))*x + dxfxhx(2+m + 5)*(Axb~2 - a*bxB + a”"2+%C)*x"2, x], x], x] /; F
reeQ[{a, b, ¢, d, e, £, g, h, A, B, C}, x] & IntegerQ[2*m] && LtQ[m, -1]

Rule 1607

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (f
_ )" (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bx*x, x], Int[(a + b*x) mx(c + d*x)"n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"nx(e + f*x) p*x(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x72]), x], x] /; FreeQ[{a, b, c, 4, e
, 1, x] & 1GtQlc, O]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(a*xSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + bx*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtl[e + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - axd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
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0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !'LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl[(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*#Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + bxx]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*xx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQle + f*x,
a + b*x] && GtQ[(-(d¥e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)] || PosQ[-(£/b)1))

Rubi steps
V2 = 3xV=5 + 2xV1 + 4x V2 = 3xV-5 + 2xV1 + 4x .\ 1 —21 + 140x — 72x2
xX=- — X
(7 + 5x) 10(7 + 5x)? 20 J 2 = 3xv/-5 + 2xV1 + 4x(7 + 5x)2
‘f'—106729—199200x+2
B V2 = 3xV=5 + 2xV1 + 4x .\ 89532 — 3xV-5 + 2xV1 + 4x L ) Vi
10(7 + 5x)2 556140(7 + 5x) 1112280

2500104 214872x

V2 - 3xV-5+2xV1 +4x 89532 - 3xv-5 +2xV1 + dx / ﬂmm

+
10(7 + 5x)2 556140(7 + 5x)

V2B E e eyl v dr 8953v2 - Bay 5+ 2xvivdx 191 [ e

1112280

1

+
10(7 + 5x)2 556140(7 + 5x) 178250
11915 - 2x) [ -
V2 = 3xV-5 + 2xV1 + 4x .\ 89532 — 3xV-5 + 2xV1 + 4x ( ) f \
10(7 + 5x)2 556140(7 + 5x) 89125+/2:

V2= 3xV=5 + 2x\V1 + 4x  8953v2 — 3xvV—5 + 2xV1 + 4x 8953 V115 + 2x

+
10(7 + 5x)2 556140(7 + 5x)

Mathematica [A] time = 0.696315, size = 136, normalized size = 0.6

V11(5759676EllipticF(sin~ 2222 ) -~ |-61059460E sin”~" | 222 -2 |-4449750911( 2> sin” 1(2v23x
V2x -5 Vi Vi 124

13903

1
Vit )l_i)) N 17050v2—3xVax+1(44

5-2x

(5x+7)2

9482187000

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*xx])/(7 + 5%x)"3,x]
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[Out] (Sqrt[-5 + 2*x]*((17050*Sqrt[2 - 3*x]*Sqrt[1 + 4*x]* (7057 + 44765%x))/(7 +
5xx)~2 + (Sqrt[11]*(-61059460*E1lipticE[ArcSin[(2%Sqrt[2 - 3%x])/Sqrt[11]],
-1/2] + 5759676*E1lipticF [ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2] - 4449
7509%E11ipticPi[55/124, -ArcSin[(2%Sqrt[2 - 3%x])/Sqrt[11]], -1/2]))/Sqrt[5

- 2x%x])) /9482187000

Maple [B] time = 0.025, size = 461, normalized size = 2.

1
(227572488000 x3 — 663753090000 x2 + 199125927000 x + 94821870000) (7+5 x)2

V@—3xv2x—5V4x+1G4%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)*(2*%x-5)"(1/2)* (4*x+1)~(1/2)/(7+5*x)~3,x%)

[Out] 1/9482187000% (2-3*x)~(1/2)*(2*x-5)~(1/2) * (4*x+1) ~(1/2)*(143991900%117(1/2) *
(2-3%x) " (1/2) * (5-2xx) ~(1/2) * (4*x+1) " (1/2) *E1lipticF (2/11%(22-33*x) ~(1/2),1/
2xI*27(1/2) ) *x~2-1526486500%117 (1/2) * (2-3*x) ~(1/2) *(5-2*x) ~(1/2) * (4*x+1)~ (1
/2)*E11ipticE(2/11%(22-33%x)~(1/2),1/2%I*27(1/2))*x~2+1112437725%11~(1/2) *(
2-3%x) " (1/2)* (5-2%x) " (1/2) * (4*x+1) " (1/2)*E1lipticPi (2/11*(22-33*x)~(1/2),55
/124 ,1/2%Tx27(1/2) ) *x"2+403177320%117 (1/2) ¥ (2-3*x) " (1/2) ¥ (5-2%x) " (1/2) * (4*x
+1)7(1/2)*E1lipticF(2/11%(22-33%x) " (1/2) ,1/2*I*27(1/2) ) *x-4274162200%11~ (1/
2)*(2-3%x) " (1/2) * (5-2%x) " (1/2) * (4*x+1) " (1/2)*E1lipticE(2/11%(22-33*x) " (1/2)
,1/2xI%27(1/2) ) *x+3114825630%117(1/2) % (2-3%x) ~(1/2) * (5-2%x) 7 (1/2) * (4*x+1) " (
1/2)*E11ipticPi(2/11%(22-33%x)~(1/2),55/124,1/2*%1%27 (1/2) ) *x+282224124%11"(
1/2)*%(2-3%x) ~(1/2) * (5-2%x) ~(1/2) * (4*x+1) " (1/2) *E11lipticF (2/11%(22-33%x) ~ (1/
2),1/2xI*27(1/2))-2991913540%117 (1/2) * (2-3*x) "~ (1/2) * (5-2%x) ~ (1/2) * (4*x+1) " (
1/2)*E1lipticE(2/11%(22-33%x) " (1/2),1/2*I*27(1/2))+2180377941*11~(1/2)*(2-3
*x) " (1/2) % (5-2%x) " (1/2) * (4*x+1) ~(1/2) *E11lipticPi (2/11%(22-33*x) ~(1/2) ,55/12
4,1/2%I%27(1/2))+18317838000*x~4-50539303100%x~3+7605578750%x~2+10159191350
*x+1203218500) / (24*x~3-70%x~2+21*x+10) / (7+5%x) ~2

Maxima [F] time = 0., size = 0, normalized size = 0.

V4x+1v2x—5V—3x+2dx
Gx+ 7)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2xx)~(1/2)*(1+4*x)~(1/2)/(7+5*x)"3,x, algorithm
="maxima"

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(5xx + 7)73, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x -5v-3x+2
1253 + 5252 + 735x + 343"~

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2-3%x)~(1/2)*(-5+2%x)~(1/2)*(1+4*x)~(1/2)/(7+5xx)~3,x, algorithm

="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2xx - B)*sqrt(-3*x + 2)/(126%xx"3 + 526%xx72 + 73
5%x + 343), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 = 3xV2x - 5v4x + 1
3 dx
BGx+7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (-5+2%x)**(1/2)* (1+4x*x)**(1/2)/(7T+5%x)**3,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(2*x - B)*sqrt(4x*x + 1)/(65xx + 7)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2

3 dx
BGx+7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2xx)~(1/2)*(1+4*x)~(1/2)/(7+5*x)~3,x, algorithm

="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(5xx + 7)73, x)
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V2-3xV-5+2xV1+4x

(7+5x)% dx

3.42

Optimal. Leaf size=263

. . -1 3 1
24957247V5 ~ 2xEllipticF (sin”? (/57 Ve 1) 5) , 168304012 —3xy2x —5var +1  8953v2- 312 =5

+
49565977504/66V2x — 5 30929169960(5x + 7) 1668420(5x + 7

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(15*%(7 + 5*x)~3) + (8953*Sqrt
[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(1668420%(7 + 5*x)~2) + (16830401%S

qrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x])/(30929169960*(7 + 5*x)) - (16830
401%Sqrt [11]1*Sqrt [-5 + 2*x]*EllipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -
1/21)/(77322924900%Sqrt [6 - 2*x]) + (24957247xSqrt[5 - 2*x]*EllipticF[ArcSi
n[Sqrt[3/111*Sqrt[1 + 4xx]1]1, 1/31)/(4956597750%Sqrt [66]*Sqrt[-5 + 2*x]) + (
15664616449*Sqrt [6 - 2xx]*EllipticPi[55/124, ArcSin[(2*Sqrt[2 - 3#*x])/Sqrtl

11171, -1/2]1)/(15980071146000*Sqrt [11]*Sqrt[-5 + 2*x])

Rubi [A] time = 0.397013, antiderivative size = 263, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 11, integrand size = 35, number of rules

= 0.314, Rules used = {160, 1604, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

integrand size

168304012 — 3xV2x — 5v4x + 1 . 8953v2 — 3xV2x —5VAx +1 V2 —3xv2x — 5Vax +1 . 249572475 - 2x.
30929169960(5x + 7) 1668420(5x + 7) 15(5x + 7)3 1956597

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4x*x])/(7 + 5*x)"4,x]

[Out] -(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(15*%(7 + 5*x)~3) + (8953*Sqrt
[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(1668420%(7 + 5*x)~2) + (16830401%S

qrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x])/(30929169960*(7 + 5*x)) - (16830
401%Sqrt [11]1*Sqrt [-5 + 2*x]*EllipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -
1/21)/(77322924900%Sqrt [6 - 2*x]) + (24957247xSqrt[5 - 2*x]*EllipticF[ArcSi
n[Sqrt[3/11]1*Sqrt[1 + 4xx]1]1, 1/31)/(4956597750%Sqrt [66]*Sqrt[-5 + 2*x]) + (
15664616449*Sqrt [6 - 2xx]*EllipticPi[55/124, ArcSin[(2*Sqrt[2 - 3#*x])/Sqrtl[

11171, -1/2]1)/(15980071146000*Sqrt [11]*Sqrt [-5 + 2*x])

Rule 160

Int[((a_.) + (b_.)*(x_))"(m_)*Sqrtl[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrt(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[((a + b*x)~(m + 1)*Sqrtl[c
+ dxx]*Sqrtle + f*x]*Sqrtlg + h*x])/(b*x(m + 1)), x] - Dist[1/(2%b*(m + 1)),
Int[((a + b*x)~(m + 1)*Simp[d*exg + c*fxg + cxexh + 2*x(dxfxg + dxexh + cx*f
xh)*x + 3*xd*xfxh*x"2, x])/(Sqrtlc + d*xx]*Sqrtle + f*x]*Sqrtl[g + h*x]), x], x
1 /; FreeQ[{a, b, c, d, e, f, g, h, m}, x] && IntegerQ[2+m] && LtQ[m, -1]

Rule 1604

Int[(((a_.) + (b_)*(x_))"m_)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrt[(
c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Sy
mbol] :> Simp[((A*b~2 - a*b*B + a~2+C)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt
[e + f*x]*Sqrtlg + hxx])/((m + 1)*(b*c - a*xd)*(bxe - a*xf)*(bxg - axh)), x]
- Dist[1/(2%(m + 1)*(b*c - a*xd)*(bxe - axf)*(b*g - a*h)), Int[((a + b*x) (m
+ 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*fxh*(m +
1) - 2%axb*(m + 1)x(dxf*g + dkexh + cxf*xh) + b™2x(2xm + 3)*(dxe*xg + c*xfxg
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+ cxexh)) - (b*B - axC)*(ax(d*xexg + cxf*g + ckxexh) + 2xb*xckexgx(m + 1)) - 2
*((Axb - axB)x*(axd*fxh*(m + 1) - bx(m + 2)*(d*f*xg + dxexh + c*xfxh)) - Cx(a”
2% (dxfxg + d*exh + cxfxh) - b~ 2*cxexgkx(m + 1) + axb*(m + 1)x(dxe*xg + c*xfxg
+ cxexh)))*x + dxfxhx(2xm + 5)*x(A*b~2 - axbxB + a"2%C)*x"2, x], x], x] /; F
reeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*m] && LtQ[m, -1]

Rule 1607

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*x((c_.) + (d_)*xx_D))"(n_.)*x((e_.) + (f
_IOx_ D (p_I)*((g_.) + (h_.)*(x_))"(g_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + bxx) mx(c + d*x) nx(e + f*x) p*x(g + h*x) q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*

x) "nx(e + f*x) p*x(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x~2)/d, x]]1*Sqrt[Simp[(dxg -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(d*e - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt [1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] & 'GtQld/c, 0] && GtQlc, 0] && GtQle, 0] && !( !GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + fx*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*xx)/(bxe - a*xf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
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b*x] /Rt [-((bxc - a*xd)/d), 211, (f*x(bxc - a*xd))/(d*(bxe - a*f))]1)/b, x] /;

FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - c*f), 0] && 'LtQ[(bxc - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 21*Sqrt[(bxc - a*xd)/bl)], (fx(b*c - axd))/(dx(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - a*f)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + b*
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQ[e + fx*x,
a + b¥x] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)]1 || PosQ[-(£/b)1))

Rubi steps

V2 = 3xV=5 + 2xV1 + 4x p V2-3xV-5+2xV1+4x 1 21 + 140x — 72x2
X = -

= +— X
(7 + 5x)* 15(7 + 5x)° 30 J 2 = 3xv-5 + 2xV1 + 4x(7 + 5x)3

_ V2-3xV-5+2xV1+4x 89532 - 3xV-5 + 2xV1 + 4x . I}

—401471+85502(

\/m\/ —5+2x\/

15(7 + 5x)° * 1668420(7 + 5x)2

3336¢

_ V2-3xV-5+2xV1+4x | 8953v2 - 3xv-5+2xV1+4x  16830401V2 -

+
15(7 + 5x) 1668420(7 + 5x)2

309291¢€

_ V2-3xV-5+2xV1+4x  8953V2 - 3xV-5+2xV1 +4x .\ 168304012 -

+
15(7 + 5x)3 1668420(7 + 5x)2

309291¢€

_ V2-3xV-5+2xV1+4x  8953V2 - 3xV-5+2xV1 +4x .\ 168304012 —

+
15(7 + 5x) 1668420(7 + 5x)2

309291¢€

_ V2-3xV-5+2xV1+4x 89532 -3xV-5+2xV1+4x 16830401V2 -

+
15(7 + 5x)3 1668420(7 + 5x)2

309291¢

_ V2-3xV-5+2xV1+4x 89532 -3xV-5+2xV1+4x 16830401V2 -

+
15(7 + 5x)3 1668420(7 + 5x)2

Mathematica [A] time = 0.753849, size = 141, normalized size = 0.54

Vit (120693246492E11ipticF(sin_l ( 2@) 1

g ,—5)—114783334820E(sin‘1(2VH") L

55 -1
—5 |+46993849347T1| — ;—
V25 i) (s (B

2v2-3x

309291¢

)

V5-2x

527342347818000
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Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1l + 4x*x])/(7 + 5xx)~4,x]

[Out] (Sqrtl[-5 + 2*x]*((17050*Sqrt[2 - 3*x]*Sqrt[1 + 4xx]*(-75460017 + 2007981640
*x + 420760025%x72)) /(7 + 5%x)"3 + (Sqrt[11]*(-114783334820*E1lipticE[ArcSi
n[(2+Sqrt[2 - 3*x])/Sqrt[11]1], -1/2] + 120693246492*E1lipticF [ArcSin[(2%Sqr

t[2 - 3*x])/Sqrt[11]1], -1/2] + 46993849347*E1lipticPi[55/124, -ArcSin[(2xSq

rt[2 - 3%x])/Sqrt[11]1]1, -1/2]))/Sqrt[5 - 2*x]))/527342347818000

Maple [B] time = 0.026, size = 602, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3%x)~(1/2)*(2%x-5)"(1/2)* (4*x+1)~(1/2)/(7+5*x)~4,x)

[Out] 1/527342347818000% (2-3%x)~(1/2)*(2%x-5)~(1/2)*(4*x+1)~(1/2)*(15086655811500
*117(1/2) % (2-3%x) ~(1/2) % (5-2%x) ~(1/2) * (4*x+1) ~(1/2) *E11lipticF (2/11%(22-33*x
)~ (1/2),1/2%xI%27(1/2) ) *x~3-14347916852500%11~ (1/2) * (2-3%x) ~(1/2) * (5-2xx) ~ (1
/2) % (4%x+1)~(1/2)*E1lipticE(2/11%(22-33%x) ~(1/2),1/2%I%2"~(1/2) ) *x~3-5874231
168375%117(1/2) % (2-3%x) " (1/2) * (5-2%x) 7 (1/2) * (4*x+1) " (1/2) *E1lipticPi (2/11x%(
22-33%x) "~ (1/2),55/124,1/2%I%2~(1/2) ) *x~3+63363954408300*11~(1/2) * (2-3*x) ~ (1
/2)*(5-2%x) " (1/2) * (4xx+1) "~ (1/2) *E11ipticF (2/11%(22-33%x) ~(1/2) ,1/2*I*2" (1/2
) ) *x72-60261250780500% 117 (1/2) * (2-3*x) ~(1/2) * (5-2%x) ~(1/2) * (4*x+1) ~(1/2) *E1
lipticE(2/11%(22-33%x) " (1/2) ,1/2*%I*27(1/2) ) *x~2-24671770907175%11~ (1/2) * (2~
3%x) 7 (1/2)* (5-2xx) ~(1/2) * (4*x+1) " (1/2) *E1lipticPi (2/11%(22-33%*x) ~(1/2) ,55/1
24,1/2%I%27(1/2))*x~2+88709536171620%11~(1/2) % (2-3%x) ~(1/2) * (5-2xx) ~ (1/2) *(
4*xx+1)~(1/2)*E1lipticF (2/11%(22-33%x)~(1/2),1/2*I*27(1/2) ) *x-84365751092700
*117(1/2) % (2-3%x) ~(1/2) % (5-2%x) ~(1/2) * (4*x+1) ~(1/2) *E11lipticE(2/11% (22-33*x
)~ (1/2) ,1/2%I%27(1/2) ) *x-34540479270045%11~ (1/2) * (2-3%x) ~(1/2) * (5-2%x) ~(1/2
)k (4%x+1)~(1/2)*E1lipticPi (2/11%(22-33%x)~(1/2) ,55/124,1/2%I%2"(1/2) ) *x+413
97783546756%117(1/2)* (2-3*x) " (1/2) *(5-2%x) ~(1/2) * (4xx+1) ~(1/2)*E1lipticF(2/
11%(22-33%x) ~(1/2) ,1/2%I%27(1/2))-39370683843260%11~ (1/2) *(2-3*x) ~(1/2) * (5-
2%x) " (1/2) % (4*x+1) "~ (1/2) *E11ipticE(2/11%(22-33*x) ~(1/2) ,1/2%I%2~(1/2))-1611
8890326021%117 (1/2)*(2-3%x) ~(1/2) * (5-2%x) ~(1/2) * (4*x+1) ~(1/2)*E1lipticPi(2/
11%(22-33%x)~(1/2) ,55/124,1/2%I*2~(1/2))+172175002230000*x ~5+31948899725050
0%x~4-2276751199345150%x~3+880758940754000%x~2+315342410533150%x-1286593289
8500) / (24*x~3-70%x~2+21%x+10) / (7+5%x) "3

Maxima [F] time = 0., size = 0, normalized size = 0.

Vix +1V2x-5vV-3x+2

1 dx
BGx+7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2*x)~(1/2)*(1+4*x)~(1/2)/(7+56xx)"4,x, algorithm
="maxima")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(5*xx + 7)74, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2
,X
625 x4 + 3500 x3 + 7350 x2 + 6860 x + 2401

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(-5+2xx)~(1/2)*(1+4*x)~(1/2)/(7+5%x)~4,x, algorithm
="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3xx + 2)/(625*%x74 + 3500%x~3 + 7
350%x72 + 6860*x + 2401), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

V2 = 3xV2x - 5v4x +1 0
(5x + 7)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (-5+2%x)**(1/2)* (1+4xx)**(1/2)/(7T+5*x)**4 ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(2*x - B)*sqrt(4*x + 1)/(5*x + 7)**4, x)

Giac [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/2x—5\/—3x+2d
X
(5x+7)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(-5+2*x)~(1/2)*(1+4xx)~(1/2)/(7+5*x)~4,x, algorithm
="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(5*x + 7)74, x)
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3 43 f Vetdxnfe+fxa/g+hx dx

a+bx
Optimal. Leaf size=570

dle+fr)  [d(g+hy) . 1 FVerdx
2eF = ey [ At A8 (352432 — Sabl(cf +de) + P(~(dg (s — ¢h) ~ ch(2eh + ) EllipticF (sm ! (V\fjf_; /
363d\[fhJe + fx\[g + hx

[Out] (2*xSqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*b) - (2*Sqrt[-(d*xe) + cx*f]
x(3xaxdxfxh - b*x(d*fxg + dxexh + c*xfxh))*Sqrt[(d*(e + f*x))/(dxe - cxf)]*Sq
rt[g + h*x]*EllipticE[ArcSin[(Sqrt[f1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*xf]]l, (
(d*e - cxf)*h)/(f*x(d*g - cxh))])/(3*b"2%d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt [(dx*(
g + h*x))/(d*g - cxh)]) + (2xSqrt[-(d*e) + c*f]*(3*a~2*d*f*h~2 - 3*a*xb*(d*e
+ c*xf)*h”™2 - b72x(d*gx(f*xg - exh) - cxh*x(f*g + 2%exh)))*Sqrt[(dx(e + f*x))
/(dxe - c*f)]xSqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqr
tlc + d*x])/Sqrt[-(d*e) + cxfl], ((d*e - cxf)xh)/(f*(d*g - cxh))])/(3*b~3xd
*xSqrt [f]*h*Sqrt[e + f*x]*Sqrtlg + h*x]) - (2x(bxe - axf)x*Sqrt[-(d*e) + cx*f]
*(bxg - axh)*Sqrt[(dx(e + f*x))/(d*e - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)
1*E1llipticPi[-((bx(d*e - c*f))/((bxc - axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d
xx])/Sqrt[-(dxe) + cxf]], ((dxe - c*f)*h)/(f*x(d*g - c*xh))])/(b~3*Sqrt[f]*Sq
rt[e + f*xx]*Sqrt[g + h*x])

Rubi [A] time = 1.28584, antiderivative size = 570, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 10, integrand size = 35, e o e

= 0.286, Rules used = {161, 1607, 169, 538, 537, 158, 114, 113, 121, 120}

d(e+£x) d(g+hx) 2AFI2 2 > VfVetdx \ | (de—cf)l
24/cf —de,| docf N e pr 3a“dfh” — 3abh(cf + de) + b*(— (dg(fg—eh)—ch(26h+fg)))) (sm ( N )If(dg_ch
3b3d/fhrJe + fxr[g + hx

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + dxx]*Sqrtle + f*x]*Sqrtl[g + h*x])/(a + bx*x),x]

[Out] (2#Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(3*b) - (2*Sqrt[-(d*e) + cx*f]
x(3xaxdxf*xh - b*x(d*fxg + dxexh + c*xfxh))*Sqrt[(d*(e + fx*x))/(d*xe - c*f)]*Sq
rt[g + h*x]*EllipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]l], (
(d*e - c*f)*h)/(fx(d*xg - cxh))])/(3*b~2xd*Sqrt [f]*h*Sqrt[e + fxx]*Sqrt[(d*(
g + h*x))/(d*xg - cxh)]) + (2xSqrt[-(d*e) + cxf]*(3*a”~2xd*f*xh~2 - 3*axbx(dxe
+ c*xf)*h™2 - b72*(d*gx(f*xg - exh) - cxh*x(f*g + 2%exh)))*Sqrt[(dx(e + f*x))
/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqr
tlc + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c*xf)*h)/(fx(d*xg - c*h))])/(3*b~3xd
xSqrt [f]*h*Sqrt[e + f*x]*Sqrtlg + h*xx]) - (2%(b*e - axf)*Sqrt[-(dxe) + cxf]
*(bxg - axh)*Sqrt[(dx(e + f*x))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)
1*E1lipticPi[-((bx(d*e - c*f))/((bxc - axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d
*x])/8qrt [-(d*e) + cxf]], ((d*e - c*f)*h)/(f*(d*g - cxh))])/(b~3*Sqrt [f]*Sq
rt[e + fxx]*Sqrtl[g + hx*x])

Rule 161

Int[((a_.) + (b_.)*(x_)) " (m_)*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)]*Sqrt[(g_.) + (h_.)*(x_)], x_Symbol] :> Simp[(2x(a + b*x)~(m + 1)*Sqrt[
c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(bx(2*m + 5)), x] + Dist[1/(b*(2*m +
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5)), Int[((a + b*x) m*Simp [3*bkckexg — a*x(d*xe*xg + cxf*g + ckxexh) + 2x(bx(dx*
exg + cxfxg + ckexh) - ax(dxfxg + dkexh + cxf*h))*x - (3xa*xdxfxh - b*(d*xf*g
+ d¥exh + cxfxh))*x"2, x])/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]), xI]
, x] /; FreeQ[{a, b, c, d, e, f, g, h, m}, x] && IntegerQ[2*m] && 'LtQ[m,

-1]

Rule 1607

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*x((c_.) + (d_)*xx))"(n_.)*x((e_.) + (f
_Ox_ D (p_I)*((g_.) + (h_.)*(x_))"(g_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + bxx) mx(c + d*x) nx(e + f*x) p*x(g + h*x)"q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*

x)"nx(e + f*x) p*x(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rule 169

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x~2)/d, x]]1*Sqrt[Simp[(dxg -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] & !SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*x(x_)"2]*Sqrtl(e_) + (f_.)*(x
)72]), x_Symbol] :> Dist[Sqrt[l + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, ¢, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrtlcl*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQl[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, 0] && !'( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqgrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h}, x] &
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxfxx)/(bxe - axf)]/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && 'LtQ[-((b*c - axd)/d), 0]

Rule 113
Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
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)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*x(b*c - axd))/(dx(bxe - axf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - a*xd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(bxc - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*xd) + (b*d*x)/(b*xc - axd)]*Sqrtle + fx*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps

3bceg—a(deg+cfg+ceh)+2(b(deg+cfg+ceh)—a(dfg+deh+cfh))x—(3ad fh-

f Ve +dxyfe + fxyfg +hx e 2Ve + dxrfe + fxoJg + hx . J (a+bx)Verdxfer Fryg+ix

a+ bx 3b 3b

adfg +2ceh 3 _ Bacfh 342 dfh

2deg+2cfg- _ Badeh_ Sacfh , Sadfh (dfg+deh+cfh Sadf ")

b b

_ 2Ve +dxyJe+ fxyJg + hx . \/c+dxw/e+fx\/g+hx

3b 3b

2V +dxqfe+ fxyfg+hx

1

(2(bc — ad)(be — af)(bg — ah)) Subst (f

be—ad—bx2)| e+
( ez

3b

(Z(bc—ad)(be—af)(bg— ah) d(”f"’)s bst| [

b3

! (be—ad-1
~ 2+c + dxye + fx+/g + hx
B 3b B3fe + fx

d(e+fx)
) 2\/C+dx\/e+fx\/g+hx 2y/—de +cf(Badfh —b(dfg + deh + cfh)) \/_

3b

302d/fiJe + fx ddif’zf

d(e+fx)
) 2\/C+dx\/e+fx\/g+hx 2+/—de + cf(3adfh — b(dfg + deh + cfh)) \/_

3b

302d+/fiJe + fx %
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Mathematica [C] time = 13.8408, size = 1250, normalized size = 2.19

——| v’fhe® W fhc®  3abfhc®>  3abfhc  b?fhxc  bPegc  3abfgc  3abehc  bPe*hc  b?fg’c 210 5
Zc+dxd%mm_ 2 T derdn T d T Td TG T o c+dx cwmj_mmm+beS+3b%_&

Antiderivative was successfully verified.

[In] Integratel[(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtl[g + h*x])/(a + b*x),x]

[Out] (2xSqrtlc + d*x]*(3xb~2%e*xg - 3xaxb*xfxg + (b~2xfxg~2)/h - 3*axbxexh + (b~2x
e"2xh)/f - (b™2xc™2+f*h)/d"2 + (3*axbxcxfxh)/d + 2¥b"2xf*gkx + 2%xb~2kexh*x
- 3xaxbxfxh*x + (b"2*kcxf*h*x)/d + b 2+fxh*x"2 - (b"2*c*e*xg)/(c + d*x) - (3%
axbxd*xexg) /(c + d*xx) + (3*axbxcxfxg)/(c + dxx) + (3*axb*ckxexh)/(c + d*x) +
(b™2%c™3%fxh)/(d"2*(c + d*x)) - (3xaxb*xc™2xfxh)/(d*(c + d*x)) + (b~ 2xd*e”2x
g)/(cxf + dxf*x) - (b~ 2*c*xe”2*h)/(cxf + dxf*xx) + (b~ 2*d*exg~2)/(c*h + dxhx*x
) = (b™2%c*xf*xg~™2)/(c*h + d¥h*x) - (I*b*Sqrtl[-c + (d*g)/h]l*(3*axd*fxh - bx(d
xf*xg + dkexh + cxf*h))*Sqrtlc + dxx]*Sqrt[(dx(e + f*x))/(f*(c + d*x))]*Sqrt
[(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtlc
+ d*x]], (dxexh - c*xfxh)/(d*f*g - c*xfxh)])/d"2 + (IxbxSqrt[-c + (d*g)/h]*(
-(bxf*xg) - 2xbxexh + 3xaxfxh)*Sqrtlc + d*x]*Sqrt[(d*(e + f*x))/(f*(c + d*x)
)1xSqrt [(d*(g + h*xx))/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*g)/h]
/Sqrtlc + d*x]], (d*exh - c*fxh)/(d*f*g - c*f*h)])/d + ((3*I)*b~2xexgxSqrt[
-c + (d*xg)/h]l*h*Sqrt[c + d*xx]*Sqrt[(dx(e + f*x))/(f*(c + d*x))]*Sqrt[(d*(g
+ h*x))/(h*(c + d*x))]*EllipticPi[((b*c - ax*d)*h)/(b*(-(d*g) + c*xh)), I*Arc
Sinh[Sqrt[-c + (dxg)/h]/Sqrtlc + d*x]], (d*exh - cxf*h)/(dxfxg - c*xf*xh)])/(
dxg - cxh) + ((3*%I)*a~2xfxSqrt[-c + (d*g)/h]*h~2*Sqrt[c + dxx]*Sqrt[(d*(e +
f*x))/(fx(c + d*x))I*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticPi[((b*c -
axd)*h) /(bx(-(d*g) + c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtlc + d*x]1], (d
xexh - c*xfxh)/(d*f*g - cxfxh)])/(d*g - cxh) + ((3*I)*axbxf*gxSqrt[-c + (d*g
) /h]*h*Sqrt[c + d*x]*Sqrt[(d*(e + fxx))/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(
hx(c + d*x))]*EllipticPi[((bxc - a*d)*h)/(bx(-(d*g) + cxh)), I*ArcSinh[Sqrt
[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cxfxh)/(d*f*xg - cxfxh)])/(-(d*g) +
c¥h) + ((3%I)*axbkxexSqrt[-c + (d*g)/h]*h~2xSqrt[c + d*xx]*Sqrt[(d*(e + f*x))
/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(hx(c + d*x))]*EllipticPi[((b*c - a*xd)*h
)/ (bx(-(d*g) + cxh)), IxArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh -
cxf*h)/(d*f*g - cxfxh)])/(-(dxg) + c*h)))/(3*b~3*Sqrte + f*xx]*Sqrtl[g + hx
x])

Maple [B] time = 0.059, size = 3678, normalized size = 6.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~(1/2)*(f*xx+e)~(1/2)* (h*x+g)~(1/2)/(b*x+a),x)

[Out] 2/3%(((d*x+c)*f/(cxf-d*e)) ™ (1/2)* (- (h*x+g)*d/ (c*¥h-d*g) )~ (1/2)* (- (f*x+e)*d/(
cxf-d*xe)) ~(1/2)*E1lipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-d
xg) )~ (1/2) ) *b~2*cxd"2kexf*xgxh+3* ((d*x+c)*f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g) *d/ (c*
h-d*g)) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e)) " (1/2)*E11lipticPi (((d*x+c)*f/(c*xf-dxe))
~(1/2) ,-(cxf-d*e)*b/f/(axd-b*c) , ((cxf-d*e) *h/f/(cxh-dxg) )~ (1/2) ) *axb*cxd 2
exfxh~2+3* ((d*xx+c)*f/ (cxf-dxe)) ~(1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) ~ (1/2) * (- (fxx+e
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)*d/ (cxf-d*e))~(1/2)*E1lipticPi (((d*x+c)*f/(c*xf-dxe))~(1/2),-(cxf-d*e)*b/f/
(a*xd-b*c), ((cxf-dxe)*h/f/(cxh-dxg))~(1/2))*axbkc*d~2*f " 2%g+h+3* ((d*x+c) *f/(
cxf-dxe)) " (1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e)) ~(1/2) *E
11ipticPi (((d*x+c)*f/(cxf-d*e))~(1/2),-(cxf-d*e)*b/f/(a*d-b*c), ((cxf-d*e)*h
/f/(cxh-d*g) )~ (1/2))*a~2+d"3*exf*xh~2-3* ((d*x+c)*f/(cxf-dxe)) ~(1/2) x (- (h*x+g
)*d/ (cxh-d*xg) )~ (1/2) % (- (f*x+e) *d/ (cxf-d*e) )~ (1/2)*E1lipticF (((d*x+c)*f/ (c*f
-d*e)) " (1/2), ((cxf-d*e)*h/f/(cxh-d*g) )~ (1/2)) *a~2+d"3*exf*xh~2+3x ((d*x+c) *f/
(cxf-dxe)) ™ (1/2) * (- (h*x+g) *d/ (c*h-d*g) ) = (1/2) * (- (f*x+e) *d/ (cxf-dxe) ) ~(1/2) *
EllipticF(((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*xe)*h/f/(cxh-d*g))~(1/2))*a*xb*
d~3%e”"2xh"2-2% ((d*x+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (cxh-dx*g) ) ~(1/2) x (- (£
xx+e) *d/ (cxf-dxe) )~ (1/2) *E1llipticF (((d*x+c)*f/(cxf-dxe))~(1/2), ((cxf-d*e)*h
/f/ (cxh-d*g) )~ (1/2))*b"2%cxd~2*%e”2+h~2-3* ((d*x+c) *f/ (cxf-d*e) ) ~(1/2) * (- (h*x
+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*xx+e) *d/ (cxf-d*xe) )~ (1/2)*E1lipticPi (((d*x+c)*f/(
cxf-dxe))~(1/2) ,-(cxf-d*xe)*b/f/(axd-b*c), ((cxf-d*e)*h/f/(cxh-d*xg) )~ (1/2))*a
“2%ckd"2*%f72%h 7" 2-3* ((d*x+c) *f/ (cxf-dxe) )~ (1/2) x (- (h*x+g) *d/ (cxh-d*g) ) ~(1/2)
*x (= (f*x+e)*xd/ (cxf-d*e))~(1/2)*E1llipticF (((dxx+c)*f/(cxf-d*e))~(1/2), ((c*xf-d
xe)*¥h/f/(cxh-d*g)) " (1/2)) *a*xb*c~2xd*f~2xh~2+2x ((dxx+c) *f/ (cxf-d*e)) " (1/2) *(
- (h*x+g) *d/ (cxh-dx*g) ) ~(1/2) * (- (fxx+e) *d/ (cxf-d*e) )~ (1/2) *E1lipticF (((d*x+c)
xf/(cxf-d*e))~(1/2), ((cxf-d*xe)*xh/f/(cxh-d*xg))~(1/2)) *b~2xc~2xd*e*xf*xh~2+((dx*
x+c)*f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) ) = (1/2) * (- (f*x+e) *d/ (c*f-d*e))
~(1/2)*EllipticF (((d*x+c)*f/(cxf-d*xe))~(1/2), ((c*f-d*e)*h/f/(cxh-d*g))~(1/2
)) *b~2%c”2xd*f " 2xg*xh+3% ((d*x+c) *f/ (cxf-d*e) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (
1/2) % (- (fxx+e) *d/ (cxf-d*xe)) ~(1/2) *E1llipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((c
xf-dxe)xh/f/(cxh-d*g) )~ (1/2))*a*xbxc”2xd*f " 2xh~2+x"2*b~2*c*d~2*f " 2+¥h~2+x~2%b
~2%d"3*e*xfxh~2+3* ((d*x+c) *f/ (cxf-d*xe) )~ (1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) *(
- (fxx+e)*d/ (cxf-d*e)) " (1/2)*E1lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-dx*e
)*¥h/f/ (cxh-d*xg)) ~(1/2) ) *a~2%kcxd~2+f"2xh~2-3* ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (
h*x+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*xx+e) *d/ (cxf-dxe)) " (1/2)*E1lipticPi (((d*x+c)*
f/(cxf-d*xe))~(1/2),-(cxf-d*e)*b/f/(a*xd-bxc), ((cxf-d*xe)*h/f/(cxh-d*g))~(1/2)
) *axb*xd~3xe”~2xh~2+3x ((d*x+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*x+g) *d/ (cxh-d*g) )~ (1/2
)* (= (fxx+e) *d/ (cxf-d*e)) " (1/2)*E11lipticPi (((d*x+c)*f/(cxf-d*e))~(1/2),-(c*f
-dx*e)*b/f/(axd-b*c) , ((cxf-dxe)*h/f/(cxh-d*g) )~ (1/2))*b~2+d"3*e” 2xg*h+ ((d*x+
c)*f/(cxf-dxe)) ™ (1/2) * (- (h*x+g) *d/ (c*h-d*g) )~ (1/2) * (- (f*x+e) *d/ (c*xf-d*e) )~ (
1/2)*E1lipticE(((d*x+c)*f/(cxf-d*xe))~(1/2), ((cxf-d*e)*h/f/(cxh-dx*g))~(1/2))
*xb~2xc*xd"2xe”2xh "2+ ((d*x+c) *f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (c*h-d*g) ) ~(1/2)
*x (= (f*x+e)*xd/ (cxf-d*e))~(1/2)*E1llipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((c*xf-d
xe)*h/f/(cxh-d*xg) )~ (1/2))*b"2%c*xd~2*f " 2xg~2- ((d*xx+c) *f/ (cxf-d*e)) ~(1/2) *(-(
h*x+g)*d/ (cxh-d*xg) )~ (1/2) *x (- (f*x+e) *d/ (c*xf-dxe) ) " (1/2) *E1lipticE(((d*x+c) *f
/(cxf-dxe) )~ (1/2), ((cxf-d*e)*h/f/(c*h-d*g)) ~(1/2))*b~2*xd"3*e” 2*g*xh+b~2%c*d”
2xexf*xgxh- ((dxx+c)*f/(cxf-d*xe) )~ (1/2)* (- (h*x+g)*d/ (cxh-d*g) )~ (1/2) * (- (f*x+e
)*d/ (cxf-d*xe))~(1/2)*E1lipticE(((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*e)*h/f/(
cxh-d*g)) ~(1/2)) *b~2*%d"3xexf*g~2+x~2xb~2*d~3*f " 2*g*xh+x~3*b~2%d~3*f " 2xh~2- ((
dxx+c)*f/ (cxf-dxe) )~ (1/2) x (- (hxx+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e
))~(1/2)*E1lipticE(((d*x+c)*f/(cxf-dxe))~(1/2), ((c*xf-d*e)*h/f/(cxh-dxg)) (1
/2) ) *b~2%c73*f T 2xh"2+x*b " 2% ckd 24 T 2xgkh+x*¥b"2xd " 3kexfkgxh+x*bT2kcxd "2k exf*
h~2-3* ((d*xx+c)*f/ (cxf-d*xe)) ~(1/2) * (- (h*x+g) *d/ (cxh-d*xg) )~ (1/2) * (- (f*x+e) *d/
(c*xf-dxe))~(1/2)*EllipticE(((d*x+c)*f/(cxf-d*e))~(1/2), ((cxf-dxe)*h/f/(cxh-
d*xg)) ~(1/2)) *a*xbkxcxd™2*e*xf*h~2-3* ((d*xx+c) *f/ (cxf-d*e)) ~(1/2) * (- (h*xx+g)*d/ (c
*xh-d*xg)) = (1/2) (- (f*x+e) *d/ (cxf-d*e)) ~(1/2) *E11lipticE(((d*x+c)*f/(cxf-dxe))
~(1/2), ((cxf-d*xe)*xh/f/(cxh-d*g)) ~(1/2)) *a*bxc*d”~2*f ~2xgxh+3* ((d*x+c) *f/ (c*xf
—-d*e)) "~ (1/2) * (- (h*xx+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e) *d/ (cxf-d*e) )~ (1/2)*E11l1
pticE(((d*xx+c)*f/(cxf-dxe))~(1/2), ((c*xf-d*e)*h/f/(cxh-dx*g) )~ (1/2))*axbxd~3x
exfxgxh-3* ((d*xx+c)*f/(cxf-dxe) )~ (1/2) * (- (h*xx+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*x+e
)*d/ (cxf-d*e)) " (1/2)*E1lipticPi (((d*x+c)*f/(c*xf-dxe))~(1/2),-(cxf-d*e)*b/f/
(axd-bxc), ((cxf-d*xe)*h/f/(cxh-d*g)) ~(1/2))*a*bxd~3*kexf*gxh-3* ((d*x+c)*f/(c*
f-dxe))~(1/2) * (- (h*xx+g) *d/ (cxh-d*g) ) ~(1/2) * (- (£*x+e) *d/ (cxf-d*e)) ~(1/2) *E11
ipticPi(((d*x+c)*f/(c*xf-dxe))~(1/2),-(cxf-d*e)*b/f/(a*d-b*c), ((cxf-dxe)*h/f
/ (cxh-d*g) )~ (1/2) ) *b~2*c*xd~2*xexf*gkxh— ((d*x+c) *f/ (cxf-d*xe)) ™ (1/2) % (- (h*x+g) *
d/ (cxh-dxg)) ~(1/2) x (- (f*x+e) *d/ (c*f-d*e)) ~(1/2) *E1lipticF (((d*x+c)*f/(cxf-d



203

*xe)) " (1/2), ((cxf-d*e)*h/f/(cxh-d*g) )~ (1/2) ) *b~2%c*d~2%f ~2xg~2-((d*x+c)*f/(c
*f-dxe)) " (1/2) % (- (h*x+g) *d/ (cxh-d*g) )~ (1/2) * (- (f*xx+e) *d/ (cx¥f-dxe) )~ (1/2) *E1
lipticF(((d*x+c)*f/(cxf-d*e))~(1/2), ((c*xf-dxe)*h/f/(cxh-d*xg))~(1/2))*b~2%d"~
3xe”2xgxh+ ((d*x+c)*f/ (cxf-dxe) )~ (1/2) * (- (h*x+g) *d/ (c*h—-d*g) ) ~(1/2) * (- (f*x+e
)*d/ (cxf-d*xe))~(1/2)*E1lipticF (((d*x+c)*f/(c*xf-d*e))~(1/2), ((cxf-d*e)*h/f/(
cxh-d*g)) ~(1/2) ) ¥b™2xd"3kexf*g™2) * (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2)
/b~3/h/f/d72/ (dxfxh*x"3+ckfxh*x~2+d*exh*x~2+d*f*xgxx " 2+ckexhrx+ckxf*gkx+drexg
*X+c*e*g)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/dx+c\/fx+e\/hx+gdx

bx +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)”(1/2)*(f*x+e)”(1/2)* (h*x+g)~(1/2)/(b*x+a),x, algorithm="m
axima"

[Out] integrate(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*xx + g)/(b*x + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)”(1/2)*(f*x+e)”(1/2)*(h*x+g)~(1/2)/(bxx+a),x, algorithm="f
ricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f Ve +dxyfe + fxafg +hx o

a+ bx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**(1/2)*(fxx+e)**(1/2)* (h*xx+g)**(1/2)/(bxx+a),x)

[Out] Integral(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)/(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/dx+c\/fx+e\/hx+gdx

bx+a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)”(1/2)*(f*x+e)~(1/2)* (h*x+g)~(1/2)/(b*x+a),x, algorithm="g
iac")

[Out] integrate(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*xx + g)/(b*x + a), x)
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f V2-3xV1+4x(7+5x)°

—5+2x

3.44 dx

Optimal. Leaf size=243

2161804579\@ V5 - 2xEllipticF (sin‘1 (\/g Vix + 1) , ;)
- 5443242x -5

[Out] (46134551%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4x*x])/38880 + (26291*Sqrt[2
- 3xx]*Sqrt[-5 + 2xx]*Sqrt[1 + 4xx]*(7 + 5xx))/540 + (1679*Sqrt[2 - 3*x]*S
qrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5%xx)~2)/756 + (Sqrt[2 - 3*x]*Sqrt[-5 + 2xx
IxSqrt[1 + 4xx]*(7 + 5%xx)~3)/9 + (2629157597*Sqrt[11]*Sqrt[-5 + 2*x]*Ellipt
icE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(163296*Sqrt[56 - 2*x]) - (21
61804579xSqrt [11/6]1*Sqrt [5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]

1, 1/31)/(54432%Sqrt [-5 + 2#*x])

1679
X X — X + X + X
«/2 3xV2x — 5Vax + 1(5x + 7)% + e V2-3

Rubi [A] time = 0.296547, antiderivative size = 243, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35 e .

> integrand size
0.229, Rules used = {162, 1600, 1615, 158, 114, 113, 121, 119}

26291
540

1
§\/2 - 3xV2x - 5V4x +1(5x + 7)® + e \/2 3xV2x - 5V4x +1(5x + 7)% +

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1l + 4*xx]*(7 + 5%x)73)/Sqrt[-5 + 2x*x],x]

[Out] (46134551xSqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/38880 + (26291%Sqrt[2
- 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x))/540 + (1679*Sqrt[2 - 3*x]*S
qrt[-5 + 2xx]*Sqrt[1 + 4*x]*(7 + 5*x)72)/756 + (Sqrt[2 - 3*x]*Sqrt[-5 + 2x*x
1xSqrt[1 + 4*xx]*(7 + B5*x)73)/9 + (2629157597*Sqrt[11]*Sqrt[-5 + 2*x]*Ellipt
icE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(163296*Sqrt[56 - 2*x]) - (21
61804579x3qrt [11/6]1*Sqrt [56 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]

1, 1/31)/(54432%Sqrt [-5 + 2#*x])

Rule 162

Int[(((a_.) + (b_.)*x(x_)) " (m_)*Sqrtl(e_.) + (f_.)*x(x_)]*Sqrtl[(g_.) + (h_.)*
(x )1)/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(2*(a + b*x) mxSqrt[c +
dxx]*Sqrt[e + f*xx]*Sqrtlg + h*x])/(d*(2#m + 3)), x] - Dist[1/(d*(2*m + 3)),
Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]))*Simp[2
xbkxckexgkm + ax(cx(fxg + exh) - 2xdxexgx(m + 1)) - (bx(2xd*xexg - cx(fxg + e
xh)*(2%m + 1)) - ax(2kcxf*xh - dx(2*xm + 1)*(f*xg + exh)))*x - (2%axdxf*h*m +
b*(d* (f*g + exh) - 2kcxfxhx(m + 1)))*x~2, x], x], x] /; FreeQ[{a, b, c, d,

e, f, g, h, m}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1600

Int[(((a_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrtl
(c_.) + (d_)*x(x_)I*Sqrtl[(e_.) + (£_)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[(2%Ckx(a + b*x) m*Sqrt[c + d*xx]*Sqrtle + f*xx]*Sqrtlg + h*x])/
(d*f*h*(2*m + 3)), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + bxx)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*xm + 3) - Cx*(ax*
(dxexg + cxfxg + ckxexh) + 2*xbxckexg*m) + ((A*b + a*B)*d*f*xhx(2+m + 3) - Cx(
2xax (d*xf*g + dxexh + c*xfxh) + b*x(2*m + 1)*(d*exg + c*xf*g + cxexh)))*x + (bx*
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Bkdxfxh* (2+m + 3) + 2*%Ck(axd*fxhxm - bx(m + 1)*(d*f*g + d¥exh + c*fxh)))*x”
2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, 0]

Rule 1615

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*x(x_)) " (n_.)*((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +
1)/ (dxf*xb™(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +
q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*xb~q*(m + n
+p+q+ 1)*Px - dxfxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)x(a”2*d*fx(m + n + pt+tq+ 1) - b*(bxcxex(m + q - 1) + ax(d*ex(n + 1) +
ckxfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m
+q+p))*x), x], xI, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*xx)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrt[a + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - a*xd)/b,
0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
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bxx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQle + f*x,
a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/D)1))

Rubi steps

V2 =3xV1 +4x(7 +5 1 (7 + 5x)% (—699 — 565x + 3358x2
f N BT+ 5  aB T 2T+ (7 + 50 — - ( )
=5+ 2x 9 18 V2 = 3xV=5 + 2xV1 + 4x

_ 1679

e — V2 = 3x V=5 + 2xV1 + 4x(7 + 5%)? + — «/2 3xV=5 + 2xV1 + 4x(7 + 5x)? -

26291
= =0 V2 = 3xV-5 + 2xV1 + 4x(7 + 5x) + ﬁx/z 3xV=5 + 2xV1 + 4x(7 + 5:

_ 46134551V2 — 3xV-5 + 2xV1 + 4x 26291
B 38880 540

V2 = 3xV-5 + 2xV1 + 4x(7 + 5%) +

_ 461345512 — 3xV/-5 + 2xV1 + 4x , 26291

1+ 4x(7
28880 =10 V2 = 3xV=5 + 2xV1 + 4x(7 + 5x) +

_ 46134551V2 — 3xV-5 + 2xV1 + 4x , 26291

2- 2xV1 + 4x(7
28880 =10 V2 = 3xV-5 + 2xV1 + 4x(7 + 5x) +

_ 46134551V2 - 3xV-5 + 2xV1 + 4x 26291
- 38880 540

V2 = 3xV=5 + 2xV1 + 4x(7 + 5x) +

Mathematica [A] time = 0.367859, size = 130, normalized size = 0.53

~2161804579v66/5 — 2xEllipticF (sm (\/7 Vax +1 ) )+6\/2 3xV4x +1(1512000x* + 8614800x> + 21329
326592+2x - 5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[1l + 4xx]*(7 + 5%x)~3)/Sqrt[-5 + 2x*x],x]

[Out] (6%Sqrt[2 - 3*x]*Sqrt[l + 4xx]*(-455686385 + 51484034*x + 21329208%x~2 + 86
14800*%x~3 + 1512000%x~4) + 2629157597*Sqrt [66]*Sqrt[5 - 2*x]*EllipticE[ArcS
in[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3] - 2161804579*Sqrt[66]*Sqrt[5 - 2*x]*E1li
pticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/31)/(326592%Sqrt[-5 + 2xx])

Maple [A] time = 0.02, size = 155, normalized size = 0.6

1
7838208 x3 — 22861440 x2 + 6858432 x + 3265920

V2 -3xV2x—5V4x+1 (—108864000 x6 + 6485413737 V11

Verification of antiderivative is not currently implemented for this CAS.

[In] int((7+5%x) 3% (2-3%x)~(1/2)*(4*x+1)~(1/2)/(2*x-5)~(1/2) ,%)

[Out] -1/326592%(2-3*x)~(1/2)* (4xx+1)~(1/2)*(2%x-5) ~(1/2) *(-108864000*x~6+6485413
737x117(1/2) % (2-3%x) ~(1/2) * (5-2%x) " (1/2) * (4*x+1) " (1/2) *E1llipticF(2/11%(22-3
3xx) " (1/2),1/2%Ix27(1/2))-5258315194*x11"(1/2)*(2-3*x) ~(1/2)* (5-2%x) ~(1/2) *(
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4xx+1) " (1/2)*E11lipticE(2/11%(22-33%x) ~(1/2) ,1/2%I%27(1/2))-574905600*x~5-12
59114976%x~4-2963596608*x~3+34609891236*x~2-13052783142%x-5468236620) / (24*x
~3-70%x"2+21%x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

(5x+7)3\/4x+1\/—3x+2d
X

V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)~3*(2-3*x)~(1/2)*(1+4xx)~(1/2)/(-5+2*x)~(1/2),x, algorithm
="maxima"

[Out] integrate((5*x + 7)73xsqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(125 x® +525x% + 735 x + 343)\/4x +1v-3x+2

V2x-5

Verification of antiderivative is not currently implemented for this CAS.

integral ,X

[In] integrate((7+5%x) 3% (2-3*x)~(1/2)*(1+4xx)~(1/2)/(-5+2*x)~(1/2),x, algorithm
="fricas")

[Out] integral((125%x~3 + 525*x72 + 73b*x + 343)*sqrt(4*x + 1)*sqrt(-3*x + 2)/sqr
t(2*x - 5), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)**3x(2-3xx)**(1/2)* (1+4*x)**(1/2)/(-5+2*x) **(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(5x+7)3\/4x+1\/—3x+2d
X
V2x-5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)~3*(2-3*x)~(1/2)*(1+4*x)~(1/2)/(-5+2*x)~(1/2),x, algorithm
="giac")

[Out] integrate((5*x + 7) 3*sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)
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dx

f V2-3xV1+4x(7+5x)?

—5+2x

3.45

Optimal. Leaf size=205

1679161\E V5 — 2xEllipticF (sin_l (\/g Vix + 1) , %)
) 7567/2x — 5

[Out] (73207*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4%x])/1080 + (173*Sqrt[2 - 3*x
1*Sqrt[-5 + 2*x]*Sqrt[1 + 4*xx]*(7 + 5*x))/60 + (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x
1xSqrt[1 + 4*xx]*(7 + 5*x)~2)/7 + (8198333*Sqrt[11]*Sqrt[-5 + 2*x]*EllipticE
[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(9072*Sqrt[5 - 2*x]) - (1679161

*xSqrt [11/6]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3])
/(756*Sqrt [-56 + 2*x])

1 173
+ 3«/2 —3xV2x - 5V4x +1(5x + 7)% + E‘/z — 3xV2x

Rubi [A] time = 0.213009, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 35, e

integrand size
0.229, Rules used = {162, 1600, 1615, 158, 114, 113, 121, 119}

73207v2 — 3xV2x —5Vax +1 1679
1080

1 173
5\/2 —3xV2x — 5V4x +1(5x + 7)2 + E«/2 —3xV2x —5V4x +1(5x + 7) +

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(7 + 5*x)~2)/Sqrt[-5 + 2*x],x]

[Out] (73207*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4%x])/1080 + (173*Sqrt[2 - 3*x
1xSqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx))/60 + (Sqrt[2 - 3*x]*Sqrt[-5 + 2xx
1xSqrt[1 + 4*x]*(7 + 5%xx)72)/7 + (8198333*Sqrt[11]*Sqrt[-5 + 2*x]*EllipticE
[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(9072*Sqrt[5 - 2*x]) - (1679161

*xSqrt [11/6]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4x*x]], 1/3])
/(756*Sqrt [-56 + 2*x])

Rule 162

Int[((Ca_.) + (b_.)*(x_)) " (m_)*Sqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*
(x_)1)/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(2*(a + b*x) mxSqrt[c +
dxx]*Sqrt e + f*xx]*Sqrtlg + h*x])/(d*(2*m + 3)), x] - Dist[1/(d*x(2*m + 3)),
Int[((a + b*x)"(m - 1)/(Sqrtlc + d*xx]*Sqrtle + fxx]*Sqrtl[g + h*x]))*Simp[2
xbkxckexgkm + ax(cx(fxg + exh) - 2xdkexgx(m + 1)) - (bx(2xd*exg - cx(fxg + e
xh)*(2%m + 1)) - ax(2kcxf*h - d*x(2xm + 1)*(f*g + exh)))*x - (2%a*xd*f*h*m +
b*(d* (f*g + exh) - 2%cxfxhx(m + 1)))*x~2, x], x], x] /; FreeQ[{a, b, c, d,
e, £, g, h, m}, x] && IntegerQ[2+*m] && GtQ[m, O]

Rule 1600

Int[((Ca_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)]I*Sqrtl[(e_.) + (f_)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[(2*C*(a + b*x) m*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrtlg + h*x])/
(dxfxh*(2+m + 3)), x] + Dist[1/(d*fxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*Axd*f*h*(2*xm + 3) - Cxk(ax
(d*xexg + cxfxg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*d*fxh*x(2+m + 3) - Cx(
2kxax (d*xf*g + dxexh + c*xfxh) + bx(2*m + 1)*(d*exg + c*xf*xg + cxexh)))*x + (bx
Bxd*xfxh* (2*m + 3) + 2xCk (a*xd*xfxh*m - bx(m + 1)*(d*fxg + dxexh + c*xfxh)))*x"
2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
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m] && GtQ[m, O]

Rule 1615

Int [(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + f*x)"(p +

1))/ (dxf*xb"(q - D*x(m + n + p + q+ 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + *(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*(bxc*xex(m + q - 1) + ax(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%x(m + q) + n + p) - bk(d*xex(m + q + n) + c*xfx(m

+q+ p)))x*x), x], x], x] /; NeQ[m + n + p + g+ 1, 0]] /; FreeQl[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x1), x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtl[e + f*x]*Sqrt[(bx(c + d*x))/(b*xc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && 'LtQ[-((b*c - axd)/d4d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*e - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*xc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && 'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(bxc - a*xd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*d)/bl)], (f*x(bxc - axd))/(d*(bxe - axf))])/(b*xSqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(bxc - axd)/b,
0] && GtQ[(b*e - a*f)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + b*
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQle + f*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[



-(£/d)]1 |l PosQ[-(£/b)1))

Rubi steps

f V2 —3xV1 +4x(7 + 5x)

—5+2x

~ 73207\/2 - 3xV-5+ 2xV1 + 4x 173

732072 - 3xV-5 + 2xV1 + 4x 173

_ 73207v2 - 3xV-5 + 2xV1 + 4x 173

732072 - 3xv/-5 + 2xV1 + 4x 173
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(7 + 5x) (~543 — 175x + 242222)

1 1
= 5«/2 —3xV=5 + 2xV1 + 4x(7 + 5x)2 - — d>

14 V2 = 3xV=5 + 2xV1 + 4x

_173
x/z 3xV-5 + 2xV1 + 4x(7 + 5x) + = x/z 3xV-5 + 2xV1 + 4x(7 + 5x)2 + -

x/z 3xV=5 + 2xV1 + 4x(7 + 5x) + = x/_

1080

x/z 3xV=5 + 2xV1 + 4x(7 + 5%) + = «/—

1080

T x/z 3xV=5 + 2xV1 + 4x(7 + 5%) + = x/_

x/z 3xV=5 + 2xV1 + 4x(7 + 5x) + = \/’

1080

Mathematica [A] time = 0.300078, size = 125, normalized size = 0.61

~6716644/66+/5 — 2xEllipticF (sm (\/7 Vax +1 ) )+12\/2 3xV4x + 1 (10800x° + 46836x2 +102592x — 71

18144v2x -

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[1l + 4xx]*(7 + 5%x)~2)/Sqrt[-5 + 2x*x],x]

[Out] (12*Sqrt[2 - 3*x]*Sqrt[1 + 4*xx]*(-717955 + 102592*x + 46836*x~2 + 10800*x~3
) + 8198333*%Sqrt [66]*Sqrt[5 - 2*x]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x

11, 1/3] - 6716644*3Sqrt[66]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[

1 + 4xx]], 1/3]1)/(18144%Sqrt[-5 + 2xx])

Maple [A] time = 0.012, size = 150, normalized size = 0.7

1

" 217728 x3 — 635040 x2 + 190512 x + 90720

V2-3xV2x-5Vax+1 (10074966 V11v2 - 3xV5 - 2xVax + 1Ell

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5%x) 2% (2-3%x)~(1/2)*(4xx+1)~(1/2)/(2%x-5)~(1/2) ,x)

[Out] -1/9072%(2-3%x)~(1/2)*(4xx+1)~(1/2)*(2*x-5) " (1/2)*(10074966*117 (1/2) * (2-3*x
)T (1/2) % (5-2%x) " (1/2) * (4xx+1) ~(1/2)*E1lipticF(2/11%(22-33%x) ~(1/2) ,1/2xI*2~
(1/2))-8198333%117 (1/2) % (2-3*x) 7 (1/2) % (5-2%x) 7 (1/2) * (4*x+1) " (1/2) *E11ipticE
(2/11%(22-33*x) " (1/2) ,1/2%I*27(1/2) ) -777600%x~5-3048192*x~4-5851944*x~3+553
32552%x72-20307546*x-8615460) / (24*x~3-70%x~2+21%x+10)
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Maxima [F] time = 0., size = 0, normalized size = 0.

Gx+7)>°Vax +1V-3x +2 o

V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) 2% (2-3*x)~(1/2)*(1+4xx)~(1/2)/(-5+2*x)~(1/2),x, algorithm
="maxima"

[Out] integrate((5*x + 7) 2*sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(25x2 +70x+49)\/4x+1\/—3x+2

V2x -5

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x) 2% (2-3%x)~(1/2)*(1+4*x)~(1/2)/(-5+2%x)~(1/2),x, algorithm
="fricas")

[Out] integral((25*x~2 + 70%x + 49)*sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x
)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((7+5%x)**2% (2-3*x)**(1/2)* (1+4*x)**(1/2)/(-5+2*xx)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Gx+7)>Vax +1V-3x +2 o

V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x) 2% (2-3%x)~(1/2)*(1+4x*x)~(1/2)/(-5+2%x)~(1/2),x, algorithm
="giac")

[Out] integrate((5*x + 7) 7 2xsqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)
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j~v2 3xV1+4ﬂ7+5x)d

—5+2x

3.46

Optimal. Leaf size=162

_4543@ V5 — 2xEllipticF (sin_l (\/g Vax+ 1) , %)
36V2x -5

1 95
+ Z\/Z —3xV2x — 5(4x +1)32 + Ex/z —3xV2x - 5V4x +1

[Out] (95*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[l + 4*x])/18 + (Sqrt[2 - 3*x]*Sqrt[-5
+ 2xx]*(1 + 4xx)7(3/2))/4 + (1397*Sqrt[11]*Sqrt[-5 + 2*x]*EllipticE[ArcSin
[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(27*Sqrt[56 - 2*x]) - (4543xSqrt[11/6]*
Sqrt[5 - 2xx]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3])/(36%Sqrt[-5

+ 2¥x])

Rubi [A] time = 0.0624533, antiderivative size = 162, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 6, integrand size = 33, ==

= 0.182, Rules used = {154, 158, 114, 113, 121, 119}

integrand size

4543\@\/5 —xF (Sin_l (\/g\/zxx n 1) |§) 139741
+

1 95
V2 = 3xV2x - 5(4x +1)32 + =2 - 3xV2x —5V4x +1 —
4 18 36V2x -5

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(7 + 5%x))/Sqrt[-5 + 2*x],x]

[Out] (95%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/18 + (Sqrt[2 - 3*x]*Sqrt[-5
+ 2*x]*(1 + 4%x)~(3/2))/4 + (1397*Sqrt[11]*Sqrt[-5 + 2xx]*EllipticE[ArcSin
[(2%Sqrt[2 - 3%x])/Sqrt[11]1], -1/2])/(27*Sqrt[5 - 2*x]) - (4543%Sqrt[11/6]*
Sqrt[56 - 2xx]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3]1)/(36%Sqrt[-5

+ 2%x])

Rule 154

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ Dx(e + £*x)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + c*xf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] &% NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]x
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + dxx]*Sqrt[(b*x(e + f*xx))/(b¥e - axf)]), Int[Sqrt[(bxe)/(bxe - axf) + (
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bxf*x)/(b*e - a*xf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(b*c - axd) + (b*d*x)/(bxc -
axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && '(GtQ[b/(bxc - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - axd)), 0] && GtQ[d/(d*e - c*xf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrt[a + bxx]*Sqrt[(b*c)/(b*xc - a*xd) + (b*d*x)/(bxc - axd)]x*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*xe - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*xx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQle + fxx,
a + b*x] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(b*e) + axf)/f, 0] && (PosQ[
-(£/d)]1 || PosQ[-(£/b)1))

Rubi steps
1065
V2B A7 +5y) ., (— - 95Ox) V1 +4x
f —«/2 V=5 + 2x(1 + 4x)° f dx
V-5 +2x 20 V2 - 3xV-5+2x
95 1 1 29535
= —V2-3xV-5+2xV1 + 4x + =V2 - 3xV-5 + 2x(1 + 4 3/2——f—
18\/ xV xV X 4\/ xV x( X) 180 N
95 1 1397 V-5 +2:
= — V2 - 3xV-5 + 2xV1 + 4x + =V2 = 3xV-5 + 2x(1 + 4x)%2 — f
18 4 N 3x\/_
(45435 V5= 21).
95 1
= 2 -3xV=5 + 2xV1 + 4x + =V2 = 3xV=5 + 2x(1 + 4x)¥2 -
18 4 361/
95 1 1397411v/-5 + 2xE
= — V2 -3xV-5 + 2xV1 + 4x + =V2 - 3xV-5 + 2x(1 + 4x)%2 +
18 4 274"

Mathematica [A] time = 0.192639, size = 120, normalized size = 0.74

~4543+/66/5 - 2xEllipticF (sm (\/7 \/4x+) )+6\/2 3xVax +1 (72x + 218x - 995) + 5588+/66/5 — 2xE(

216V2x -

Antiderivative was successfully verified.
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[In] Integrate[(Sqrt[2 - 3xx]*Sqrt[l + 4*x]*(7 + 5*x))/Sqrt[-5 + 2*x],x]

[Out] (6%Sqrt[2 - 3*x]*Sqrt[1l + 4xx]*(-995 + 218*x + 72*x72) + 5588*Sqrt[66]*Sqrt
[5 - 2xx]*EllipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3] - 4543*Sqrt[66]*
Sqrt[5 - 2xx]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/31)/(216*Sqrt[-

5 + 2xx])

Maple [A] time = 0.01, size = 145, normalized size = 0.9

1
" 5184 x3 — 15120 22 + 4536 x + 2160

Vz—sxV2x—5V4x+1@an9¢ﬁ&b—3xv%—2xv4x+1Eumﬁd?@ﬂ1

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5*xx)*(2-3%x)~(1/2)*(4*xx+1)~(1/2)/(2%x-5)~(1/2) ,%)

[Out] -1/216%(2-3%x)~(1/2)* (4*x+1)~(1/2)*(2%x-5)"(1/2)*(13629*11~(1/2) * (2-3*x) ~ (1
/2)%(5-2%x) " (1/2) * (4*x+1) " (1/2) *E11ipticF (2/11%(22-33%x) " (1/2) ,1/2*I%2" (1/2
))-11176x117 (1/2) % (2-3%x) ~(1/2) * (5-2%x) " (1/2) * (4*x+1) " (1/2) *E11lipticE(2/11%
(22-33*x) " (1/2) ,1/2%I%27(1/2) ) -5184%x~4-13536%x"3+79044%x~2-27234*x-11940) /
(24*x~3-70xx"2+21*x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

Gx+7)Vax+1V-3x+2

V2x -5

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((7+5*x)*(2-3*x)~(1/2)*(1+4%x)~(1/2)/(-5+2%x)~(1/2) ,x, algorithm="
maxima")

[Out] integrate((5*x + 7)*sqrt(4xx + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Gx+7)Vax+1V-3x+2

,X
V2x -5

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x)*(2-3*x)~(1/2)*(1+4*x)~(1/2)/(-5+2%x)~(1/2) ,x, algorithm="
fricas")

[Out] integral((5*x + 7)*sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 - 3x\/4x +1(5x + 7)

V2x -5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3*x)**(1/2)* (1+4*x)**(1/2)/(-5+2*x)**(1/2) ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(4*x + 1)*x(5xx + 7)/sqrt(2*x - 5), x)

Giac [F] time = 0., size = 0, normalized size = 0.

G5x+7)Vadx +1V-3x+2

V2x -5

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x)*(2-3*x)~(1/2)*(1+4%x)~(1/2)/(-5+2%x)~(1/2) ,x, algorithm="

giac")

[Out] integrate((5*x + 7)*sqrt(4xx + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)
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3.47

fﬁm

V-5+2x
Optimal. Leaf size=131

11\/2\/5 — 2xEllipticF (sin‘1 (\/E\Mx T 1) , 1) .
3 1 3 22— 3xV2x —5VAx +1 +
3v2x -5 3 18+/5 — 2x

[Out] (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[l + 4xx])/3 + (55*%Sqrt[11]*Sqrt[-5 + 2xx
1#E1lipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(18*Sqrt[6 - 2*x]) -

(11%Sqrt [22/3]*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4x*x]], 1
/31)/(3*Sqrt [-5 + 2*x])

55y11V2x — B5E (sin_l (2?)

Rubi [A] time = 0.0513602, antiderivative size = 131, normalized size of antiderivative

. . b f rul
= 1., number of steps used = 6, number of rules used = 6, integrand size = 28, e e e

= 0.214, Rules used = {101, 158, 114, 113, 121, 119}

1 s (VT soviTvae e s (BEE) )
3V2x -5 18V5 - 2

integrand size

1
5\/z —3xV2x —5Vax +1 -

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1 + 4*x])/Sqrt[-5 + 2*x],x]

[Out] (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1l + 4xx])/3 + (55*%Sqrt[11]*Sqrt[-5 + 2xx
1#E1lipticE[ArcSin[(2%Sqrt[2 - 3%x])/Sqrt[11]], -1/2])/(18*Sqrt[6 - 2*x]) -
(11%Sqrt[22/3]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4x*x]], 1
/31)/(3*Sqrt [-5 + 2*x])

Rule 101

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_.)*(x
)7 (p_.), x_Symbol] :> Simp[((a + bxx) m*(c + d*x) " nx(e + f*xx)"(p + 1))/(£f
*(m+n+p+ 1)), x] - Dist[1/(f*(m + n + p + 1)), Int[(a + b*x)"(m - 1)*(
c + d*x)"(n - 1)*(e + fx*x) p*Simp[cxm*(bxe - a*xf) + a*nx(d*e - cxf) + (d*mx
(bxe - a*f) + b*nkx(dxe - cxf))x*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, p}
, x] && GtQ[m, 0] && GtQ[n, O] && NeQ[m + n + p + 1, 0] && (IntegersQ[2*m,
2xn, 2*p] || (IntegersQ[m, n + p] || IntegersQ[p, m + n]))

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(b*c - axd) + (b*d*x)/(bxc -

axd)1), x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x] & !(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]
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Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bx*x] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQL(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(b*xe - axf))])/(b*Sqr
t[(bxe — axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQ[e + f*x,
a + b*x] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/p)1))

Rubi steps
33
V2 - 3x\V1 +4 1 —— +55x
f i x = —\/2 3x\/ 5+2x\/1 +4x—— dx
V=5 +2x V2 - 3xx/—5 + 2xV1 + 4x

V-5 + 2x 121

1
= $V2 =3V + 2x Vi + - f

10 4x

(1v22V5 - 2v) [ ——

—_— (

V2 = 3xV1 + 4x 3 J V2 -3xV-5+2xV1 +4x
dx  (55V-5+2x) [ —
+4x \/;

1
= g«/2 — 3xV=5 + 2xV1 + 4x — Tl

3V-5+2x

\/_

6vV5 -

55\/ﬁ\/m15(sin (Zﬂ) 1) 11\/7 \/5—2x1-"(sn

1
= 5«/2 —3xV=5+2xV1 + 4x +

18vV5 - 2x

Mathematica [A] time = 0.186648, size = 115, normalized size = (.88

3V~

—44\/_\/5—2xE111pt1cF(sm ((\/H) )+12ﬂm(2x 5)+55\/_\/5—2xE(81n (\/jlx/élx_-l-

36V2x -5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[1l + 4xx])/Sqrt[-5 + 2x*x],x]

[Out] (12*Sqrt[2 - 3*x]*(-5 + 2*x)*Sqrt[1 + 4*x] + 55%Sqrt[66]*Sqrt[5 - 2*x]*Elli

pticE[ArcSin([Sqrt [3/11]*Sqrt[1 + 4xx]], 1/3] - 44%Sqrt[66]*Sqrt[5 - 2*x]*El
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lipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3])/(36*Sqrt[-5 + 2*x])

Maple [A] time = 0.007, size = 140, normalized size = 1.1

1
V2-3xV2x-5Vax+1 (66 V11v2 - 3xV5 = 2 xVax + 1EllipticF (2/11 V22 ¢

4323 —1260x2 + 378 x + 180

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)*(4*x+1)~(1/2)/(2*x-5)"(1/2),x)

[Out] -1/18%(2-3%x)~(1/2)* (4*x+1) ~(1/2)*(2%x-5) " (1/2)*(66%117 (1/2) *(2-3*x) ~(1/2) *
(5-2%x) 7 (1/2) * (4+x+1) ~(1/2) *E11lipticF (2/11%(22-33%x) ~(1/2) ,1/2*I%27(1/2))-5

5117 (1/2) % (2-3%x) " (1/2) * (5-2%x) " (1/2) * (4*x+1) " (1/2) *E11ipticE(2/11% (22-33*
x)7(1/2),1/2%xI%27(1/2) ) -144%x"3+420*%x"2-126%x-60) / (24*x~3-70%x"2+21%x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/4x+1\/—3x+2d
X
V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(-5+2%x)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

ol Vax+1V-3x+2
Integra , X
V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(-5+2*x)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fﬂm

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (1+4*x)**(1/2)/(-5+2%x)**(1/2) ,%)

[Out] Integral(sqrt(2 - 3*x)*sqrt(4*x + 1)/sqrt(2*x - 5), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

Vax+1V-3x+2

dx
V2x -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(-5+2%x)~(1/2) ,x, algorithm="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/sqrt(2*x - 5), x)
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f V2-3xV1+4x dx
V-5+2x(7+5x)

Optimal. Leaf size=151

3.48

_41\/% V5 — 2xEllipticF (sin_l (\/g Vax + 1) , %) ) 211v2x - 5E (sin_l (Z—le_‘fx) |- %) ) 695 — 2xT1 (% ;i1

254/2x -5 5+/5 — 2x 2511V

[Out] (2%Sqrt[11]*Sqrt[-5 + 2*x]*EllipticE[ArcSin[(2*Sqrt[2 - 3#*x])/Sqrt[11]], -1
/2]1)/(6xSqrt[5 - 2*x]) - (41*Sqrt[2/33]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt
[3/11]*Sqrt[1 + 4xx]], 1/3]1)/(25*Sqrt[-5 + 2*x]) + (69*%Sqrt[5 - 2*x]*Ellipt
icPi[565/124, ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(25%Sqrt[11]*Sqrt[-

5 + 2xx])

Rubi [A] time = 0.121094, antiderivative size = 151, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 35, e .

0.257, Rules used = {163, 168, 538, 537, 158, 114, 113, 121, 119}
2 .1 3 1 . 1 (2V2-3x 1 55 . _1{2v°2-
41 5\/5 —2xF (sm ( H\/4x + 1) |§) 2411V2x - 5E (sm ( e )| - 5) 69+/5 — ZxH(ﬂ;sm (ﬁ
- + +
252x -5 54/5 — 2x 25V11V2x - 5

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtl[2 - 3xx]*Sqrt[1 + 4*x])/(Sqrt[-5 + 2*x]*(7 + 5*x)),x]

[Out] (2*%Sqrt[11]xSqrt[-5 + 2*x]*EllipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1
/21)/(5xSqrt[5 - 2*x]) - (41%Sqrt[2/33]1*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt
[3/111*8qrt[1 + 4x*x]], 1/3]1)/(25%Sqrt[-5 + 2*x]) + (69%Sqrt[5 - 2*x]*Ellipt
icPi[55/124, ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(25%Sqrt[11]*Sqrt[-

5 + 2x%x])

Rule 163

Int[(Sqrtl(e_.) + (f_.)*x(x_)I*Sqrtl(g_.) + (h_.)*(x_)1)/(((a_.) + (b_.)*(x_
))*Sqrt[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[((b*xe - ax*f)*(b*g - axh))/b
=2, Int[1/((a + b*x)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + hx*x]), x], x] + D
ist[1/b72, Int[Simp[b*f*g + bxexh - a*xfxh + bxfxh*x, x]/(Sqrtlc + d*x]*Sqrt
[e + fxx]*Sqrtlg + h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*x(x_)1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
c¥h)/d + (h*x~2)/d, x]]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x72]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQ[c, 0]

Rule 537
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]l*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, 0] && '( !GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
Y1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol]l :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*c - a*xd)/d), 2]], (fx(b*c - axd))/(d*(b*xe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(bxe - a*f),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - a*d)), 0] && GtQ[d/(d*xe - c*f), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, ¢, d, e, f}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e ) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(b*xe - a*xf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*xc - ax*xd)/b,
0] && GtQ[(b*xe - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + dxx, a + bx
x] && GtQ[(dxe - c*f)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQle + fx*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/b)1))

Rubi steps
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f V2 -3x\1 ta 1 109 — 60x 5713 f 1
V=5 +2x(7 + 5x) " 25 V2 = 3xV-5 + 2xV1 + 4x V2 = 3xV-5 + 2xV1 + 4x(7 + 5x)
( f V-5 + 2x ) 41 1 i +1426Sbt
—_12 —_ X ubs —
V2 - 3xV1 + 4x 25J V2 -3xv-5+2xV1 + 4x 25 (3
3 1
(MJE@fZ)f 1;4 m:(M%J;%—m%hmtf———TT;
__ Mo T TR (315255
25v-5 + 2x 25v-5 + 2x
ZVTiV—5-+2xE(snf4(2§Z§x)|-%) 4L¢E§V5-2xF(ﬂnfl(¢q§V1-+4x)|§) 69
= _ + —_—

5vV5 - 2x 25V-5 + 2x

Mathematica [A] time = 0.403959, size = 97, normalized size = 0.64

N (41EllipticF (sm‘l(z‘/j?),—%) _110E (sin_l (%)p 5) 69H(m —sin” (Z?)p %))

25V22x - 55

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[l1 + 4xx])/(Sqrt[-5 + 2*x]*(7 + 5%x)),x]

[Out] (Sqrt[5 - 2*x]*(-110*%EllipticE[ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2] +
41%E1lipticF [ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2] - 69*EllipticPi[55/1
24, -ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2]))/(25%Sqrt[-55 + 22%x])

Maple [A] time = 0.013, size = 76, normalized size = 0.5

11
\/_ (41 EllipticF (2/11 V22 -33x,i2V2 ) 110 EllipticE (2/11 V22 -33x, i/2\/§) + 69 EllipticPi (2/11 V22 - 33

275

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)7(1/2)*(4*x+1)~(1/2)/(7+5*x) /(2%x-5)"(1/2) ,%)

[Out] 1/275%(41*E1lipticF(2/11%(22-33*x)7(1/2),1/2+Ix27(1/2))-110%E11ipticE(2/11*
(22-33*x) " (1/2) ,1/2%I%27(1/2) ) +69*E1lipticPi (2/11%(22-33+x)~(1/2) ,55/124,1/
2xI*27(1/2))) % (5-2%x) 7 (1/2)*117(1/2) / (2%x-5) " (1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/4x+1\/—3x+2dx
Gx+7)V2x-5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(7+5%x)/(-5+2%x)~(1/2) ,x, algorithm="
maxima")
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[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/((5*x + 7)*sqrt(2*xx - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5vV-3x+2
, X
10x2-11x-35

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(1+4xx)~(1/2)/(7+5%xx)/(-5+2*x)~(1/2) ,x, algorithm="
fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(10*x"2 - 11xx - 35), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 -3xVix +1 I
V2x -5((5x+7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (1+4*xx)**(1/2)/(7+5*x)/(-5+2*x)**(1/2) ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(4*xx + 1)/(sqrt(2*x - 5)*(5*xx + 7)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/—3x+2d

Gx+7)V2x-5 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(1+4xx)~(1/2)/(7+5%xx)/(-5+2*x)~(1/2) ,x, algorithm="
giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/((5*x + 7)*sqrt(2*xx - 5)), x)
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‘]' V2-3xV1+4x
V-5+2x(7+5x)2

Optimal. Leaf size=189

6 . . —1( [3 1 .1 (2v2-3x
_2\/;\/5—2xElhpt1cF(sm (\/;\/4x+1),5) \/2—3xx/2x—5\/4x+1_2\/ﬁ\/2x_5E(Sm ( = )|_

3.49

+
25v/2x -5 39(5x + 7) 195+/5 — 2x

[Out] (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(39%(7 + 5*x)) - (2*Sqrt[11]*S
qrt[-5 + 2xx]*EllipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(195%Sqr

t[5 - 2xx]) - (2*%Sqrt[6/11]1*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrtl[

1+ 4xx]], 1/3]1)/(25%Sqrt[-5 + 2*x]) - (6101*Sqrt[5 - 2*x]*EllipticPi[55/12

4, ArcSin[(2xSqrt[2 - 3+*x])/Sqrt[11]1], -1/2])/(20150%3qrt [11]*Sqrt[-5 + 2*x

D

Rubi [A] time = 0.214234, antiderivative size = 189, normalized size of antiderivative =
number of rules

1., number of steps used = 10, number of rules used = 10, integrand size = 35,
= 0.286, Rules used = {164, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

VI aVE BV T 2\/§V5——2xF (sm‘l (\/EM) |§) ) 2v11v2x — 5E (sm‘l (”?) |- %) ) 6101

integrand size

39(5x +7) 25v2x -5 195v/5 — 2x

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1 + 4x*x])/(Sqrt[-5 + 2*x]*(7 + 5%x)~2),x]

[Out] (Sqrt[2 - 3xx]*Sqrt[-5 + 2*x]*Sqrt[l + 4x*x])/(39%(7 + 5*x)) - (2xSqrt[11]xS
qrt[-5 + 2xx]*EllipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]1], -1/2]1)/(195%Sqr

t[6 - 2*x]) - (2*Sqrt[6/11]1*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[

1 + 4xx]]1, 1/3]1)/(25%Sqrt[-5 + 2*x]) - (6101*Sqrt[56 - 2*x]*EllipticPi[55/12

4, ArcSin[(2xSqrt[2 - 3+*x])/Sqrt[11]1], -1/2])/(20150*Sqrt [11]*Sqrt[-5 + 2*x

D

Rule 164

Int[(((a_.) + (b_.)*(x_))"(m_)*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*
(x_)1)/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((a + b*x)~(m + 1)*Sqrt[
c + dxx]*Sqrtle + fxx]*Sqrtlg + h*x])/((m + 1)*(b*c - axd)), x] - Dist[1/(2
x*(m + 1)*(b*c - axd)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*xx]*Sqrtle + fx*x]x
Sqrt[g + h*x]))*Simp[c*(f*xg + exh) + dkexg*(2*m + 3) + 2% (c*xf*xh + dx(m + 2)
*x(fxg + exh))*x + dkf*h*x(2*m + 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d, e,
f, g, h, m}, x] && IntegerQ[2*m] && LtQ[m, -1]

Rule 1607

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_ IO )T (p_)*((g_.) + (h_.)*(x_))"(gq_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bxx, x], Int[(a + b*x) mx(c + d*x)"n*(e + f*x) p*x(g + h*x) q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*

x) "n*x(e + f*x) p*x(g + h*x)~q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
qt, x] &% PolyQ[Px, x] &% EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrt(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
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axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x"2)/d, x]11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
» £, g, h}, x] && GtQ[(d*e - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bke - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & '(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(bxe - axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*c - axd)/b,
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0] && GtQ[(bxe - axf)/b, 0] && PosQ[-(b/d)] && !'(SimplerQ[c + d*x, a + bx*
x] && GtQ[(dxe - c*f)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*xx] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(f/b), 0]) && !(SimplerQ[e + fx*x,

a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(b*xe) + axf)/f, 0] && (PosQ[
-(£f/d)] || PosQ[-(£/p)1))

Rubi steps
f V2 = 3xV1 + 4x p V2-3xV-5+2xV1+4x 1 —29 + 120x — 24x?
X = - = X
V=5 + 2x(7 + 5x)? 39(7 + 5x) 78 J 2 — 3xV-5 + 2xV1 + 4x(7 + 5x)
768  24x 1
_ V2-3xV-5+2xVl+4x 1 5 T 5 Dyt 6101 | V2-3xy/—5+2x3
39(7 + 5x) 78 J 2 - 3xv-5+2xV1 + 4x 1950
_ V2-3xV-5+2xV1 + dr f V=5 +2x 6 f 1
39(7 + 5x) T V2 = 3x\1 + 4x 25J 2 -3xv/-5+2xV1 +
(oyZVE=z) [ (610153
_ V2-3xV-5+2xV1 + 4x V2-3xy 13- 1 VI+dx
39(7 + 5x) 254/-5 + 2x
2VI1V=5 + 2xE (sin 1 (22X 1 2f V5 — 2xF
_ V2-3xV-5+2xV1 +4x N |
39(7 + 5x) 195+/5 — 2x 25

Mathematica [A] time = 0.623383, size = 132, normalized size = 0.7

— .. . -1 {2v2-3x 1 1 {2v2- 3x) __) (_ 3 1(2\/2—33() ]
3v55 — 22x (14508Ell1pt1cF (sm ( N ), 2) + 6820E (Sl ( | 18303I1 o sin N |
1994850v2x — 5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[1l + 4xx])/(Sqrt[-5 + 2*xx]*(7 + 5*x)~2),x]

[Out] ((51150%Sqrt[2 - 3*x]*(-5 + 2*x)*Sqrt[1 + 4xx])/(7 + 5xx) + 3*Sqrt[55 - 22%
x]*(6820*E1lipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2] + 14508*Ellipt
icF[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2] + 18303*EllipticPi[55/124, -A
rc3in[(2%Sqrt[2 - 3*x])/Sqrt[111], -1/21))/(1994850%Sqrt[-5 + 2+*x])

Maple [B] time = 0.016, size = 320, normalized size = 1.7

1
V2-3xV2x-5Vax+1 (72540 VI1V2 - 3xV5 -

B (15958800 x3 — 46546500 x? + 13963950 x + 6649500) (7+5x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)7(1/2)*(4xx+1)~(1/2)/(7+5*x) "2/ (2%x-5)~(1/2) ,x)

[Out] -1/664950%(2-3xx)~(1/2)* (4*x+1)~(1/2)*(2%x-5) " (1/2)*(72540%117 (1/2) * (2-3*x)
“(1/2) % (6-2%x) " (1/2) * (4xx+1) " (1/2) *E11lipticF (2/11%(22-33*x) ~(1/2) ,1/2*xI*27(
1/2))*x+34100%117 (1/2) * (2-3*x) 7 (1/2) * (6-2%x) 7 (1/2) * (4*x+1) 7 (1/2) *E11ipticE(
2/11%(22-33%x) 7 (1/2) ,1/2%I*27 (1/2) ) *x-91515%117 (1/2) * (2-3*x) " (1/2) * (5-2*x) ~
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(1/2)*(4*x+1) "~ (1/2)*E11lipticPi(2/11%(22-33%x) ~(1/2) ,55/124,1/2%xI*27(1/2) ) *x
+101556%117(1/2) *(2-3%x) ~(1/2) *(5-2%x) " (1/2) * (4*x+1) " (1/2) *E11lipticF (2/11%(
22-33%x) " (1/2) ,1/2xI*27(1/2) )+47740%117 (1/2) *(2-3*x) ~(1/2) * (5-2*x) " (1/2) * (4
*xx+1) 7 (1/2)*E11lipticE(2/11%(22-33%x) ~(1/2) ,1/2xI%27(1/2))-128121*%117(1/2) *(
2-3xx) " (1/2) % (5-2*x) " (1/2) * (4*x+1) " (1/2)*E11lipticPi (2/11%(22-33*x) ~(1/2),55
/124 ,1/2%xIx27(1/2))-409200*x~3+1193500*x~2-358050*x-170500) / (24*x~3-70*x"2+
21*x+10) / (7+5%*x)

Maxima [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/—3x+2d

X
Gx+7)>*V2x-5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(7+5*x)~2/(-5+2*x)~(1/2) ,x, algorithm
="maxima")

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/((5*x + 7) 2*sqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5V-3x+2
,X
503 +15x2 — 252 x — 245

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3%x)~(1/2)*(1+4*x)~(1/2)/(7+6*x)~2/(-5+2%x)~(1/2) ,x, algorithm
="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(50*%x"3 + 15%xx~2 - 252x%
x - 245), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 -3xVvix +1
V2x = 5 (5x + 7)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)x*(1/2)* (1+4xx)*x(1/2)/(7T+5*x)**2/ (=5+2*x)**(1/2) ,x)

[Out] Integral(sqrt(2 - 3*x)*sqrt(4*x + 1)/(sqrt(2xx - 5)*(5xx + 7)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/4x+1\/—3x+2d
X
Gx+7)>*V2x-5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(1+4xx)~(1/2)/(7+5xx)~2/(-5+2*x)~(1/2),x, algorithm
="giac")

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/((5*x + 7) 2*sqrt(2*x - 5)), x)
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‘]' V2-3xV1+4x
V-5+2x(7+5x)3

Optimal. Leaf size=225

3.50

I T -1 3 =\ 1

+
231725v/6612x - 5 481988(5x +7) 78(5x + 7)?

[Out] (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/(78%(7 + 5*x)~2) - (361%Sqrt[2

- 3*x]*Sqrt[-5 + 2*xx]*Sqrt[1 + 4xx])/(481988*(7 + 5*x)) + (361*Sqrt[11]%*Sq
rt[-56 + 2*x]*EllipticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(1204970%
Sqrt[5 - 2*x]) - (6101*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4
*x]], 1/3])/(231725%Sqrt [66]*Sqrt[-5 + 2xx]) - (6655867*Sqrt[5 - 2*x]*Ellip
ticPi[b65/124, ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/21)/(747081400%Sqrt[11
1*8qrt [-5 + 2*x])

Rubi [A] time = 0.300811, antiderivative size = 225, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 11, integrand size = 35, number of rules

= 0.314, Rules used = {164, 1604, 1607, 168, 538, 537, 158, 114, 113, 121, 119}

integrand size

. -1 3 1
361V2 —3x\2x —5VAx 1 V2-3xV2x -5y <1 OI0IVo - 2F [sin (\/;V‘lx”) '5) . 361V11v2x -5

481988(5x + 7) 78(5x + 7)2 231725v66V/2x - 5

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*Sqrt[1 + 4*x])/(Sqrt[-5 + 2*x]*(7 + 5%x)~3),x]

[Out] (Sqrt[2 - 3*xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4x*x])/(78%(7 + 5*x)~2) - (361*Sqrt[2

- 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x])/(481988*(7 + 5xx)) + (361*Sqrt[11]1*Sq
rt[-5 + 2*x]*EllipticE[ArcSin[(2*Sqrt[2 - 3#*x])/Sqrt[11]1]1, -1/21)/(1204970%
Sqrt[5 - 2*x]) - (6101*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[l + 4
*x]], 1/3])/(231725%Sqrt [66]*Sqrt[-5 + 2xx]) - (6655867*Sqrt[5 - 2*x]*Ellip
ticPi[b65/124, ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(747081400%Sqrt[11
1xSqrt[-5 + 2x*x])

Rule 164

Int[(((a_.) + (b_.)*x(x_)) " (m_)*Sqrtl(e_.) + (f_.)*x(x_)]*Sqrtl[(g_.) + (h_.)*
(x_)1)/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((a + b*x)~(m + 1)*Sqrt[
c + dxx]*Sqrtle + fxx]*Sqrtlg + h*x])/((m + 1) *(b*c - a*xd)), x] - Dist[1/(2
x*(m + 1)*(b*c - axd)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*
Sqrt[g + h*x]))*Simp[c*(f*g + exh) + dkexg*(2*m + 3) + 2% (c*xf*xh + dx(m + 2)
*(f*xg + exh))*x + dxf¥h*(2*m + 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d, e,
f, g, h, m}, x] && IntegerQ[2*m] && LtQ[m, -1]

Rule 1604

Int[((Ca_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(8qrt[(
c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x )1*Sqrtl(g_.) + (h_.)*x(x_)]1), x_Sy
mbol] :> Simp[((A*b~2 - a*b*B + a”2*C)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt
[e + fxx]*Sqrtlg + h*x])/((m + 1)*(b*c - a*xd)*(bxe - axf)*(bxg - axh)), x]
- Dist[1/(2%(m + 1)*(b*c - a*xd)*(bxe - axf)*(b*g - ax*h)), Int[((a + b*x) (m
+ 1)/(Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]))*Simp [Ax(2%a~2xd*f*xh*(m +
1) - 2%axb*(m + 1)x(dxf*g + dkexh + cxf*xh) + b™2x(2xm + 3)*(dxe*xg + c*xfxg
+ cxexh)) - (b*B - axC)*(ax(d*exg + cxf*g + ckexh) + 2xb*ckexgx(m + 1)) - 2

1204
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*((Axb - axB)x*(axd*fxh*(m + 1) - bx(m + 2)*(d*f*g + dxexh + c*xfxh)) - Cx(a”
2% (dxf*xg + d*exh + cxfxh) - b~2*cxexgkx(m + 1) + axb*(m + 1)x(dxe*xg + c*xfxg
+ cxexh)))*x + dxfxhx(2xm + 5)*(Axb~2 - a*bxB + a~2+C)*x"2, x], x], x] /; F
reeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] &% IntegerQ[2+m] && LtQ[m, -1]

Rule 1607

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_ IO ) (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder [Px, a + bxx, x], Int[(a + b*x) m*x(c + d*x)"n*(e + f*x) p*x(g + h*x) q
, xJ, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d*
x)"nx(e + f*xx)"px(g + h*xx)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
qt, x] &% PolyQ[Px, x] &% EqQ[m, -1]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrt[(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x~2)/d, x]]1*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(d*e - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]xSqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt [1 + (d*x~2)/c]*Sqrtle + f*x~2]1), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)1), x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x] & !(GtQ[b/(b*xc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqartl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;
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FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - a*d)/bl)], (f*x(bxc - axd))/(d*(bxe - axf))])/(b*xSqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - a*f)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + b*
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQ[c + d*x, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQ[e + fx*x,
a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)] 11 PosQ[-(£/b)]1))

Rubi steps

f V2 = 3xV1 + 4x p V2-3xV-5+2xV1+4x 1 f —-37 +100x + 24x2
X = -—
V=5 + 2x(7 + 5x)3 78(7 + 5x)? 156 J /2 = 3xv/=5 + 2xV1 + 4x(7 + 5x)2

dx

—272145+485280x+77976x>

_ V2-3xV-5+2xV1+4x 361V2-3xV-5+2xV1 +4x J Vo s i

78(7 + 5x)2 481988(7 + 5x) 8675784
1880568 77976x
25 5
_ V2-3x/E a2yl + A 361V2-Bry 5+ oxVivax J T X . f
78(7 + 5x)2 481988(7 + 5x) 8675784
=
V23 E e 2xVi+dr 361V2-3xyB+2xVi+Ax 1083 [ il
78(7 + 5x)2 481988(7 + 5x) 1204970
6101v5 - 2x) [ ————
_ V2-3xV-5+ 20V 44 3612 -3rV-5+ 20Vl +4x ( ) EINES
78(7 + 5x)? 481988(7 + 5x) 231725v/22+/-5 + 2:

. -1
NIt h 3612 B e anyi v OIVIIV-5+2iE (Sm (—

2-

+
78(7 + 5x)? 481988(7 + 5x) 12049705 — 2x

Mathematica [A] time = 0.56169, size = 137, normalized size = 0.61

—3+/55 — 22x (—9834812E11ipticF (sin_l (2 v j;") , —%) + 2462020F (sin_l (Z—le_‘f") |- %) — 665586711 (% ;—sin”! (5
246536862002x — 5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*Sqrt[l + 4*x])/(Sqrt[-5 + 2*x]*(7 + 5%x)"3),x]
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[Out] ((-17050*Sqrt[2 - 3*x]*(-5 + 2*x)*Sqrt[1 + 4*x]*(-10957 + 5415%x))/(7 + b*x
)72 - 3%Sqrt[565 - 22*x]*(2462020*%E1lipticE[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11

11, -1/2] - 9834812*EllipticF [ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/2] - 6
655867*E11lipticPi[65/124, -ArcSin[(2*Sqrt[2 - 3xx])/Sqrt[11]], -1/21))/(246
53686200*Sqrt [-5 + 2#*x])

Maple [B] time = 0.016, size = 461, normalized size = 2.1

1
- 2\/2—3x\/2x—5\/4x+1(3
(591688468800 x% — 1725758034000 x2 + 517727410200 x + 246536862000) (7 + 5 x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)*(4*xx+1)~(1/2)/(7+5%xx)~3/(2*x-5)~(1/2) ,%)

[Out] -1/24653686200* (2-3%x)~(1/2) * (4*x+1)~(1/2)*(2*xx-5) " (1/2)*(737610900%11~(1/2
)*(2-3%x) " (1/2) % (5-2%x) "~ (1/2) * (4*x+1) " (1/2) *E1lipticF(2/11%(22-33*x) ~(1/2),
1/2%I%27(1/2) ) *x~2-184651500%117 (1/2) * (2-3%x) ~(1/2) * (5-2%x) ~(1/2) * (4*xx+1) "~ (
1/2)*E11lipticE(2/11%(22-33%x) " (1/2) ,1/2%I*27(1/2) ) *x~2-499190025%11~(1/2) *(
2-3xx) " (1/2) *(5-2*%x) " (1/2) * (4*x+1) " (1/2)*E11lipticPi (2/11%(22-33*x)~(1/2),55
/124,1/2xIx27(1/2) ) *x~2+2065310520*%117 (1/2) * (2-3*x) ~ (1/2) * (5-2*x) ~ (1/2) » (4%
x+1)7(1/2)*E1llipticF(2/11%(22-33%x) " (1/2) ,1/2*I*27(1/2) ) *x-517024200%11~(1/
2)*(2-3xx) 7 (1/2) % (5-2%x) ~(1/2) * (4*x+1) " (1/2) *E11lipticE(2/11%(22-33xx) " (1/2)
,1/2%T%27(1/2) ) *x-1397732070%117 (1/2) % (2-3%x) 7 (1/2) * (5-2%x) " (1/2) * (4*x+1) ~ (
1/2)*E1lipticPi(2/11%(22-33*x)~(1/2),55/124,1/2%I*27 (1/2) ) *x+1445717364*11~
(1/2) % (2-3*x) "~ (1/2) % (5-2%x) " (1/2) * (4xx+1) " (1/2) *E11lipticF (2/11%(22-33%*x) ~ (1
/2) ,1/2%I%27(1/2))-361916940%117(1/2) * (2-3%x) ~(1/2) *(5-2xx) " (1/2) * (4*x+1) ~(
1/2)*E1lipticE(2/11%(22-33*x)~(1/2),1/2xI*27(1/2))-978412449%11~ (1/2) * (2-3*
x)T(1/2)*(5-2%x) " (1/2) * (4xx+1) ~(1/2) *E1lipticPi(2/11%(22-33%x)~(1/2),55/124
,1/2%Ix27(1/2))+2215818000*%x~4-10946406900*x~3+15016020250*x~2-2999896350*x
-1868168500) / (24*x~3-70*x~2+21*x+10) / (7+5%x) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

\/4x+1\/—3x+2d

X
Gx+ 7)3\/2x—5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(1+4xx)~(1/2)/(7+5xx)~3/(-5+2*x)~(1/2),x, algorithm
="maxima"

[Out] integrate(sqrt(4*x + 1)*sqrt(-3*x + 2)/((5*x + 7) " 3xsqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vax+1V2x-5vV-3x+2
, X
250 x4 + 425 x3 — 1155 x2 — 2989 x — 1715

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2-3*x)~(1/2)*(1+4x*x)~(1/2)/(7+5xx)~3/(-5+2%x)~(1/2),x, algorithm

="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2)/(250*x~4 + 425%x~3 - 11
55%x72 - 2989xx - 1715), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)**(1/2)* (1+4*xx)**x(1/2)/(7+5*x)**3/ (-5+2*xx)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

V4x+1V—3x+2d

X
Gx+7°V2x-5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)*(1+4xx)~(1/2)/(7+5xx)~3/(-5+2*x)~(1/2),x, algorithm

="giac")

[Out] integrate(sqrt(4xx + 1)*sqrt(-3*x + 2)/((5*x + 7) 3*sqrt(2*x - 5)), x)
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V2-3x(7+5x)3

dx
V=5+2xV1+4x
Optimal. Leaf size=205

3.51

25260049\@ V5~ 2xEllipticF (sin‘1 (\/g Vix+ 1) , %)
- 6048v2x — 5

[Out] (110743%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/864 + (121*Sqrt[2 - 3*x
1xSqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5%xx))/24 + (5%Sqrt[2 - 3*x]*Sqrt[-5 + 2
*x]*Sqrt [1 + 4*x]*(7 + 5%x)72)/28 + (156629623*Sqrt[11]*Sqrt[-5 + 2*x]*Ellip
ticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(9072*Sqrt[5 - 2xx]) - (252
60049*Sqrt [11/6]*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]],
1/31)/(6048%Sqrt [-5 + 2#*x])

5 121
+ %x/z —3xV2x - 5Vax + 1(5x + 7)2 + gx/z —3x/

Rubi [A] time = 0.212381, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 35, e

integrand size
0.229, Rules used = {174, 1600, 1615, 158, 114, 113, 121, 119}

25,
110743
361 \/2—3x\/2x—5\/4x+1— —

5 121
2—8\/2 —3xV2x — 5V4x +1(5x + 7)2 + Zx/z —3xV2x - 5V4x +1(5x + 7) +

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*(7 + 5%x)~3)/(Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]),x]

[Out] (110743%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/864 + (121*Sqrt[2 - 3*x
1xSqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5%xx))/24 + (5%Sqrt[2 - 3*x]*Sqrt[-5 + 2
*x]*Sqrt [1 + 4*x]*(7 + 5%x)72)/28 + (156629623*Sqrt[11]*Sqrt[-5 + 2xx]*Ellip
ticE[ArcSin[(2%Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(9072*Sqrt[5 - 2xx]) - (252
60049*Sqrt [11/6]*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]],
1/31)/(6048%Sqrt [-5 + 2#*x])

Rule 174

Int[((Ca_.) + (b_.)*(x_)) " (m_)*Sqrt[(c_.) + (d_.)*(x_)1)/(Sqrtl(e_.) + (f_.
)k (x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(2*b*(a + b*x)~(m - 1)
xSqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(fxh*(2*m + 1)), x] - Dist[1/(f
*h*x(2+%m + 1)), Int[((a + b*x)"(m - 2)/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]))*Simp [axb* (d*exg + c*x(fxg + exh)) + 2¥b~2kckexgk(m - 1) - a~2*c*f*hx
(2%m + 1) + (b7™2x(2*m - 1)*(dxe*xg + c*x(f*xg + exh)) - a~2xd*f*h*x(2*m + 1) +

2xaxb* (dxfxg + dxexh - 2kcxf*xh*m))*x — bx(axd*fxh*(4*m - 1) + bx(cxf*h - 2%
dx(fxg + exh)*m))*x"2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x]

&& IntegerQ[2*m] && GtQ[m, 1]

Rule 1600

Int[((Ca_.) + (b_D*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)I*Sqrtl[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x)]), x_S
ymbol] :> Simp[(2*C*(a + b*x) m*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtlg + h*x])/
(d*f*h*(2*m + 3)), x] + Dist[1/(d*f*xh*(2*m + 3)), Int[((a + b*xx)"(m - 1)/(S
grtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]))*Simp[a*xAxd*xf*h*(2*m + 3) - Cxk(ax*
(dxexg + cxfxg + ckexh) + 2%bxckexg*m) + ((A*b + a*xB)*d*xf*xh*x(2+m + 3) - Cx(
2xax (dxf*g + dxexh + c*xfxh) + bx(2*m + 1)*(d*exg + cxf*g + cxexh)))*x + (bx
Bxd*f*h* (2+m + 3) + 2*xCx(axd*xfxh*m - bx(m + 1)*(d*f*xg + d*xexh + cxfxh)))*x"



236

2, x], x], x]1 /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2x
m] && GtQ[m, O]

Rule 1615

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_)) " (n_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +

1)/ (dxf*xb™(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(dxf*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*fxb~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*x(bxcxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*xex(m + q + n) + ckxf*x(m

+q+ p)))*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*d), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
DD, x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(b*xe - a*f))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQ[e + f*x,
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a + bxx] && GtQ[(-(d*e) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£f/d)] Il PosQ[-(£/1)1))

Rubi steps

dx

(7 + 5%) (7223 + 2667x + 16940x?)
)

V2 = 3x(7 + 5x)°
750 e = 2 o35 7 2eVT & (7 + 51
V2 = 3xV-5 + 2xV1 + 4x

V- 5+2x\/1+4x 28

10251

121
= —\/2 3xV=5 + 2xV1 + 4x(7 + 5x) + —\/2 3xV=5 + 2xV1 + 4x(7 + 5%)% +

110743 121 .
= = V2 - 3xV-5 + 2xV1 + 4x + gx/z — 3xV=5 + 2xV1 + 4x(7 + 5x) + %\/2_—3,{,

110743 121 5
= o V2 3rV=5 4 20Vl +dw ot V2 - B0V=5 + 20Vl 4 4x(7 +50) + V2 -3y

110743 121 .
== V2 - 3xV-5 + 2xV1 + 4x + Z«/2 — 3xV=5 + 2xV1 + 4x(7 + 5x) + %\/2_—%

110743 121 5
= a1 V2 - 3xV-5 + 2xV1 + 4x + z«/2 —3xV=5 + 2xV1 + 4x(7 + 5x) + %x/z —3x

Mathematica [A] time = 0.349892, size = 125, normalized size = 0.61

25260049665 — 2xEllipticF (sm (\/7 N ) )+30\/2 3xVAx +1 (1080022 + 64224x2 + 188566 — 1
362882 - 5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*(7 + 5xx)~3)/(Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]),x]

[Out] (30*Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(-1041565 + 188566%*x + 64224%x72 + 10800*x"
3) + 31259246%Sqrt [66]1*Sqrt[5 - 2xx]*EllipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4

*x]], 1/3] - 25260049%Sqrt [66]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sq

rt[1 + 4xx]], 1/3])/(36288%Sqrt[-5 + 2*x])

Maple [A] time = 0.023, size = 150, normalized size = 0.7

1
870912 x3 — 2540160 x2 + 762048 x + 362880

VQ—3xV2x—5V4x+1(ﬂﬁ&ﬂ47¢ﬁ¢2—3x¢5—2xv4x+1E

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5%x) 3% (2-3%x)~(1/2)/(2*xx-5)"(1/2)/(4*x+1)~(1/2) ,x)

[Out] -1/36288%(2-3*x)~(1/2)*(2*x-5) " (1/2)* (4xx+1)~(1/2)*(75780147*117(1/2) * (2-3x
x) 7 (1/2) % (5-2%x) " (1/2) * (4xx+1) ~(1/2) *E1lipticF (2/11% (22-33%x) ~(1/2) ,1/2%I*2
~(1/2))-62518492%117(1/2) * (2-3*x) ~(1/2) *(5-2%x) " (1/2) * (4*x+1) " (1/2) *E1lipti
cE(2/11%(22-33%x) " (1/2) ,1/2%I*27(1/2))-3888000*x~5-21500640%*x~4-57602160%x"
3+407101740%x~2-144920790%x-62493900) / (24*x~3-70*x~2+21*x+10)
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Maxima [F] time = 0., size = 0, normalized size = 0.

BGx+ 7) \/—3x+
Vax+1V2x -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x) ~3%(2-3%x)~(1/2)/(-5+2%x)~(1/2)/(1+4*x)~(1/2) ,x, algorithm
="maxima"

[Out] integrate((5*x + 7)"3*sqrt(-3*x + 2)/(sqrt(4xx + 1)*sqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(125x3 +525x2 + 735 x + 343)\/4x +1V2x-5V=3x+2
8x2-18x-5

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)~3*(2-3*x)~(1/2)/(-5+2xx)~(1/2)/(1+4*x)~(1/2),x, algorithm
="fricas")

[Out] integral((125*x~3 + 525*x72 + 73b*x + 343)*sqrt(4*x + 1)*sqrt(2%x - b)*sqrt
(-3%x + 2)/(8%xx"2 - 18*%x - 5), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)**3%(2-3%x)**(1/2)/(-5+2%x)*x(1/2)/(1+4*x)**(1/2) ,%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

BGx+ 7) \/—3x+
Vax +1V2x -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)~3*(2-3*x)~(1/2)/(-5+2%x)~(1/2)/(1+4*x)~(1/2),x, algorithm
="giac")

[Out] integrate((5xx + 7)73*sqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)
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V2-3x(7+5x)?

dx
V=5+2xV1+4x
Optimal. Leaf size=167

_17533@ V5 = 2xEllipticF (sin_l (\/g Vix+ 1) , %)
72v2x 5

[Out] (68*Sqrt[2 - 3xx]*Sqrt[-5 + 2*x]*Sqrt[l + 4%x])/9 + (Sqrt[2 - 3*x]*Sqrt[-5
+ 2xx]*Sqrt[1 + 4*x]*(7 + 5%x))/4 + (44569xSqrt[11]*Sqrt[-5 + 2*x]*Elliptic
E[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(432%Sqrt[5 - 2xx]) - (17533%S
qrt[11/6]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3])/(
72*%Sqrt[-56 + 2*x])

3.52

1 68
+ Zx/z —3xV2x - 5Vax +1(5x + 7) + 3\/2 — 3xV2x — 57

Rubi [A] time = 0.145422, antiderivative size = 167, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 35, LT

integrand size
0.2, Rules used = {174, 1615, 158, 114, 113, 121, 119}

17533\/%/5 “OxF (sin_l (\/g Vix + 1) |§)
+
724/2x - 5

1 68
Zx/z —3xV2x - 5Vax +1(5x + 7) + 3x/z —3xV2x —5V4x +1-—

Antiderivative was successfully verified.

[In] Int[(Sqrt[2 - 3*x]*(7 + 5*x)72)/(Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]),x]

[Out] (68*Sqrt[2 - 3*xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4%x])/9 + (Sqrt[2 - 3*x]*Sqrt[-5
+ 2%x]*Sqrt[1 + 4xx]*(7 + 5%xx))/4 + (44569*Sqrt[11]*Sqrt[-5 + 2xx]*Elliptic
E[ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2]1)/(432x3qrt[5 - 2*x]) - (17533%S
qrt[11/6]1*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3]1)/(
72*%Sqrt[-56 + 2*x])

Rule 174

Int[((Ca_.) + (b_.)*(x_)) " (m_)*Sqrt(c_.) + (d_.)*(x_)1)/(Sqrtl(e_.) + (f_.
)k (x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(2*b*(a + b*x)~(m - 1)
xSqrt[c + d*xx]*Sqrtle + f*x]*Sqrtlg + h*x])/(fxh*(2*m + 1)), x] - Dist[1/(f
xh*x(2*%m + 1)), Int[((a + bxx)"(m - 2)/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g +
hx*x]))*Simp [axb* (d*xe*xg + cx(f*g + exh)) + 2xb~2xcke*xgx(m - 1) - a~2xc*f*hx
(2%m + 1) + (b72x(2*m - 1)*(dxe*xg + c*x(f*g + exh)) - a~2xd*f*h*x(2*m + 1) +

2kxaxb* (dxfxg + dxexh - 2kcxf*xh*m))*x — bx(axd*fxh*(4*m - 1) + bx(cxf*h - 2%
dx(fxg + exh)*m))*x"2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, h, m}, x]

&& IntegerQ[2*m] && GtQ[m, 1]

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +

1)/ (dxf*xb"(q - D*x(m +n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2*%d*fx(m + n + pt+tq+ 1) - b*x(bxcxex(m + q - 1) + ax(dxex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - bx(d*ex(m + q + n) + cxf*x(m

+q+p)*x), x]1, xI, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]
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Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - a*xd)/d), 2]]1, (fx(bxc - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[(2#Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 21*Sqrt[(bxc - a*xd)/bl)], (fx(b*c - axd))/(dx(bxe - axf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - axd)/b,
0] && GtQ[(b*e - a*f)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + d*x, a + b*
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !(SimplerQl[c + d*x, a +
b*x] && GtQ[(-(b*e) + axf)/f, 0] && GtQ[-(£/b), 0]) && !(SimplerQ[le + fx*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(£/d)] |l PosQ[-(£/b)1))

Rubi steps
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V2 = 3x(7 + 5x)2 1 [ -5155 + 3605x + 10880x2
X750 4 VQ BxV=5 + 2xV1 + 4x(7 + 5%) — — ad T
V%+%ﬂ+% 40 J 2 - 3xv/-5 + 2xV1 + 4x
—-899460+2674140x
68 1 i
= 3\/2 —3xV=5 + 2xV1 + 4x + Zx/z —3xV=5 + 2xV1 + 4x(7 + 5x) - —Y23~ 4;*226‘m
68 1 44569
= — 2 - 3xV=5 + 2xV1 + 4x + =V2 = 3xV=5 + 2xV1 + 4x(7 + 5x) — f
9 4 144 V2 - 3x
(17533\/%;J5-—2
68 1
:=?;VZ—BxV—5+2xV1+4x+-ZV2—3xV—5+2x¢L+4u7+5x)— -
44569v11V=5 +
68 1
:—gvb—3xV—5+2xV1+4x+ZV@—3xV—5+2xV1+4ﬂ7+5@+ "

Mathematica [A] time = 0.280988, size = 120, normalized size = 0.72

35066665 - mﬂmmmF@m (J_¢h+ ))+4xwz BxVax +1 (18x2 + 89x — 335) + 44569v/66 5 -
864v2x — 5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3*x]*(7 + 5%x)~2)/(Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]),x]

[Out] (120%Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(-335 + 89*x + 18*x72) + 44569xSqrt[66]*Sq
rt[56 - 2xx]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3] - 35066*Sqrt[6
6]*Sqrt[56 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]], 1/3])/(864xSqr

t[-5 + 2*x])

Maple [A] time = 0.014, size = 145, normalized size = 0.9

1
10368 x3 — 30240 x2 + 9072 x + 4320

Vz-sxVQx—5V4x+1@2@9VﬁN@—3xV5—2xV4x+1Enmmd?@ﬁ

Verification of antiderivative is not currently implemented for this CAS.

[In] int((7+5%x) 2% (2-3%x)~(1/2)/(2*%x-5)"(1/2)/(4*x+1)~(1/2) ,x)

[Out] -1/432%(2-3%x)~(1/2)*(2%x-5) " (1/2)* (4*x+1) " (1/2)*(52599*117 (1/2) * (2-3*x) ~ (1
/2) % (5-2%x) " (1/2) * (4%x+1) " (1/2) *E11ipticF (2/11%(22-33%x) ~(1/2) ,1/2%I%2"(1/2
))—44569%117 (1/2) % (2-3%x) ~(1/2) * (5-2*x) ~(1/2) * (4*x+1) " (1/2) *E11lipticE(2/11%
(22-33*x) " (1/2) ,1/2%I%27(1/2) ) -12960%x~4-58680%x~3+270060*x~2-89820%x-40200

)/ (24%x~3-70%x"2+21%x+10)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(5x+ 7) \/—3x+
Vax+1vV2x -

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((7+5%x) ~2*(2-3*x)~(1/2)/(-5+2%x)~(1/2)/(1+4*x)~(1/2) ,x, algorithm
="maxima")

[Out] integrate((5*x + 7) 2xsqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

@5x2+70x+4®y%x+1¢2x—5¢—3x+2
8x2-18x-5

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) 2% (2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4*x)~(1/2) ,x, algorithm
="fricas")

[Out] integral((25*%x~2 + 70xx + 49)*sqrt(4*x + 1)*sqrt(2*x - b)*sqrt(-3*x + 2)/(8
*x72 - 18%x - 5), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((7+5%x)*x2%(2-3%x)**(1/2)/(-5+2xx)**(1/2)/ (1+4xx)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Gx+7)>°V-3x+2
V4x+1V2x-5

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x) 2% (2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4*x)~(1/2) ,x, algorithm
="giac")

[Out] integrate((5*x + 7) 2xsqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)
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V2-3x(7+5x) dx
V=5+2xV1+4x
Optimal. Leaf size=131

3.53

179/ =+/5 — 2xEllipticF (sin_l (« |2 \ax + 1) , 1) 241V/11v2x - 5E (sin_l (2— v
6 11 3 5 Vi
- + —V2-3xV2x —5Vax +1 +
12v2x -5 12 36v/5 - 2x

[Out] (5%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/12 + (241*Sqrt[11]*Sqrt[-5 +
2%x]*E1lipticE[ArcSin[(2%Sqrt[2 - 3%x])/Sqrt[11]], -1/2])/(36%Sqrt[5 - 2*x

1) - (179*Sqrt[11/6]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4x*x

11, 1/31)/(12*Sqrt[-5 + 2#*x])

Rubi [A] time = 0.0510921, antiderivative size = 131, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 6, number of rules used = 6, integrand size = 33, e =

= 0.182, Rules used = {154, 158, 114, 113, 121, 119}

179\/%/5 —2xF (sm‘1 (\/%\/435 n 1) |§) 241\V11v2x — 5E (sin_l (2—51_‘13") |- %)
+
1242x -5 365 — 2x

integrand size

5
E«/2 —3xV2x —5Vax +1 -

Antiderivative was successfully verified.

[In] Int[(Sqrtl[2 - 3*x]*(7 + 5xx))/(Sqrt[-5 + 2*x]*Sqrt[1 + 4x*x]),x]

[Out] (5*Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x])/12 + (241*Sqrt[11]*Sqrt[-5 +
2%x]*E1lipticE[ArcSin[(24Sqrt[2 - 3%x])/Sqrt[11]], -1/2])/(36%Sqrt[5 - 2*x

1) - (179%Sqrt[11/6]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx

11, 1/31)/(12%Sqrt[-5 + 2*x])

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + £xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + c*xfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -
axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]
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&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, ¢, d, e, £}, x] & GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*xd) + (b*d*x)/(b*xc - axd)]*Sqrtle + fx*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*f))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[(b*xc - axd)/b,
0] && GtQ[(b*xe - axf)/b, 0] && PosQ[-(b/d)] && !(SimplerQ[c + dxx, a + bx
x] && GtQ[(d*e - cxf)/d, 0] && GtQ[-(d/b), 0]) && !'(SimplerQ[c + dxx, a +
b*x] && GtQ[(-(bxe) + axf)/f, 0] && GtQ[-(£f/b), 0]) && !(SimplerQ[e + f*x,
a + bxx] && GtQ[(-(dxe) + cxf)/f, 0] && GtQ[(-(bxe) + axf)/f, 0] && (PosQ[
-(f/d)] || PosQ[-(£/b)1))

Rubi steps
441
V2 -3x(7+5 1 — —482x
7459 = D 3 B Vi T dr s dx
V=5 + 2xV1 + 4x 12 12J 2 - 3x\/ 5+ 2xV1 + 4x

5 241 V=5 +2x 1969 1

= —V2-3xV-5+2xV1 + 4x - — f -
12 V2 - 3xV1 + 4x 24 J \2 = 3x\/=5+2xV1-

(179y2VE=2) [ ————ar (21V5+ )

IR S oV g oy ol i P T

12 124/-5 + 2x 12+

241V11V=5 + 2xE (sin‘1 (2 le;f") |- %) 179\/%/5 —x

5
= E\/2 —3xV-5 +2xV1 + 4x +

36V5 - 2x

Mathematica [A] time = 0.183481, size = 115, normalized size = 0.88

1

-179VB6 V5~ 2xEHlipticF (sin”! (/S VA +1), 3) + 30V2 = 3xVar +1(2x - 5) + 241VB6V5 — 23 (sin”" (/3 Vb

72V2x -5

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2 - 3xx]*(7 + 5xx))/(Sqrt[-5 + 2*x]*Sqrt[1 + 4x*x]),x]
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[Out] (30*Sqrt[2 - 3*x]*(-5 + 2*xx)*Sqrt[1 + 4*x] + 241%Sqrt[66]*Sqrt[5 - 2*x]*El1l
ipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3] - 179%Sqrt[66]*Sqrt[5 - 2x*x]*
EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4xx]], 1/3]1)/(72%Sqrt[-5 + 2xx])

Maple [A] time = 0.012, size = 140, normalized size = 1.1

1
1728 x3 — 5040 x2 + 1512 x + 720

V2-3xV2x-5Vix +1 (537 V11V2 = 3xV5 — 2 x4 x + 1EllipticF (2/11 V22

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((7+5xx)*(2-3%x)~(1/2)/(2%x-5)~(1/2) / (4*x+1)~(1/2) ,%)

[Out] -1/72%(2-3%x) 7 (1/2)*(2%x-5) " (1/2) *(4*x+1)~(1/2) *(637*117(1/2) *(2-3*x) ~(1/2)
*(5-2%x) 7 (1/2) * (4xx+1) " (1/2) *E11lipticF (2/11%(22-33*x) " (1/2) ,1/2xI*27(1/2)) -
482%117(1/2)*(2-3*x) ~(1/2) % (5-2%x) " (1/2) * (4*x+1) ~(1/2) *E11lipticE(2/11%(22-3

3xx) 7 (1/2) ,1/2%I%27(1/2))-720%x~3+2100%x~2-630%x-300) / (24*x~3-70*x~2+21*x+1

0)

Maxima [F] time = 0., size = 0, normalized size = 0.

(5x+7)\/—3x+
Vax+1vV2x -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5*x)*(2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4%x)~(1/2) ,x, algorithm="
maxima")

[Out] integrate((5*x + 7)*sqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

5x+7)Vax+1V2x-5V-3x+2
8x2-18x-5

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4*x)~(1/2) ,x, algorithm="
fricas")

[Out] integral((5*x + 7)*sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2)/(8*x72 - 18%x
-5, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 - 3x (5x + 7)
V2x —5V4x +1

Verification of antiderivative is not currently implemented for this CAS.



246

[In] integrate ((7+5x%x)*(2-3*x)**(1/2)/(-5+2%x)**(1/2)/(1+4*x)**(1/2) ,%)

[Out] Integral(sqrt(2 - 3*x)*(5*x + 7)/(sqrt(2*x - B)*sqrt(4*x + 1)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Gx+7)V-3x+2
V4x+1V2x-5

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((7+5%x)*(2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4%x)~(1/2) ,x, algorithm="

giac")

[Out] integrate((5*x + 7)*sqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)
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V2-3x
V=5+2xV1+4x

Optimal. Leaf size=47

3.54

\EME(sin‘l (‘/j?) 3)
242x -5

[Out] (Sqrt[11/2]1*Sqrt[5 - 2*x]*EllipticE[ArcSin[Sqrt[1 + 4*x]/Sqrt[11]1]1, 31)/(2x*
Sqrt[-5 + 2xx])

Rubi [A] time = 0.0148583, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 28, e -

integrand size
0.071, Rules used = {114, 113}
11 .1 Vax+1
\/;V5—2.XE(SIH (W) 3)
2V2x -5

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]/(Sqrt[-5 + 2*x]*Sqrt[l + 4xx]),x]

[Out] (Sqrt[11/2]*Sqrt[5 - 2#x]*EllipticE[ArcSin[Sqrt[1 + 4*x]/Sqrt[11]]1, 3])/ (2%
Sqrt[-5 + 2xx])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(b*e)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

a*d)1), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ! (GtQ[b/(b*c - a*xd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && '(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*xc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && 'LtQ[(b*c - a*d)/b, 0])

Rubi steps

[8 12x
V5 - 2x f 1011—“ dx
V2 - 3x p ﬁ—§\/1+4x

x =
V=5 + 2x\1 + 4x \V2V=5 + 2x
11 . 1 [ V1+4x
\/;\/5 —2xE(sm ( T )
- 24/=5 + 2x

)
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Mathematica [B] time = 0.340403, size = 111, normalized size = 2.36

11
2(2x-5)(3x-2) 2x-5 [3x-2 . -1 3
—2x+% + \/ﬁ‘/4x+1 4er1(4:x+1)1—][s.1n (m] 3)
2vV2 - 3xv4x -10

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 - 3*x]/(Sqrt[-5 + 2*x]*Sqrtl[l + 4xx]),x]

[Out] -((2%(-5 + 2*x)* (-2 + 3*x))/Sqrt[1/2 + 2*x] + Sqrt[11]xSqrt[(-5 + 2xx)/(1 +
4xx)]*Sqrt [(-2 + 3*x)/(1 + 4*xx)]1*(1 + 4*x)*EllipticE[ArcSin[Sqrt[11/3]/Sqr
t[1 + 4xx]], 3]1)/(2*%Sqrt[2 - 3*x]*Sqrt[-10 + 4x*x])

Maple [C] time = 0.011, size = 55, normalized size = 1.2

Vil 2 / 2 ; 1
N2 (EllipticF | =22 = 33 x, =2 | - EllipticE [ = v22 = 33, ~v2 || V5 - 2x
2 1 2 1 2 Voro5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-3*x)~(1/2)/(2*x-5)"(1/2)/(4*x+1)~(1/2) ,x)

[Out] 1/2%(E11lipticF(2/11%(22-33%x)7(1/2),1/2*I*27(1/2))-E11lipticE(2/11%(22-33*x)
T(1/2),1/2%I%27(1/2)) ) * (5-2%x) " (1/2)¥117(1/2) / (2*x-5) " (1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

V-3x+2
d
f Vadx+1V2x -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)/(-5+2*x)~(1/2)/(1+4%x)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vix +1V2x-5vV-3x+2
8x2-18x-5

X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)/(-5+2*xx)~(1/2)/(1+4*x)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(4*x + 1)*sqrt(2xx - B)*sqrt(-3*x + 2)/(8*x"2 - 18%x - 5), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f V2 -3x
V2x —-5vdx +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)*x(1/2)/(=5+2%x)**x(1/2)/(1+4*x)**(1/2) ,x)

[Out] Integral(sqrt(2 - 3*x)/(sqrt(2*x - B)*sqrt(4*x + 1)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f V-3x+2 d
Védx+1v2x -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-3*x)~(1/2)/(-5+2*xx)~(1/2)/(1+4*x)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-3*x + 2)/(sqrt(4*x + 1)*sqrt(2*x - 5)), x)
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V2-3x
V=5+2xV1+4x(7+5%)
Optimal. Leaf size=103

3.55

\/E\/5——2xEllipticF (sin_1 (\/g\/élx + 1) , %) 3vV5 — 2«11 (E; sin”! (2 ) | - 1)

2-3x
124 Vi1 2

5v2x -5 5v11v2x - 5

[Out] -(Sqrt[6/111*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/111*Sqrt[1 + 4*x]], 1/3]
)/ (5%Sqrt[-5 + 2*x]) - (3xSqrt[5 - 2*x]*EllipticPi[55/124, ArcSin[(2*Sqrt[2
- 3%x])/Sqrt[111], -1/2]1)/(5xSqrt[11]*Sqrt[-5 + 2+*x])

Rubi [A] time = 0.0957722, antiderivative size = 103, normalized size of antiderivative

. . b f rul
= 1., number of steps used = 6, number of rules used = 6, integrand size = 35, e e e

- 0.171, Rules used = {175, 121, 119, 168, 538, 537}
) \/E«/5 —2xF (sin‘1 (\/g\ﬁlx + 1) |§) ) 3v5 — 2xT1 (% sin~! (Z—le_‘f") = %)
5v2x -5 5v11y/2x - 5

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrt[2 - 3*x]/(Sqrt[-5 + 2*x]*Sqrt[l + 4*x]*(7 + 5*x)),x]

[Out] -(Sqrt[6/111*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/111*Sqrt[1 + 4*x]], 1/3]
)/ (5xSqrt [-5 + 2*x]) - (3*Sqrt[5 - 2*x]*EllipticPi[55/124, ArcSin[(2%Sqrt[2
- 3%x])/Sqrt[11]], -1/2])/(5*Sqrt[11]*Sqrt[-5 + 2x*x])

Rule 175

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*x(x_))*Sqrtl(e_.) + (f_.)*(x_)]
xSqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[d/b, Int[1/(Sqrtlc + d*x]*Sqr
tle + f*x]*Sqrtlg + h*x]), x], x] + Dist[(b*c - a*xd)/b, Int[1/((a + b*x)*Sq
rt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, £
, g, h}, x]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, ¢, d, e, f}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 119

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]